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Abstract: In this article, we propose a novel dual to ratio cum product type of the exponential estimator in the stratified
random sampling. The bias and the mean squared error equations of the proposed estimator, up to the first degree of
approximation, have been obtained. The proposed estimator has been compared with the unbiased estimator in the stratified
random sampling, combined ratio and product estimators, dual to combined ratio and product estimators. Our results show
that the proposed estimator provides a great improvement in terms of relative efficiency. In addition, the results are
supported by an empirical study.
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1. Introduction

Bahl and Tuteja (1991) visualized the ratio and product estimators using the exponential function and these estimators
were studied in the stratified random sampling by Singh et al. (2008). Then, Singh et al. (2009) visualized the ratio-cum-
product type of the exponential estimators for the population mean. Using the Srivenkataramana (1980) transformation
on the auxiliary variables, Tailor and Tailor (2012) obtained the dual estimators of the Singh et al. (2008) ratio and
product types of the exponential estimator. Tailor and Chouhan (2013) and Ruiz Espejo, M. (2018) proposed the ratio-
cum-product types of the exponential estimator for the population mean in the stratified random sampling.

Consider a finite population, U = {U], U2 ..., Un} of N distinct and identifiable units, which is divided into L
strata of sizes, Nn (h=1,2,...,L). Let Y be a study variable and X, Z be two auxiliary variables, taking the values of yui,
Xni, and zni, respectively, where i=1,2,3,...,Nin. Note that the auxiliary variable, X, is correlated with Z and negatively
correlated with the study variable, Y. To estimate the population mean with some desirable properties on the basis of a
stratified random sample, we define

Y= %Z,lel Z?’:hl Vi = %Z%l:l N, Y, = Xk_ W,Y, : Population mean of the study variable, Y.
X = %Z’;lzl Z?’z"l Xpi = 2k=1 WX, : Population mean of the auxiliary variable, X.
Z= %Z'flzl Zivz"l Zp; = Yk_W,Z, : Population mean of the auxiliary variable, Z.

Here, our problem is to estimate the population mean of the study variable using the stratified random sampling.
Similarly, the unbiased estimators of the population mean of the auxiliary variables, X, and Z, are defined
under the stratified random sampling, respectively, as:
X = k=1 W{th and Zg, = Xk M/{lz_h'
where X, = n—Z?zhl xp; and Z, = H—Z?zhl zp; represent the sample means obtained from nn values of the auxiliary
h h

variables X and Z, respectively, in the h™ stratum. Note that variances of the unbiased estimators, Vg, Xsp, Zsz, are
respectively given by
L

VG = ) WiviSih, (1D
h=1
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V(s = %’Flﬂ WiYnStn (1.2)
V() = ) WivnSh (13)
h=1

2. Estimators in Literature

In this section, we consider some estimators of the finite population mean in the literature. The variance and MSE
equations of all these estimators are obtained up to the first order of approximation.
Hansen et al. (1946) envisaged a combined ratio estimator for the population mean Y as

= X
Yre = Yst (f_> (2.1)

St
For negative correlation between the study and the auxiliary variables, the combined product estimator is
defined as

_ (%t
Voe =7 (). 22)

The biases and mean squared error equations of the combined ratio estimator Yz in (2.1) and the combined product

estimator Yp, in (2.2) are

B(Vec) = Z WV Ry, = Sy, 23)

B(Vrc) Z WV (R3S, + Syun), 24)

MSE (Vo) = Z WV (S5 + RESE, = 2RySyn), 25)
h=1

MSE (?PC) = Z W2y (SZ, + R2SZ, + 2R, S,y m), (2.6)
h=1

Ny =<

respectively, where R; = % and R, =

Bahl and Tuteja (1991) developed the ratio and product types of the exponential estimators for the population
mean Y in the simple random sampling, respectively, as

Voo =7 exp (555), @7
= _ zZ—-7Z
Yee=yexp(——| (2.8)
Singh et al. (2008) adapted the estimators in (2.7) and (2.8) to the stratified random sampling as

= ST Zh Wi (Xn — %)
Yee = ex 2.9

Re =Y st€Xp WK+ 1) (2.9)
= ST Wz, —Z
Ype = sexp IACEN (2.10)

e Wn(@n + Zp)|
Tailor and Tailor (2012) used the Srivenkataramana (1980) transformation and obtained the dual of the

estimators in (2.9) and (2.10) as

=T Y1 Wh (5 — Xn)

Yre =¥ XD — —, (2.11)
" * h=t Wh(X"s + Xp)
o*sT Zh Wh(Zy —Z)
Ype = Yscexp (2.12)
A Wh@p+ 27|
where x* W and z* = % represent the dual estimators of the population means of X and Z,
h~™Nh h~Mh

respectlvely, in the h'" stratum.
Singh (1967) utilized the information of the population mean of two auxiliary variables, X and Z and suggested
the ratio-cum-product estimator for the population mean ¥ in the simple random sampling as
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P =7 ( (Z_) 2.13
rRp =Y 7 )\7) (2.13)
Tailor and Tailor (2012) adapted the estimator in (2.13) to the stratified random sampling as
=ST X Zgt
Yer =Vl — | =) 2.14
rRP = Vst (fst> ( Z ) ( )

Singh et al. (2009) defined the ratio-cum-product type of the exponential estimator in the simple random
sampling as

= X -x zZ-Z
Yrpe =V exp (X T )exp (z_ +Z_>' (2.15)
Tailor and Chouhan (2013) adapted the estimator in (2.15) to the stratified random sampling as
=ST X —Xg Zg—2
YRPe = Vst €Xp ()? + fst) exp (Z_st + Z-)
Yh=1 Wh (X — %) exp Y1 Wa(Zn — Zp)
fie1 W (X + %) Lhaa Wn(@n + Zp)|

=y ,exp (2.16)

3. Suggested Estimator

Using the transformation of x* = pAmx

, Srivenkataramana (1980) obtained the dual version of the classical ratio
estimator as

=* _ x*
.=y (7) (3.1)
Similarly, we perform the duality to the estimator in (2.16) by using the following transformations on the

auxiliary variables, X and Z,
Np X, — np Xy,

f*h = ]
Ny —nyp
P NpZyp —nyzy
h N, —ny
and we develop the new estimator as follows:
~x*ST
Thoa WhEn—%"n) Zh 1 Wh(Z"'n=21)
Voro = (Ther WaFi) exp St o |2 62)
1 Wh(Xn+%*p) Sh_  Wh(Z*h+2Zp)
5 vyl NhXh nhxh thh—nhih L 5
_ L W, Zh:lwhxh_Zh:1Wh Nh np, Zh 1Wh Nh._nh_ —Zh=1WhZp
= (Lr=1 WiJn) exp L 5 vl NhXh nhxh thh—nhih L >
Zh,—1Wh-Xh'*'Zh,:1Wh. Np—np, h Np—np, >+Zh:1WhZh
Nh)?h+nhxh Nh.Xh. nhxh thh+nh7h—NhZh—nh2h
= Choi W) Zhe 1Wh( Np=mp Zh 1Wh Np-np
= ex = — = = = = =
h=1 hyh p Z w (NhXh—nhxh+NhXh—nhxh Z (NhZh—TLhZh+NhZh—nhZh>
h=1"h Np—ny h=1 Np-np
L npXp— nhXh nh7h—nh5h
=i W,y Zh= 1Wh( Np=mp Zhea Wh W>
= (Zn=1 Wyyp) exp - Wh(NhXh nhxh+NhXh nhxh Z NhXh NpTp+NpXp— nh"h)
h=1 Np—ny Np-ny
~*ST

To obtain the bias and mean squared error of the proposed estimator, Y p,.,, we use the following notations:
Vn = V(1 + &op), % = X (1 + €14), 2 = Zp(1 + £53),
such that E (o) = E(e14) = E(&21) = 0, E(edy) = A Cn, E(efn) = 2.Cin, E(edn) = A Chy,
E(&onern) = /Ihpyxh CynCsn » E(gonean) = Ahpyzh CynCan, E(e1n€an) = nPrznCunCon -

Now, the proposed dual to ratio-cum-product type exponential estimator is expressed in terms of e;s as

B B L Zh—Zh(1+£2h))
Y*ST =L WY, (1 + gp))ex She1 Whyn(Zn(1+e1n)~Xn)) Zh:lwhnh( Np—np
Pro — h=1""h"h Oh p B 2N Xp—np (X p+Xp(1+e1p)) L 2N Xp—np (Xp+Xp(1+e1p))
Zi=1 Wh Np-np Zh=1Wh Np-np

_ 7(1 +Zh 1WthSoh) ex [ Yhoy WhynXasin ] [ = 2hos WivnZnean ]
Y 2X-Yk_  WhynXnein 2Z-Yk _ WhynZnean
Tho1 Wh¥nXntin 1WthXh€1h l [ The 1WthZhEzhl

L
Sh= Wththm Eh 1Wh¥nZhezn

_ }7(1 +Zh 1V|;hyh£0h) xp[

The proposed estimator in (3.2) can shortly be written in terms of e;'s as
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?*ST =Y(1+e¢ )exp( b1 )exp( i ) (3.3)
Pro 0 2 _ ‘91 2 )

— &
where y, = ﬁ» & = %Zlflﬂ Wy Yy €on, €1 = %Zlflﬂ WyynXn €1n, &2 = %Zlflﬂ Wy¥nZn €21,
such that E(g,) = E(g;) = E(e;) = 0,E(gf) = ?iz h=1 AhWh‘S‘}%h' E(e) = X—1221L1=1 AWy Sin,
E(e)) = 2_12 h=1 AnWnSzn, E(g0€1) = %Zﬁ=1 AhWhSyxha E(gog;) = %Zi:l AhWhSyzhz
E(&8;) = %Zi:l AnWhSszn-

Finally, using the exp function property, we can write (3.3) as
~*ST

_ 2 2 2 2
Voro = V(1 +) (1+2+2+3) (1 -2 -2+ 2)

2 2
S € € € g8 3¢ g€ £o&
=Y(1__1_;1+_2_£+_2+50_M+ﬁ)’

2 2 2 8 2 2
L 5 &1 & £ 385  £16; £0€1 |, €0E2
Vorg =¥ =7 (e =5+ 2 -0+ 32 -2 —u g o), (34)
From (3.4), up to the first order approximation, the bias and MSE of the proposed estimator are obtained as
~*ST _ 1 3 1 1 1 Sxz
B(Voro ) = 7 Zhos Wil [~ 2RuS30 + 27ESE = 2vnSyun + 1Sy + 22222 (35)

~*ST

2
MSE (Y ) = Tho Wi, [Sih + B [(RESZ, + R3SZ, — 2R RySsan ) — Yi(RuSysn + stm)]] (3.6)

4. Efficiency Comparisons

In this section, the efficiency conditions of the proposed estimator, with respect to the usual unbiased estimator,
combined ratio and product estimators, dual to combined ratio and product estimators, Singh et al. (2008) ratio and
product types of the exponential estimator, dual to Singh et al. (2008) estimators given by Tailor and Tailor (2012) and

Tailor and Chouhan (2013) estimator, are obtained and these conditions show that the proposed dual to ratio cum
~*ST

roduct type of the exponential estimator for the population mean, Y p,,, is more efficient than
p Y p pop Pro
0 Feif
2
Sy Wiy [ (R2SZ, + RESZ, — 2Ry RoSsan — Yn(RuSyxn + RoSyan))] < 0 (4.1)
(ii) Yec if
2
Sk Wiy [ RESZ(VE — 4) + 2 (R3S, — 2Ry RyS1n) — RiSyan(Vn — 2) + VaRaSyan] < 0 (42)
(iii) Ypc if
1 2
Sy Wiy [F RESZ, (v — 4) + 22 (RESZ, — 2Ry RySian) — RaSyan (¥ — 2) + VuRuSyn] < 0 (43)
(iv)  Ygeif
2
Sy Wiy [2 (=3RESZ, + RESZ, — 2RiR;Sion) + Ya(RuSyan + RoSyan)| < 0 (4.4)
V) Vi
2
Sy Wiy [2 (RES2,—353, — 2RiR;Syan) — Ya(RuSyan + RaSyn)| < 0 (4.5)
~ ST
(vi) Vg if
1 2
bt WAy [SRES2,(vF — 1) + 12 (RESZ, — 2RyR3Syan) — RiSyan (= 2 + VaRaSyan| < 0 (46)
~ ST
(vii)  Yp, if
1 2
Sk Wiy [FRESZ, (v — 1) + 22 (RESZ, — 2Ry RySn) + RoSyan (i — 2) + Yimysyon | <O (47)

~ *ST
(vii) Vg, if
2
Sy Wiy [2 (R3SZ, — 2RyRySin) — YuRoSyan | < 0 (48)
=~ *ST
(ix)  Yp, if
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2
Sy WiAy [2 (RZS2, — 2RyR;S,an) = YiRiSyan | < 0 (4.9)
=xST
(x) Ypge if
1
Shos Wil 2 [F (RIS, — 2R Ry, )V = 1) = (i = D(RuSyan — RySyn)| <0 (4.10)

5. Empirical Study

A data set is considered to see the efficiency of the proposed estimator with respect to the estimators in literature.

Descriptive statistics of the population are given in Table 1.
Population [Source: Murthy (1967), p. 228]

Y : Output

X : Fixed capital

Z : Number of workers

Table 1. Descriptive Statistics of the Population

Stratum [ Stratum I
N, 5 5
ny, 2 2
Y, 1925 3115.60
4 214.40 333.80
7y 51.80 60.60
Syn 615.92 340.38
Sen 74.87 66.35
Sy 0.75 4.84
S “ 39360.68 22356.50
Sy"h -411.20 -1536.00
yz; 38.08 287.92
xXzh
Table 2. PRE and MSE Values of the Estimators
Estimators PRE MSE
Ver 100 74282.40
?RC 313.75 23675.66
?PC 116.32 63863.01
?*C 432.03 17193.81
R
?* . 123.74 60031.03
P
? ST 173.94 42705.76
Re
? ST 107.94 68818.23
Pe
?*ST 234.96 3161491
Re
?*ST 111.95 66353.19
Pe
?*ST 244.86 30336.68
RPe
?*ST 454.56 16341.60
Pro

From Table 2, we clearly observe that the proposed estimator is the most efficient estimator for this data set. It
is interesting that the classical combined ratio estimator is more efficient than the recent estimators in literature.
However, the dual of the combined ratio estimator is more efficient than the classical combined ratio estimator.

© 2022 NSP
Natural Sciences Publishing Cor.



8 E o K. Rather, C. Kadilar et al.: Dul to ration cum product...

6. Conclusion
We propose a dual ratio cum product type of the exponential estimator for the population mean under the Stratified
Random Sampling design. It is shown that the proposed estimator can perform better than the existing estimator in

~x*ST
theory and in application. It is surprisingly observed from Table 2 that the proposed estimator, which is the dual of Yyp,

given by Tailor and Chouhan (2013), is more efficient than the dual of the combined ratio estimator although the
combined ratio estimator is more efficient than the estimator of Tailor and Chouhan (2013). Then, we can say that the
dual operation may enormously improve the efficiency to some estimators.
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