Progr. Fract. Differ. Appl. 9, No. 3, 363-387 (2023) %N =) 363

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/090303

Oscillatory Behaviour of Solutions of Delay Differential
Equations of Fractional Order

Santoshi Panigrahi'* and Sunita Chand*

! Department of Mathematics, Siksha ‘O’ Anusandhan (Deemed to be University), Khandagiri Square, Bhubaneswar—751030, Odisha,
India
2 Center for Data Science, Siksha ‘O’ Anusandhan (Deemed to be University), Khandagiri Square, Bhubaneswar-751030, Odisha, India

Received: 2 Jul. 2021, Revised: 12 Oct. 2021, Accepted: 18 Nov. 2021
Published online: 1 Jul. 2023

Abstract: In this paper, we deal with fractional delay differential equations(FDDEs). New results have been obtained on the oscillatory
behaviour of solutions of FDDEs with constant as well as variable coefficients. The oscillation criteria for FDDEs with positive and
negative coefficients have also been discussed. All the outcomes have been illustrated by giving suitable examples with graphical
representation. The graphs are done by using MATLAB.
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1 Introduction

Due to its numerous applications in a variety of fields, including electromagnetic field theories, control theory, fluid flow,
optics, signal processing, epidemics and infectious diseases, etc., a number of researchers have recently started working
in the field of fractional differential equations.

In [1], Seemab and Rehman have studied the oscillatory and asymptotic behaviour of solutions for a class of
fractional order differential equations. Chen[2] has obtained some results on oscillatory behaviour of a fractional
differential equation with damping and illustrated the results with suitable examples. Liu et. al[3] have established some
new oscillatory criteria for the solutions of a class of sequential differential equations of fractional order by using
modified Riemann-Liouville derivative. Samko et. al[4] have discussed the fractional integral theory, fractional derivative
theory and some applications related to fractional derivatives. Different types of fractional derivatives and integrals have
been defined and various methods of solving fractional differential equations has been discussed by Podlubny[5]. In [6],
Razaghzadeh et. al have introduced a fractional order wavelet for solving Abel integral equations as well as its
generalized version.

Gyori and Ladas[7] have discussed the qualitative behaviour of solutions of delay differential equations. Ladde et.
al[8] have studied the oscillatory theory of differential equations with deviating arguments. Baculikova and Dzurina[9]
have studied the oscillatory behaviour of the second order neutral differential equation. In [10], Baculikova and Dzurina
have established some results on oscillatory behaviour of solutions of second order neutral differential equations.
Ocalan[11] has provided oscillation property of every solution of the neutral differential equation with positive and
negative coefficients. Ismail et. al[12] have solved the neutral differential equation of pantograph type. In [13],
Buyukkabraman has studied the oscillatory behaviour of fourth order delay differential equations. Elabassy and
Saker[14] have discussed the oscillatory behaviour of solutions of delay differential equations with several positive and
negative coefficients. Kon et. al[15] have discussed the oscillatory behaviour of solutions of delay differential equations.
Elabassy et. al[16] have obtained some theorems on oscillatory behaviour of solutions of delay differential equations
with positive and negative coefficients.

Mathematicians have recently started investigating fractional functional differential equations both quantitatively and
qualitatively. In a qualitative study of differential equations, the oscillation, non-oscillation, boundedness behaviour etc.
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of the solution of the problem is studied instead of finding out the solution. Cermak and Kisela[17] have studied the
oscillatory behaviour and asymptotic properties of solutions of FDDEs. Zhou et.al[18] have discussed the existence of
non-oscillatory solutions for fractional neutral differential equations. Lu and Cen[19] have established some results of
oscillatory behaviour of solutions of a class of the FDDEs and justified the results by giving suitable examples. Zhu and
Xiang[20] have studied the oscillatory behaviour of solutions of FDDEs. Bolat[21] has discussed the oscillatory behaviour
of solutions of FDDEs and illustrated the results by giving suitable examples.

Our work’s main objective is to investigate the qualitative behaviour of solutions of FDDEs with constant and variable
coefficients. The oscillation of delay differential equations of fractional order with constant coefficients, constant positive
negative coefficients, as well as variable coefficients, has been investigated in the current study, and the observations have
been adequately represented by examples. To the best of our knowledge, there is no such literature present in which the
oscillatory behaviour of such types of fractional delay differential equations has been studied.

Gyori and Ladas[7], Lu and Cen[19], and Bolat[21] are those works which motivated us to do the current research.The
qualitative analysis of the solutions of FDDE:s is rather useful because it is not always simple to find the actual solution.
As FDDEs are formed by the mathematical models of many real-world issues, understanding and analysing the behaviour
of solutions of these models will be accomplished through qualitative behaviour on these types of equations.

The content of the paper is as follows. The introduction to the paper is in Section 1. Section 2 provides certain
definitions and basic results that are relevant for the current work. The main result is found in Section 3. Section 4
illustrates our theoretical outcomes by giving suitable examples and graphs. Section 5 describes the conclusion of the
work.

2 Definition and basic results
Some definitions and basic results that will be required in our work are provided in this section.

Definition 2.1:[5] The following definition applies to the Riemann-Liouville fractional order derivative of order o,

o 1 d k(1)
D*he) = =y dpt Jy = e " M

where ¢ € R, — 1 < a <, €N andI(z)is a gamma function defined by
I'(z)= / e 't ldr, R(z)>0
0

satisfying I'(z+ 1) = zI"(z).

Definition 2.2:[Section 1.3, [7]] The Laplace transform(LT) of a real valued function x : [0,0) — R is given by ,

Lx(p)) =X(m) = [ "¢ " x(p)a @

If we can find a real number r( for which the integral in (2) converges when Re m > r( and diverges when Re m < rq for
all m, then the term r represents the abscissa of convergence for X (m).

Lemma 2.1:[Lemma 1.3.2, [7]] (a) If x € C[[—V,o0),R] , 1y < oo and the LT of x(p) is X (m), then the LT of x(p — V) is
given by

Lixp—v)] = [ ™x(p—v)dp =X (m)+ e " e mPa(p)dp

4

for all m with Re m > ry. L{x(p — v)] has the same abscissa of convergence as L[x(p)].

(b) If x € C'[[0,0),R] and ry < oo, then the LT of '(p) is given by

LI (p)] = [ e/ (p)dt = mX(m) ~x(0)

for all m with Re m > ry. L[x'(p)] has the same abscissa of convergence as L{x(p)].
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Definition 2.3:[5] The LT of the Riemann-Liouville fractional derivative can be written as

- -1
/ e " {oD{*h(p)}tdp =m*F (m) = Y. m DG h(p) [p—0 (I-1<a <)
0 k=0

Theorem 2.1:[7] Let x € C[[0,0),R"] in such away that the ry of the LT X (s) of x(¢) is

finite. Then there exists a singularity at m = ry for X (s), i.e., we can find a sequence
my=a;+ib; for l=1,2,...

where a; > ag for I > 1, lim;_,o a; = 1, limy_, by = 0 and lim;_,e, |X (m;)| = oo.

Definition 2.4:[Definition 1.1.1, [7]] Consider the FDDE

D%(p) +h(p,x(p),x(p—vi(p)),-x(p = Va(p))) =0, to > fo. 3)

A function x is said to be a solution of equation (3) on the interval I, where I is of the form [py,T), [po,T], or [po,%°),
with go > T, if x : [p—1,po] UI — R™ is continuous, x is continuously differentiable for p € I and x satisfies (3) for all
pel.

Theorem 2.2[7] Consider the delay differential equation

X(p)+ Y pxl(p—v) =0 )

i=1
where p; € R and v; € R for i=1,2,...,n. Then the following statements are equivalent.
(a) Every solution of equation (4) oscillates.
(b) The characteristic equation

n
A+ Z p;eiM? =0 )

i=1

has no real roots.

Theorem 2.3:[7] Consider the delay differential equation

X(p)+px(p—v)=0 ©)

where p, v € R. Then the following statements are equivalent.
(a) Every solution of equation (6) oscillates.

() pv>1

3 Main results
3.1 FDDE with constant coefficients:
Theorem 3.1.1: Let us consider a FDDE
D*[2(p) +DP2(p)] +bz(p —v) =0 Q)

where b€ R, v € RT, 0 < a, B < 1. If the characteristic equation(CE) of (7) has no real roots
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then every solution of (7) oscillates.

Proof: Given that the CE
F(A) =A%+ A% P L pe?V =0

has no real positive root. Let on contrary z(p) be an eventually positive solution of (7).
Soz(p) >0 for p > —v(v > 0). So there exists constants M and ¥ such that
[2(p) [<Me™, p>—v.

Thus, L{z(p)] = Z(m) exists for Re m > y.

Taking the LT of (7) we get

0
+be ™ Z(m) + bef'"v/ e "Pz(p)dp =0

-V

mL{(p) +DP2(p) | — [D** (2(p) + DPx(p)) |

= m” {Z(m) +mPZ(m) — [Dﬁ*'z(p)} } - [Da*' (z(p) +Dﬁz(p))} +be ™ Z(m) + bh(mv) =0,

p=0 p=0

where h(mv) = e [° e z(p)dp

= (ma +m* P +be7'"v) Z(m) =m* [Dﬁflz(p)}
= G(m)Z(m) = Q(m) ®
where G(m) = (m* +m**P +be=™") and

Q(m) =m* [DP~'z(p)] ,_o+ [D*"! (2(p) + DP2(p))] ,_o — bH(mV).

p=0
So from (8)
Q(m)
Z ==——< R > rp.

(m) Gom) em > 1y
where ry is defined in the Definition 2.2[7] .
Let us claim that ry = —oo. If not then ryp > —co . m = rp must be a singularity of % according to Theorem
2.1[7].However, since the real axis of this quotient does not have a singularity 70 = —co and

Q(m)
Z(m)=—=—-<VmeR. 9

As m — —oo, we can see that (9) provides us a contradiction because Z(m) and G(m) are always positive while Q(m)
eventually turns negative.

Theorem 3.1.2: Consider the FDDE

n
D*[2(p) + DP2(p)] + Y. bizlp — vi) =0 (10)
i=1
where b; €ER, v; €RT, i=1,..,n,0 < a,pB < 1.Every solution of (10) oscillates when the

CE of (10) has no real roots .

Proof: Given that the CE ;
FA) =A%+ 2%+ Y be ™ =0

i=1
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has no real positive root. Let on contrary z(p) be an eventually positive solution of (10).
So z(p) > 0 for p > —v(v > 0). So there exists constants M and ¥ such that
|z(p) [ Me™, p>—v.

Thus, L{z(p)] = Z(m) exists for Re m > 7.

Taking the LT of (10) we get

m"‘L{z(p) +Dﬁz(p)} — [Do‘*l (z(p) +Dﬁz(p))}pzo+ zn:b;e’m"r’z(m) + ibge’m"i /0 e "Pz(p)dp =0

i=1 i=1 7

= m® {Z(m) +mPZ(m) - [Dﬁlz(p)}po} — [P (2(p) + DPz(p) )|

n n
+ Y be™iZ(m) + Y bih(mv;) =0,
i=1

i=1

p=0

where h(mv;) = e ™ [© e Pz (p)dp

= (m“ +m*P 4 ibgem“’) Z(m) =m* [Dﬁflz(p)}

=i P
+ [D"H (z(p) + Dﬁz(p))} oo Z b;h(mvy)
-1
= Gm)z(m) = 0(m) .
where G(m) = (m* +m®™F + ¥ | be™™7) and

Q(m) =m* [DP~'2(p)] ,_o+ [D* (z(p) + DP2(p))] ,_y — XL, bih(m;).

So from (11)
Z(m) = %, Re m > ry.
where ry is defined in the Definition 2.2[7] .
Let us claim that 7y = —oo. If not then ry > —oo. m = ro must be a singularity of % according to Theorem 2.1[7].
However, since the real axis of this quotient does not have a singularity 70 = —co and
Q(m)
Z ==——<VmeR 12

As m — —oo, we can see that (12) provides us a contradiction because Z(m) and G(m) are always positive while Q(m)
eventually turns negative.

Theorem 3.1.3: Let us consider a FDDE

D* [2(p) ~ gDPz(p)| + bz(p —v) =0 (13)
where g € RT, b€ R, v € R, 0 < «, 8 < 1. If the CE of (13) has no real roots, then every
solution of (13) oscillates.

Proof: Given that the CE
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has no real positive root. Let on contrary z(p) be an eventually positive solution of (13).

Soz(p) >0 for p > —v(v > 0). So there exists constants M and ¥ such that
2(p)|<Me™, p>v.

Thus, L{z(p)] = Z(m) exists for Re m > ¥.

Taking the LT of (13) we get

m“L{z(p) = qDBz(p)} - [D“*‘ (z(p) - qDBz(p))] +be " Z(m)+be " /‘O e "Pz(p)dp =0

p=0 J—v

p=0

= m® {Z(m) —gmPZ(m) +q[DP2(p)| } — |D* (2(p) ~ aDP2(p) )| +be™™ Z(m) +bh(mv) =0,

where h(mv) = e [° e ™ z(p)dp
= (ma — gm®*P +be7'"v) Z(m) = —gm® [Dﬁflz(p)}

= G(m)Z(m) = Q(m) (14)
where G(m) = (m* — gm**P + be™") and

Q(m) = —gm® [DP~'z(p)] _+ [D*" (2(p) — aDPz(p))] ) — bh(m).

So from (14)
Z(m) = %, Rem > ry.
where ry is defined in the Definition 2.2[7] .
Let us claim that ryp = —co. If not then 7y > —oo. m = ry must be a singularity of g% according to Theorem 2.1[7].
However, since the real axis of this quotient does not have a singularity 70 = —co and
Q(m)
Z(m)==—-=<VmeR 15
(m) = S 7™ (15)

As m — —oo, we can see that (15) provides us a contradiction because Z(m) and G(m) are always positive while Q(m)
eventually turns negative.

Theorem 3.1.4: Consider a FDDE

—i—ijz(p—vj):O (16)

j=!

(o)~ Y. aiDPiz(p)

i=1

D(Z

where g; ER',i=1,...,5, b;€R,v; ERY, J=1,..,n,0 < o, B; < 1. If the CE of (16) has
no real roots then every solution of (16) oscillates.
Proof: Given that the CE ) .
- X —Avs
F(A)=2A%— quﬂﬂi + Y bje "i=0
i=1 j=1
has no real positive root. Let on contrary z(p) be an eventually positive solution of (10).

Soz(p) >0 for p > —v(v > 0). So there exists constants M and ¥ such that
[2(p) [ Me™, p>—v.
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Thus, L{z(p)] = Z(m) exists for Re m > 7.

Taking the LT of (10) we get

m? L{Z(P) - iquﬁ"Z(P)} -

i=1

p*! <Z(P) — iquﬁ"Z(P)ﬂ
p=0

i=1
Da71 ( Zq~DﬁlZ )>‘|
i=1 p:()

+ ) bre "iZ(m)+ Z bre” mvf/ e "Pz(p)dp =0
-V

7

o Lz gzt Sl 0]}

e

+ Xn‘,bie*’"v +thmv):0
=~ fa

where h(mv;) = Jfov e "Pz(p)dp

< i ~ma+ﬁ + Z b-e” f) Z(m) = —m* iq; [Dﬁ;ilZ(P)} _

j=1
m)Z(m a7)

where G(m) = (m _Elg:l qi.ma+ﬁ +Zn b oMV ) and

Q(m) = —m* ¥ q;[DP'2(p)] ,_o+ [D*" (2(p) — X3, 4iDPx(p))] ,_y — i, bjh(mvy).

D*~ ! ( ”Dﬁ’Z(P)>] — ibjh(mvi)
p=0 J

p
So from (17)
Z(m) = %, Rem>ry
where ry is defined in the Definition 2.2[7] .
Let us claim that 7y = —oo. If not then ry > —oo. m = ro must be a singularity of % according to Theorem 2.1[7].
However, since the real axis of this quotient does not have a singularity 70 = —co and
Q(m)
Z =——=VmeR 18
) = G 7 (18)

As m — —oo, we can see that (18) provides us a contradiction because Z(m) and G(m) are always positive while Q(m)
eventually turns negative.

Let us assume the following conditions:
(A)) a,b,v,c €RT,a>band v < ©.

+ i .
(A2) a;,b,vi,0; ERT, Lo,s,j=1..,ns>nY: a>Y: bjandv;<o; for all 7,

DY YisYy j=1 J
(A3) ap b5, vi, 05 €RT I= 1,008, J=1,.,n, s >n, T3 a;> Y  b; and v; > o; for all 7,

(A4) max, ;o Vi=V, fori=1,...s
Theorem 3.1.5: Let (A} ) hold for the FDDE with positive and negative coefficients

D* [2(p) + DP2(p)] +az(p — v) ~ bz(p — 0) =0, (19)
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with 0 < a, B < 1. If the CE of (19) has no real roots then every
solution of the above equation oscillates.

Proof: The CE of (19) is
F(A) =A%+ 2A%%P 1 qe?V — et =0,

which has no real roots. Let (19) has an eventually positive solution z(p) .
The LT of (19) is
m® [DP~1e(p)] + [0 (DPelp) +2(p) | | +bh(mo) — ah(m)

= (m‘”ﬁ +m% 4 ae™™ — befm") Z(m)
where h(mao) and h(mv) are defined in Theorem 3.1.1 .

By above expression we get,

where G(m) = m* +m**P + ae™" — be " and
0(m) = m® [DB~2(p)] + [D*" (DP2(p) +2(p))] ,_y + bh(mG) —ah(mv)
Proceeding similarly as Theorem 3.1.1 we get the proof.

Theorem 3.1.6: Let (A;) hold for the FDDE

D* [Z(P) +DBZ(P)} + iaZZ(P — V) -

i=1

bjz(p — Gf) =0

1M

with 0 < a, B < 1. If the CE of (21) has no real roots, then every solution of the above
equation oscillates.

Proof:The CE of (21) is

which has no real roots. Let (21) has an eventually positive solution z(p) .

The LT of (19) is

e {Dﬁflz(p)} 4 {D‘Fl (Dﬁz(p) +Z(P))L:O+ i bsh(mo;) — ia;h(mv;)

v,
I
-
I

§ n
= <ma+ﬁ +m®*+ Za;e“f — Z bie)wf> Z(m)

i=1 j=1

where ii(mo) and h(mv;) are defined in Theorem 3.1.2 .

By above expression we get,

G(m)Z(m) = Q(m)

where G(m) = m**P +m® + ¥ ae™'i — ¥ | b7 and

Q(m) = m® [DP12(p)] + [D%! (DP(p) + 2(p))] ,_y + i, bih(moy) — K ash(mvy)

(20)

21

(22)
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Proceeding similarily as Theorem 3.1.1 we get the proof.
Theorem 3.1.7: Let (A;) hold for the FDDE
D* [z(p) —qDPz(p)| +az(p —v) —bz(p—0) =0 (23)
where g € R, 0 < o, B < 1. If the CE of (23) has no real roots, then every solution of the
above equation oscillates.

Proof: The CE of (23) is
F(A)=A%—gA%P 4 ae?V —be 9 =0

Let (23) have an eventually positive solution of z(p).
By taking LT of (23) on both sides, we get
—qm® [Dﬁ’IZ(P)] o™ [D‘H (Z(P) - qDﬁZ(P))} pg T OR(mO) —ah(mv)

_ (mot o qma+ﬁ +ae™ — befmo‘) Z(m)

where i(mao) and h(mv) are defined in Theorem 3.1.1.

From the above equation we get,

where G(m) = m* — gm®*B + ae™™ — be=™° and

Q(m) = —qm® [DP~'2(p)] _,+[D*" (z(p) — aDPz(p))] ,_o + bh(mo) —ah(mv)
By proceeding similarly as in Theorem 3.1.3 we get the proof.

Theorem 3.1.8: Let (A») hold for the FDDE

P
= ¥ 4iDPia(p)
k=1

D% |z

+Zazp Vi) —

i=1

byz(p—07) =0 (24)

1’M=

where g; € R for k=1,...,pand 0 < o, B < 1. The solutions of (24) is oscillatory, if the CE of (24) has no real roots.

Proof: Considering the CE of (24), which is

Zq 7La+ﬁ+Za~e 2”: J=

Jj=1

Let (24) have an eventually positive solution of z(p).

By taking LT of (24) on both sides, we get

*iq;mo’ [DP2(p)] 4+ D! <Z(P)i‘,qz~<DBZ(P)>
k=1 k=1

p=0
(m —qua+ﬁ+Za~e my, Z ) m)
1

where hi(mo) and h(mv;) are defined in Theorem 3.1.1.

Z”: h(moy) i az:h(mv;)

From the above equation we get,
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where G(m) = m% — Z{:l qum®+P + Y:  ae™i— Y5 be "9} and

Q(m) =~ Xf_, g [DP~'2(p)] o+ D" (2(p) ~Zf_, xDP2(p) )| + T bihlmey) X1 aghlomv)
By proceeding similarly as in Theorem 3.1.4 we get the proof.

Theorem 3.1.9: Consider the FDDE

n

D%z(p) + Za~z p—vi)— Y biz(p—0;)=0 (25)

i=1 =1

wherev;,G]>Ozf1 s, j=1,.. n,a,,bJER+O<O£<1
If all solutions of (25) oscillates then }:: | a7 > )::i:l b; and v; > o; for all iJ

Proof: The CE of (25)
F(A)=2%+Y ae* szb = (26)

i=1

If every solution of (25) oscillates then (26) has no real roots. As F(e0) = oo, it follows that

F(O)Zia;—ibj>0

N n
=Y a>Y b;
=1 =1
Furthermore, v; > ;. Otherwise we get % < ¢, which implies that F'(—c0) = —oo.
Theorem 3.1.10: Let (A3), (A4) hold for the FDDE (25) and Z;ﬁzl bi(v—oj) < A%-1
as well as (215:1 a—Yi, b;) v>1 [la*l -X, bi(v— Gj)} . Then all solutions of (25)
oscillate.

Proof: Let (26) has a real root Ag. Then by using (26)
n n
<)Loc 1 Z b- / lnmdm> = A+ Z b;e*lnv _ beefﬁocf

= —Za~e A"V'+Zb~e )L"UJJerre AoV _ Zb~e Aoo;
— Jj=1 Jj=1 Jj=1

AN
|
Q
Y
<
< N
"=
S
~
|
"=
Sy
~a
N———

<0 27
For A >0

. Vo R = v
- —Am a—
—ij/cﬂe dm > A —ij/cﬂds
j=1 i j=1 j
n
> A% 1= Y bj(v—-07) >0 (28)

So from (27) and (28) we conclude that Ao < 0. Then (26) can be written as

<7L“' Zb v— o) <l~zs:a~ib]v>e%v<0

=1
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O L) R

= Mo+ 5=
)y(;x L ?:]bj(v—ﬁi)
So the equation
S oa—Y" bv)
1) = A ( i=1"1 j=1"J ,;Lv:
e T bi(v—0)° 0
j=1"J J

has a real root in (4,0) as G(4p) < 0 and G(0) > 0. Therefore by [[7], Theorem 2.2.4]

S a—Y" b-
14— L5 b;

7La71 7255:1b]7(v — Gj)

1
v<—
e

ie., (ia;— ibi) v< l [)ﬂ(ll o ibj(V—Gj)]
=1 =l ¢ =

which is a contradiction. Thus every solution of (25) oscillates.

3.2 FDDEs with variable coefficients:

Let us assume the following conditions:

(B1) a(p),b(p) € C([po,>),R"), where 0 < a < a(p),0<b <b(p).

(B2) a(p),b(p) € C([po,o0),R"), where 6 <v,0<a<a(p),0<b(p)<b,a>b.
(B3) ai(p) € C([po,),R"), where 0 <Y  a; <Y? a;(p),v;eRT fori=1,...,n.
(Ba) ai(p),b;(p) € C([po,),R"), 07, vi € RT where 6; < v, 0 < Y3 | a; < Y3 as(s),
0< Y5 bi(p) <Yh br Xl a;>Y%

Lemma 3.2.1: Let us consider the FDDE,

;:lbf’ s>nfori=1,....s, j=1,...,n.

D%(p)+bz(p)+az(p—v)=0. (29)
where a,b,v € R, 0 < o < 1.
(HIfo<av< e% or a < 0, where e% = max e% (0 < p <o, 1 < <2) then the solution of (29) is nonoscillatory.

2)Ifav > e% then the solution of (29) is oscillatory.

Proof: The CE of (29) is
A%+ b+ae v =0.

(1) Leta > 0. From the CE, we get

AV _ _(qa 77(/’La+b)v l E
ae " =—(A*+b)=av= v <e<eﬁ'

which is a contradiction.
Soa<0or0<av< e% and (29) has a real root. Hence the solution of (29) is nonoscillatory.
w

(2) Similarly as in (1), we can find that for av > -5, (29) has no real roots.

Hence the solution of (29) is oscillatory.

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

374 NS B S. Panigrahi, S. Chand : Oscillatory behaviour of solutions of ...

Theorem 3.2.1: Let (B;) hold for the FDDE

“z(p) +b(p)z(p) +alp)z(p—v) =0.

where 0 < a < 1. Ifav > e%, where eﬁ = max 5 b (0 < p <o,1 <P <2), then every solution

of (30) oscillates.
Proof: Let (30) have an eventually positive solution z(p). As a < a(p) and b < b(p),

D%(p)+bz(p) +az(p—v) <0

Let the inequality (31) has a solution P,

Ap(ﬂ,“ +b+ae7}w) <0.

Ifav > ﬁ then A% + b+ ae *V < 0 does not have a real root. Hence every solution (30) oscillates.

Theorem 3.2.2: Let (B3) hold for the FDDE
+Zw Zp—v)=0

where 0 < o < 1. If 2” a:v: > e%, then every solution of (32) oscillates.

1Y

Proof: Let (32) have an eventually positive solution z(p). As Y7, a; < ¥7_ a;(p),

+Y az(p—v;) <0
i=1

Let the inequality (33) has a solution e*?,

n
PA%+ Y ae V) <.
i=1

IfY: | av; > % then 1%+ Y7 | Vi <0 does not have a real root. Hence every solution (32) oscillates.

Theorem 3.2.3: Let (B,) hold for the FDDE
D%z(p)+a(p)zlp—v) —b(p)z(p—0)=0

where 0 < o < 1. If (a —b)v > e%, then every solution of (34) oscillates.

Proof:Assume that (34) has eventually positive solution. Then we get the following inequality

“z(p) +az(p—v)—bz(p—0) <0
Let the above inequality has a solution e,
(A% + (a—b)e *v) <0.
Thus, if (a —b)v > e%, then every solution of (34) oscillates.

Theorem 3.2.4: Let (B4) hold for the FDDE

+Za~ 2(p—vy) *ibf(p)Z(P*Gf):()
j=1

(30)

€29

(32)

(33)

(34)

(35)

(36)
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where 0 < a < 1.If Y2 | (a;—b;)v; > e%, then every solution of (36) oscillates.

Proof: Assume that (36) has eventually positive solution. Then we get the following inequality

D%(p)+ Y az(p —v;) —
i=1 =1

bjz(p - Gj*) <0 (37)

™=

Let the above inequality has a solution P,

(a;—by)e *v;) <0.

-

(A% +
1

Thus, if Y3, (a; —by)v; > e% then every solution of (34) oscillates.

4 Examples

In this section, we have established some suitable examples, which illustrate our results.

Example 1: Consider the FDDE

D [z(p)+D%z(p)} +2cos1—”2z (p—23—”) =0, pe¢ [2—”00) (38)

Here,a:%,ﬁ:%,b:%oslﬂ—z,v:%”and0<%,%<1.

The CE of (38) is
A2 —|—l% +2c0sge%m =0,

which have no real roots. Figure 1(a) shows the CE of (38) which have no real roots. So the conditions of Theorem 3.1.1
are satisfied. Hence every solution of (38) oscillates. Figure 1(b) shows the solution diagram of (38).

0 2 4 6 8 10 12 14 16 18 20

Figure 1(a): The Characteristic equation diagram for (38).
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0.6 [ b

0.4 i

027 b

02 b

-08 u

Figure 1(b): The solution diagram for (38).
Example 2: Consider the FDDE

D?

—

1 T T T
2(p) +D3z(p)| +cos5z(p — ) + \/gcosﬁz (P - 5) =0, pem). (39)

Herea:%,ﬁz %,bl :cosl—’g,bzzx/gcosl—”z,vl =m,v»=%and0 < %,% < 1.
The CE of (39) is

T T —in
A2+ A3 —i—cosﬁe*l”—i— \/gcosﬁe% =0,

which have no real roots. Figure 2(a) shows the CE diagram for (39), which illustrates that (39) have no real root. All the
conditions of Theorem 3.1.2 are satisfied. So every solution of (39) oscillates. Figure 2(b) shows the solution of (39).

0 2 4 6 8 10 12 14 16 18 20

Figure 2(a): The Characteristic equation diagram for (39).
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0.8
0.6
0.4 .
0.2 .
O - -
02f .
0.4 .
0.6 .
08 f .
0 5 10 15 20 25 30 35 40 45 50
Figure 2(b): The solution diagram for (39).
Example 3: Consider the FDDE
/4 1 1
D1 [2(p) ~ DIz(p)| +2sin5z(p =5 ) =0, pe | (40)
12 6 6
Here a = %,ﬁ:%,q: l,b:2sin1—”2,v:%” and 0 < %,% <1.
The CE of (40) is
A2 A3 +2sin£e776M =0,

12

which have no real roots. Figure 3(a) shows the CE diagram of (40), which have no real roots. So all the conditions of
Theorem 3.1.3 are satisfied.

So every solution of (40) oscillates. Figure 3(b) shows the solution of (40), which is oscillatory.

50 T T T T T T T T T

-50

-100

-150

-200

-250

300 . . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000

Figure 3(a): The Characteristic equation diagram for (40).
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0.6 [ b

0.4 i

027 b

02 b

-08 u

Figure 3(b): The Solution diagram for (40).
Example 4: Consider the FDDE
3 b4 3 3
D [2(p) - D3z(p) ~ D3z(p) | +2(p— T ) +2c0s (5 )z (p =5 ) =0, pe[Fe). 1)
4 12 2 2
_ 1 _ 1 _ 2 _ _ _ _ T __3=m __3m 112
Hereao=5,Bi=3.B=5.q=1q=1,b1=1,by=2cosf5,vi=5, V2 =5 and0 < 5,3,5 < L.
The CE of (41) is

k% —),% —),% —l—e%bI +2€0S17[—2€%M =0,

which have no real roots. Figure 4(a) shows that the CE of (41) have no real roots. So all the conditions of Theorem 3.1.4
are satisfied.

So every solution of (41) oscillates. Figure 4(b) shows the solution of (41), which is oscillatory.

45 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20

Figure 4(a): The Characteristic equation diagram for (41).
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0.8

06

04r b

02r b

021 b

-0.8 1 b

A | | | | | | f | |

0 5 10 15 20 25 30 35 40 45 50

Figure 4(b): The solution diagram for (41).

Example 5: Consider the FDDE

Gl

1 1
D3 |z(p) +D%z(p)} + ZCoslcosﬁz(p —7)— 2c0s£sinﬁz (p - 3—7[) =0, pe [377[,00> (42)

20 60 20 60 2

—lpg_1  _ T onel3n oo, 13T, _3r 11
Herea73,ﬂf5,af2c0szocos 0+ b = 2cos5gsin v=m,0=and0< 3,5 <1.Soa>band v < o and the

60 °
CE of (42) is
A w137 s

Vs 137
A3 4 ATS +2c0s2—0c0sae7 ”—2sin%sinae 7T =0,

which have no real roots. Figure 5(a) illustrates that the CE of (42) have no real roots. So All the conditions of Theorem
3.1.5 are satisfied. Hence every solution of (42) oscillates. Figure 5(b) shows the oscillatory solution of (42).

Figure 5(a): The characteristic equation diagram for (42).
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0.8

06

047 b

02 b

02 b

-08 b

Figure 5(b): The solution diagram for (42).

Example 6: Consider the FDDE

1 1 V3 m 1 ™ V3 r 3n 3n
D2 [z(p) +D3z(p)| + = Cos5% (p - E) +cosEz(p —7)— — Cos 5% (p — 7) =0,pc {7,00) 43)

1 1 3 3 3 11
Here o = 5, B = 5, a :‘/T—cos%,a%:cos%,bl = %cos%,vl =2, w=mo=Fand0< 5,3 <1.Soa;+ay> b,
Vi < 01, V» < 07 and the CE of (43) is

3 Az 3 =p R
A2 —|—k% + gcosl—nze% +cos%e77m— gcosl—nze371 =0.

Figure 6(a) shows that the CE of (43) have no real roots. So all the conditions of Theorem 3.1.6 are satisfied. Hence
every solution of the given FDDE oscillates. Figure 6(b) shows the solution for (43).

0 2 4 6 8 10 12 14 16 18 20

Figure 6(a): The characteristic equation diagram for (43)
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0.8

06

04r b

02r b

021 b

-0.8 1 b

A | | | | | | f | |

0 5 10 15 20 25 30 35 40 45 50

Figure 6(b): The solution diagram for (43)

Example 7: Consider the FDDE

1 1 19 7 7
D> z(p)mz(p)}ﬂ(p]—;)z(pf) ~0 pe [T”oo) (44)

Herea:%,[i:%,qzl,azl,b:l,v:?i,az%and0<%,%<1.Soa:b,v<GandtheCEof(44)is

=0,

which have no real roots. Figure 7(a) shows the CE of (44). So all the conditions of Theorem 3.1.7 are satisfied. Hence
every solution of (44) oscillates. Figure 7(b) shows the solution diagram for (44), which is oscillatory in nature.

Figure 7(a): The characteristic equation diagram for (44).
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0.8

06

047 b

02 b

02 b

-08 b

Figure 7(b): The solution diagram for (44).

Example 8: Consider the FDDE

z(p)D%z(p)D%z(p)]+z<p119—2”>+z<plf—2”>z<p%)0, pe{l%”,oo) (5)

1 1 2 1 1 1 1 2
Hereoc:z,ﬁ]:§,ﬁ2:§q1:1,q2:1,a1:1,a2:1,b1:l,vlz%,vz:#,al:Tand0<§,§,§<1.80

ay+ay > by, vi < oy, v» < o1 and the CE of (45) is

D=

D

which have no real roots. Figure 8(a) shows the CE diagram of (45). So all the conditions of Theorem 3.1.7 are satisfied.
Hence every solution of (45) oscillates. Figure 8(b) shows the solution for (45), which is oscillatory in nature.

45 | | | | | | | | |

Figure 8(a): The characteristic equation diagram for (45).
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0.8
06
0.4 .
02F .
ok ]
02F ]
0.4 .
06 .
08} ]
o 5 1Io 1I5 2Io 2I5 3I0 3I5 4I0 4I5 50
Figure 8(b): The solution diagram for (45).
Example 9: Cosider the FDDE
Diz(p)+z (p - I}T”> + %z <p - 1%”) - %z <p - %) =0, pe [1%”,00> : (46)
Herea=1a1=l,ax=1b;=3.n= T”,q/zz'?T”,cl Zand0<1<1.LetA= OOl.Soa1+a2=1+%>1=b1,
“”>?T",15—”>4,max1§52v=1§ =V.Xr bi(v— G)—n<10 ipys Vand (X7 a;— X5 by)v =1F >2.52=
% {k“’l - ;‘  b;(v —07)|. Hence all the conditions of Theorem 3.1.9 and Theorem 3.1.10 satisfied. Figure 9 shows the
solution of (46).

08 i

0.6 i

0.4 b

0.2 i

_0_6 -

-0.8 y

q 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50

Figure 9: The solution diagram for (46).

Example 10: Consider the FDDE

D3z(p) + 1 ]z(p)+<1—5—”)z<p—5—”)=0, pE[S—”,w)- (47)
4.06p3 6
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Herea=1,0< 1 <1,a(p)=( fg—g),b(p): L andv =232

4.06p3
Let us choosea=0.5<1— g—g —a(p)andb=0< —+.Soav=1.30>0.36= e% for B = 1. Hence (47) satisfies all
4.06p3
the conditions of Theorem 3.2.1. Figure 10 shows the solution diagram for (47), which is oscillatory in nature.

04 . . . . . . .
-20 -15 -10 -5 0 5 10 15 20

Figure 10: The solution diagram for (47).
Example 11: Consider the FDDE

1 1 St 1 117 117
D3 —+1 - — — —— ] =0 —— .0 48
z(p)+<p+)z(p 6)+pz(p 6) , pe[6,) (48)
Herea:%,0<%<1,a1(p):%+1,a2(p):%,v1:%”andvz:“T”.

Let us choose 212:1 a;=1< % +1= ):%:1 az(p;). So Y2 azv:=2.61 >0.36 = e% for B = 1. Hence (48) satisfies all the

=11
conditions of Theorem 3.2.2. Figure 11 shows the solution diagram for (48).

0.8

047 b

02 b

02 b

-04r b

Figure 11: The solution diagram for (48)
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The following counterexample illustrates Theorem 12.

Example 12: Consider the FDDE

Do)+ P2 o s

)_e(pfl) (
2y/7p3 p

Zp_l):Oa pe[z,oo) (49)

2
Here 0 = 1, 0 <] <1, a(p)sz?, b(p) = «b=l) "y =2 and 6 = 1. Let us choose a = 0 and b = 3. So
2\7mp2 p
(a—b)v=-6< e% Hence by Theorem 3.2.3, we will get a non-oscillatory solution. Figure 12 shows the solution
diagram for (49) which is non-oscillatory in nature.

%107

25

-0.5 ' '
-20 -15 -10 -5 0 5 10 15 20

Figure 12: The solution diagram for (49).

The following counterexample illustrates Theorem 13 by contrapositive method.

Example 13: Consider the FDDE

1 -2.5 e2 -2 e 1
D2z(p)+ %Z(l) —2.5) +ﬁz(p —2)— %Z(P _1)
-0.5
_Z;)WZ(P —0.5)=0, p€[2.5). (50
— 32 _ e(o— o,
Herea=3,0< 1 <1, ai(p) = —<fp,22i§), a(p) = ﬁ, bi(p) = %’ ba(p) = %’ V=25 v)—2 01— 1 and

0, = 0.5. Let us choose 2172:1 a; =0 and 257:1 b;=3.5o0 2;2:] (a; —by)v; < e% Hence by Theorem 3.2.4, we will get a
nonoscillatory solution. Figure 13 shows the solution diagram for (50), which is non-oscillatory in nature.
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7
0519 . . . . . .

05 . . . . . . .
-20 -15 -10 -5 0 5 10 15 20

Figure 13: The solution diagram for (50)

5 Conclusion

In this paper, we have dealt with FDDEs with both constant and variable coefficients. New results on the oscillatory
behaviour of solutions have been obtained in FDDEs. Graphs and suitable examples have been employed to demonstrate
all the theoretical aspects. By using MATLAB, the graphs have been prepared. The novelty of the work is that, various
types of FDDEs have been considered and the qualitative behaviour of their solutions have been discussed. Furthermore,
we want to continue working on the study of oscillatory and non-oscillatory criteria of diffusion equations of fractional
order as well as systems of fractional functional differential equations.
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