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Abstract: In this article we introduce and investigate new familiespotynomials Bn(%7x) called error Bernoulli polynomials
through generating functions, Appell sequences and unchtalilus. We also show that these polynomials are relatéuetélermite
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1 Introduction

It is well known that the classical Bernoulli numbeBg thet = g Bi(N X)i 2)
and the Bernoulli polynomialBy(x) are of fundamental NI(€ -Tn-a(t) & K

importance in several parts of analysis and in the calculus Nt

of finite differences and have applications in various otherfor |x| < 2rm. The generating functioﬁm%l(m is
fields such as statistics, numerical analysis,related to the integral representation of the
combinatorics, and so on. The Hermite polynomials areHypergeometric zeta functions:

also play an important role in various fields and have

interesting properties and applications. Some of the 1 o y(stN-2)
generalizations of the classical Bernoulli numbers and {(s) = Fs+N-1)Jo &—Ty 1(X)dx
polynomials were investigated by Dichlef7,8], A. B

Hassen, H. Nguyer2[3] and the references cited in each i : .
of these earlier works. The classical Bernoulli N [2] A. Hassen and H.Nguyen defined and investigated

polynomials and their generalizations by hypergeometricaboulf error zeta func'uon.dThey ha\t/)e Shov‘h” (tjhat the ei_rro(rj
Bernoulli polynomials are usually defined respectively by zBeta UTI.Ct'on E connected to numbers called generalize
means of generating functions as follows: ernoufl nUMbers.

2 o y2(s-1)g—¥
o Z:(s) = /
ﬂ = Z}Bk(x)ﬁ (1) 2 y(s—3)Jo erf(x)
_ |
¢-1 k= K The corresponding generalized Bernoulli numbers are
defined as,
for |t| < 2m. The generating functioéef—t1 is related to the
. . ; . _ 22 ®
integral representation of the classical zeta function: 2ze _%TB (}){
Vmerf(z) nZO 27!
1 oo X(S—l)
{(s) = @/o 19X Motivated by this, we investigate a continuous version of
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hypergeometric Bernoulli polynomials as a generalizationwhereer f(z) is the error function defined by
of hypergeometric Bernoulli polynomials by generalizing

definition (2) to all real positive values ofl. Since _ 2 [ g
(AR (LN 1) erf(z):=— [ e dt
e —Tno1(X) = W, where F1(1,N + 1;x) is VT Jo

the hypergeometric series, given by: Error functions have a lot of applications in

probability and differential equations. For example it
satisfies the differential equation given by:

8

(@)nx"
o (b)nnt”

- . y'+2zy =0
So that definition (2) holds for all positive real numibér
We only focus in particular olN = % where the error  The function defined by
functioner f(x) makes its appearance, as describe@jn [
In the present work, we define a family of polynomials 27877
Bn(3,x) called error Bernoulli polynomials through W(X,2) = T
generating function, Appell sequences, umbral calculus

and study their connection to Hermite polynomials. It is satisfy the following differential equations:
discovered that these error Bernoulli polynomials share

1F (LN +1;x) =

n

many of the same properties found in the hypergeometric W—z7w=0
Bernoulli polynomials, via the classical Bernoulli
polynomials. W' —Z2w=0.

This paper is organized as follows. In section two we
review on Appel sequences, umbral calculus and defin )
error Bernoulli polynomials through generating function. w —Z'w=0

In section three show that the error Bernoulli polynomials ¢y, each natural numbar. where the derivative is taken

form an Appell sequence and define through umbralyiy respect to the variable. It also satisfies the
calculus. In section four we study the relation betweeng;terential equation given by,

Error Bernoulli polynomials and Hermite polynomials.

én general

W+ (1-2zW —zw=0

2 Preliminaries

Here Bn(%,O) is what we call Bernoulli numbers related
In this section we define Appell sequences, umbralto the error zeta function [2]. The first few error Bernoulli
calculus and define the error Bernoulli polynomials polynomials are:
through generating function.

Bo(%,X) =1
Definition 1.A sequence of polynomials,(R) is called 1
Appell sequences if it satisfies the following conditions: Bl(i’x) =X
Po(x) = 1 and &Py (x) = nPy_1(x).

1 , 4
(Appell(1832)as cited in [6]) B2(5,X) =x"~3

Definition 2.A sequence of polynomials(R) is called( 1
Lucas(1891)as cited in [6]) umbral calculus if it satisfies B4(§,x) =x*—8C+ —
Ph(x) = (P+x)" where, after expanding this binomial, the
exponents on P are regraded to subscripts, i.&.=PP,
and R = Py(0).

3 Appell Sequence and Umbral Calculus
For each natural numberthe polynomiaIBn(%,x) is

. 72 .
generated by the functiom(x, z) = %H(Z), that is;
2 . In this section we show that the error Bernoulli
2ze% ZOBn(} x)é polynomials form an Appell sequence and defined
277 nl
n=

Verf(2) B through umbral calculus.
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Theorem 1The error Bernoulli polynomials ,E{%,x) is
given by the following:

Bn(%,x) - Z (E) Bn,k(%,O)xk

ProofThe error Bernoulli number is given by the

generating function,

22€
Bn(
Vrerf(z) Zo "
Therefore,
27877
Bn(
Vrerf(z) Zo "

Which implies that,
l 1. .27 2 22 1.7
nZOBn(E’X)H a nZOX HnZOBn(E)H

From this using product formula for series we obtain,

nZO Bn Bn k

[ n
20 20 kl(n— k
Therefore, we have

1 2 /n 1
B30 = 3 (i) B
k=0

[ee]

Theorem 2The error Bernoulli polynomials &x) form
an Appell sequencel Bn(x) = nBy_1(x)

ProofFor each natural numberthe polynomiaIBn(%,x)

is generated by\/%, whereer f(2) is the error function
defined by

erf(z) i— \/ﬁ/e dt,

That is; B
2267 & 1 7
LE N B
NP N

(N> 1)

Theorem 3Let B, = B,(0) be the i Bernoulli number
related to the error zeta function. Them®,x) = (B+

x)", where, after expanding this binomial, the exponents
on B are regraded to subscripts, i.e.” B By,.

ProofFrom the above theorem we have

i1
Bn(z

If we continue to differentiate we get

X) =nBy_ 1(

x)for each n=1,2.3,....

1

BE(2 )_k'( )Bn k(; x)for each n=1,2 3, ....

By the Maclaurin expansion cBn(%,x), we have
1 AR}

X)= > Bn(5:%)
272

Thus using the relation,

B30 =K () B30

we have the following equality relation:

xK

0= g ()%

Which also imply that,

Bn(%ax) = kZo <E) ank(%ao)xk = (B+X)n

4 Relation to Hermite Polynomials

In this section we will see the connection between the

) o ] ) ) error  Bernoulli polynomials and the Hermite
Differentiating both sides with respect to the variable polynomials.
xwe get Hermite polnomials are classes of orthogonal
o PP © 1 polynomials encountered in the applications, especially i

Verf(z) :nZOB“(E’X)H’ (N=1)

Which implies that,

= 1 zn+l hd

B (_, - 7 I (N
3,0 = 3 B
Equating both sides and comparing coefficients we get

1 i1 1
Bol5 9 =0, By(5:%)=NBn1(5;

>1)

x)for each n=1,2,3,....

mathematical physics which can be defined by the
formula,
2 dne

Hn(x) = (—1)"¢ o

The Hermite polynomials (or more exactly, the Hermite
polynomial multiplied by the constant factcﬁf) are the
coefficients in the expansion of,

Q2P _ o Hn(X)Z"
_n; no
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The first few Hermite polynomials are: We also express the error Bernoulli polynomials in
terms of Hermite polynomials as follows:
Ho(x) =1
1 X
Hy(X) = 2x Bo(5,X) = Ho(3)
Ha(X) = 4% — 2
1 X
Ha(x) = 8 — 12x B1(5,%) = Hu(3)
Ha(x) = 16x* — 48 + 12
1 X, 2! X
In general Bz(§7X) = HZ(E) + §Ho(§)
& (@9 1 X 3. x
Z ki (n— 2K)! BB(?X) = H3(§)+§H1(§)
where [t]denotes the largest integer less than or equal to 1o X 4! x4 X
The connection between error Bernoulli polynomial and B4(Z’X) H4(2)+ 3(2!) 2(2) 3(21)(3) HO(Z)

Hermite polynomial arises from the function

w(x,2) = e=7Z which is one of the factor of the
generating function of error Bernoulli polynomials, and

In general it can easily be seen that the Hermite and
error polynomials can be given by the following relations:

wW(2x,2) = €27 which is the generating function of the N (—1)k(2n)!B (3,%)
Hermite polynomials. Observe that: H2n 2n—2k\2;
& 2n 2k)1k! (2k+ 1)
ez VM@ E 12
W(x,z) =% % = > nZOBn(Z,x)n! and
0 (—D)*2n+1)!Bans1 2(3,X)
oo n H
ﬂ S N (5 Z 2n+1 211K (2k+ 1)
2n+ 1)n! k=
Thus comparing with the generating function of Hermite [t can aiso easily bee seen that the error Bernoulli
polynomial we have the following relations: polynomials is expressed in terms of the Hermite
polynomials. Therefore, as the Hermite polynomials are
o2 _ 37" 2 n 2" il B 1 7" orthogonal families with weight functioe™ so are the
- Ll _Zo_ (2n+1)n! ZO "(i’x)ﬁ' error Bernoulli polynomials with the same weight
"= " "= function.
Therefore, multiplying the two series we have the
following:
- 5 Conclusion
Hn Bn—k

Zn+k

ZO B Zok 5 2k+ 1)k! (n—k)

The first few Hermite polynomials expressed in terms
of the error Bernoulli polynomials as follows:

In this paper we have defined error Bernoulli
polynomials, through generating functions and have
shown that this definition is equivalent to the definition
given through Appell sequences and umbral calculus. We
X 1 have also shown the connection between these new
Ho(5) = Bo(3,%) polynomials with that of the Hermite polynomials. As the
Hermite polynomials are orthogonal with weight function

e* it is easy to see from their relation that the error

X 1
H1 (2) 51(2 X) Bernoulli polynomials are also orthogonal with the same

« 1 a1 weight function.

HZ(E):BZ(Ea ) 38 ( X)
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