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Abstract: Saigo operators of generalized fractional calculus associated with incomplete hypergeometric function, as the kernel, are
presented here. These operators are general in nature and provided extension of the well-known operators of factional calculus which
includes, the Riemann-Liouville, Weyl operators. Certain properties of these new operators associated with the incomplete generalized
Wright function are established.
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1 Introduction

Let o, B,n € C and x € R ; then the generalized fractional integration and fractional differentiation operators associated
with Gauss hypergeometric function due to Saigo [1,2] are defined as follows
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Riemann-Liouville, Weyl and Erdelyi-Kober fractional Calculus operator follows as special cases of the operators Ig fﬂ

and If’ﬁ " as shown below

(RE.A1) () = (15" )) = s [ =) p(e)ar, (@) > 0y )

* Corresponding author e-mail: drdksinghabp @ gmail.com

© 2023 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/pfda/090106

92 NS B D. K. Singh, V. L. Verma: Generlaized Fractional Calculus of the...

:%(Rg‘;nf) (x), O<RE)+n<lin=1,2,.); ©
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Now here the generalized hypergeometric Wright function ,y,(z) defined for z € C, complex a;,b; € C and real o, B; €
R = (—o0,00) (0, Bj #0;i=1,2,...,p; j = 1,2,...q) by the series

pwq(z) =p Yq { (((62;7%1)3,11;

Z:| hnd Hl.p:]F(a,'—l—(Xjk)Zk an

7kZOqu:]F(bj+ﬁjk)k!'

This function was introduced by Wright [3] and is called the generalized hpergeometric Wright function conditions for
the existence of (11) together with its representation in terms of the Mellin-Barnes integral and of the H-function were
established in (12). In particular, ,y,(z) is an entire function if there holds the condition
q p
Y Bi—Y o>l (12)
j=1 =1

=

The special case of the function (11) in the form

o0 1 Zk
Z] :k;)r(akw)ﬁ 13

0(6,b;2) =0 ¥ { (b,8)

with complex z,b € C and real 6 € R, known as the Wright function [[4], Section 18.1], was introduced by Wright in [5]
when b = v+ 1 and z is replaced by —z, the function

P8 v+1;—2) = i ] Cof
VR E LTSk v 1) Kl

and such a function is known as the Bassel-Maitland function, or the Wright generalized Bessel function [6,7,8]. Now
with the help of incomplete Pochhammer symbol which is introduced by Srivastava et al. [9] and depends as follows

(Asx)y = % (A,veC;x>0)
[Asx], = W, (A,veC;x>0)

and these incomplete Pochhammer symbol satisfy the following decomposition relation
(A;x)y +[Asx]y = (A)v; (A,vE€C;x>0) (14)

and where incomplete gamma function y(s,x) and I'(s,x) defined by
X
Y(s,x) = / #ledr, (R(s) > 0:x > 0) (15)
0

and .
F(s,x):/ #ledr, (R(s) > 0:x > 0). (16)

D.K. Singh and S. Porwal [10] was introduced incomplete generalized hypergeometric Wright function

w0 = [ o
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and

v (D) =pv (a1, a13x)...(ap, o) } _ o Va1 +ouk;x)I (a + aok)...I'(ap + opk) é (18)
PLg 7P La | (b, Br3x)..-(bg, By) & (b + Bik:x)T (by + Bok)...T (by + Byk) k!
Provided that the defining the infinite series in each case is absolutely convergent if satisfy the condition
(Al < (A)a] and [2sx] < [(A)] (19)

By decomposition formula (14), eqn (17) and (18) can be written in terms of generalized hypergeometric wright function

an.

2 Fractional integration of the incomplete generalized hypergeometric Wright function

Theorem 1.Let o, 3,1, € C be such that R(a) > 0,R(B) > 0,R(n) > 0, R(y) > 0 and condition (19) is satisfied and let
aand b € C and 1 > 0. Then for x > 0 there holds the formula
at”] > (x)
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T [a , & ;x]...(a » & )7(7’)”)7(Y+n_ﬁau)
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at”} ) (x)

=x""% ﬁ/ Y LR (o4 B, —nsa 1 —1)/x) !

— yV—B-1

ax“] ) (20)
Proof:-With (1) and (17), we have
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Since R(uk+7y) > R(y) > 0 for any k =0, 1,2, ... then using formula [1]

U ).
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r'(y+B)r'(y+o+n) @b

with y being replaced by y+ tk, we obtain
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Thus the theorem is proved.

Corollary 1.Let o,y € C be such that R(ct) > 0, R(y) > 0, and let a and b € C,and condition (19) is satisfied. Then for
u > 0and x > 0 there holds the formula
at”} ) > ().

(i (o [ )

SRR [ WO Baw

Proof:-With (7) and (17), we have
(Ing (tylpll_’q [[[?911:%]1;]]%22:%5)) at“})) (x)
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0
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ax“}. 22)

1
I'(a)

dt

S~

'1

M

k=0

= I'(ay + oqk;x) F(a+ak)kaa
; b]1+B]1k,x)...F(bp+ﬁpk) g o T ).

Since R(uk+7y) > R(y) > 0 for any k =0, 1,2, ..., then using the (21), we obtain

i (a1 + ouk;x).. F(a,,+(x,,k)a_k I(y+ k) rHHka-1
&= (b + Bik;x)...I (b + Bgk) k! T(y+ pk+ o)
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SR [ WO Bad
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Theorem 2.Let «, 3,1, € C be such that R(or) > 0,R(B) > 0,R(n) >0, R(y) > 0 and condition (19) is satisfied and let
aandb € C and L > 0. Then for x > 0 there holds the formula

o (1 [ il )
a1, 0u5x]...(ap, &), (Y+ B, 1), (Y+1, 1)

Ya | o1, Brial...(bg. By)
B
RRACEUEI I S Skt

at“]) (x)
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at“] . (23)

Proof.From (3) and (17), we get

o (o G Ry
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i a1+a1k x) F(ap+apk) k(laﬁnt Y- ,Uk)( )

L(by+ Pik:x)..I"(by + Byk) k

Since R(uk+7y) > R(y) > 0 forany k =0, 1,2,... then we apply the formula [1]

with y being replaced by y+ Lk, we obtain

e ,32 I(a1+ onksx)...I'(ap+ opk) I'(B + v+ pk)
B I (b1 + pik:x)...I' (b + Bgk) - T'(y+ pk)

C(+y+pk) (et
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o . lar, a13x]...(ap, ap), (Y+ B, 1), (Y+n,1)
=Pyl {[bl,'ﬁl;i].--(bq,fmf’(a+n+y+ﬁ,u>,<w>

at”} .

Corollary 2.Let o,y € C be such that R(o) > 0, R(y) > 0, and let a and b € C,and condition (19) is satisfied. Then for
u > 0and x > 0 there holds the formula

(o [ B o ] o

alaal;x]---(apaap)) (y_ O‘vli)

J— o— T, [
=x yp+llllq+l|: (b1, B1:x]...(bg, By), (7, 10)

at”]) (x)

/ (t—x)* 117y
X
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Proof.-With (9) and (17), we have

ol .—y - [lai,ou:x]...(ay, o)
¢ (t A [ [bll,ﬁ]l;x]...(bl;vﬁg)
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Since R(uk —7y) > R(uk+7y) >0 forany k =0,1,2,..., then by using (24), we achieved

i (a1 + auksx).. I (ap+0pk) a T(—a+y+ )M+ +0K) oy
= T'(b1 + Bikix)...T(by+ Bgk) k! T'(y+ uk)I' (o — a+n + v+ uk)

I'(ay + oyk;x).. F(ap"'apk)a I'(y—a+pk) Ok
=0 T'(b1+ Biksx)...'(bg+ k) k! I'(y+ pk)

Ms

— e i I'(ay + ouk;x)..I'(ap + 0pk) T'(y— a + pk) (ax H)k
B (b + Bik;x)...T (by+ Byk) T (y+ uk) A

=x“T Wy @ ,[l()x]l,;g} ;.)-C](.C.l.p(,b(zﬁg’q()?:(_%o;[ u)‘ Mﬂ] =0

which is required result.
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3 Fractional differentiation of incomplete generalized hypergeometric Wright function

Theorem 3.Let a, 3,1, € C be such that R(a) > 0, R(y) > —min[0,R(a + B+ n)], and condition (19) is satisfied and
letaand b € C and L > 0. Then for x > 0 there holds the formula

(Dgfm (tylp% {[al,al;x]...(ap,ap) m“])) )
[ar, o). (ap, &), (v, 1), (€ + B +y+1,1)

[b1, Br3x]...(bg, Bg)
— VBl 7
* p+2‘/’q+2 |: [blaﬁlv-x](bq7ﬁq)a(7/+n7“))(7/+ﬁ7u)
Proof.-With the help of (5), we get
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Using formula (21), we obtam

ax’“‘] . (26)

Ms
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i (a1 + aik;x)..I (ap + k) T'(y+ pk)I (00 + B+ y+1 + k)
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k n
a <i) Btk

X
k! \ dx

i (a1 + 0uk;x)...I(ap + 0pk) T (y+ k)T (0 + B +y+n + pk) o
= T(b1+ Bik;x)... (bg+ Bgk) T'(y+n+pk)l(y+p+n+ pk) k!

I(y+B+n+ uk) VB k1

L(y+ B+ k)
i (a1 +onksx)...0(ap + 0pk) D(y+ k)L (0 + B+y+n+pk)
= T (b1 + Bik;x)...I (by + Byk) I (y+n+ uk)
1
> KV BHuk—1
I(y+ B+ uk)

oo

[ (a1 +ouksx)...I(ap+ opk) T(y+ pk) (o + B+ y+n + pk) o @ yaBuk-1
(=0 T'(b1 4 Pikix)..I'(bg+ Bgk)  T'(y+n+uk)['(y+ B+ uk) k!
ax’“‘} )

:vaLB*l +2V_/ i) [a],(X] ;x]"'(aﬂval’)a (%”)a ((X+B +y+ 777#)
P g [b17ﬁ1»x](bq7ﬁq)a(7/+n7u)a(7/+ﬁau)
Corollary 3.Let o,y € C be such that R(ct) > 0, R(y) > 0, and let a and b € C,and condition (19) is satisfied. Then for
u > 0 and x > 0 there holds the formula

o)

CAGRAI i wre

M

— 47 a— 7/ [a ;& ;x]"'(a O )a(%u)
=7 'f’“"’q“[[bl,}sl;h...(bq,ﬁq)f’(ya,m

ax’“‘] . @D
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Proof.Using (2) and (17), we get

(28 (74w | G Gl i o ) ) 0

aan | -1 v Lla1+oukx)..I'(ap + apk) ak ik
Dy ! Z (b kx)...[(b k) k!
=0 (b1+ Bik;x)...I( q+Bq ) :

—0+n,0—n,0+n— rztuk+y l
0+

e Dlai+oykx)..I'(ap+ opk) a* (d\"
7,(;0 F(bl—i—ﬁlk;x)...l“(b +ﬁq ) <dx)

_ i (a1 + aiksx)...L(ap+ apk) @ T(y+pk)L(y+pk—n)
T (by + Bikix).. T (by + Bok) K T'(y+ pk— )L (y+ pk+1)

% i nnyruk,aJr”,]
dx

[ (a1 + auk;x)...1(ap+ k) @ T(y+ k)L (y+pk—a+n) (ka1
[(by + Bik;x)...T (by + Byk) k! T'(y— o+ n—+ uk)[(y+ pk— o)

Ms

k=0

)
72 I'(ay+ onk;x)...I(ap+apk)  T'(y+ pk) xy,awk,la_"
(b1 + Bik;x)...I" (bg + Bgk) I'(y— o+ pk) k!

=t [ T T

Theorem 4.Let o, 3,1, € C be such that R(a) > 0, R(y) > —min[R(—P —n),R(o+n)], and condition (19) is satisfied
and let a and b € C and . > 0. Then for x > 0 there holds the formula

(o0 ([ ]
=xP- 7 [ar, @:a...(ap, 0p), (@ +y+1, 1), (Y~ B
B W o el S

(o2 (o i ]) )
E( ) ( —otn,—B— na+npq—,q[[[62111%11;;);]]:((223265)) at”])(X).
<R g (a) 0

Using formula (24), we achieved

i (a1 + ouk;x)...I (ap + 0pk) a ¢ (_d)nx7ﬁ+nuk
=0 b|+ﬁ1k,x)...F(b +ﬁq ) dx

ax“] (x>0).

1)

’) ax M } . (28)

Proof.Using (6), we get

M

F(B—y—n+uk)I(a+y+n+ uk)
L(y+ i)l (y =B +n + pk)
I'(ai + oik;x)..I'(ap + opk) I'(B —y—n+ puk) (ot + y+n + pk)
= (b1 + Bik;x)... (b + Byk) L(y—B+n+uk)I'(y+ pk)

d [ d\"
R B Y el Y—B+n—uk
<=0 (dx) *

Ms
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= I'(a)+ ouk;x)..T(ap+ 0pk) T'(B—y—n+ pk)I (o +y+n + pik)
=0 D01+ Biksx)..I(bg+Bk)  T'(y—B+n+pk)l(y+ pk)
(_])nak F(ﬁ —Y+n—pk+ l)xﬁfyfyk
k! rp-y
> (a1 + onk;x)..I(ap+ opk) I'(B — y—n+ pk)[ (o + y+n + pk)
=0 D01 +Biksx)..D(bg+Bk)  T'(y—B —n+pk)l(v+ pk)
@ T —y+n—pk+1) 5y
ko I(B—y—upk+1) '

By the reflection formula for the gamma function

X

(29)

T
sin[(y— B —n+ pk)r|
B T B (—D)"n
~sin(y— B —n+uk)wcosnt  sin[(y— B+ uk)x
=(=DI(y=B+pk)I'(1—y+p—pk). (30)

r(y—=B—n+pk)[(B—y+n—pk+1)=

From (29) and (30), we obtain
= I'(a)+ ark;x)...I(ap + apk) (004 Y+ 1 + uk)I(y— B + pk) a—kxﬁ”””"
& T+ Bikx) L (b + BRI (7~ B0+ gL (7 + k)
_ B—v - [a17051§x]---(ap705p)7(OH‘Y"'nvli)a(y—ﬁ#) —H
X 1’”"’4*2[ (b1, Br:x]...(bg. By), (Y= B+m.1), (o) |“* ]

Corollary 4.Let o,y € C be such that R(ct) > 0, R(y) > 0, and let a and b € C,and condition (19) is satisfied. Then for
WU > 0 and x > 0 there holds the formula

of .- [ay,005x]...(ap, 0p)
(o2 (o | B i

Proof:Put B = —a in (28), we achieved our required result (31).

[blaﬁl;x]“'(bwﬁq)v (%N)

b)) 0) = s [0 o) 1 )

ax“] . 3D
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