
Progr. Fract. Differ. Appl. 9, No. 1, 91-98 (2023) 91

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/090106

Generalized Fractional Calculus of the Incomplete

Generalized Wright Function

Dharmendra Kumar Singh1,∗ and Vijay Laxmi Verma2

1 Department of Mathematics, University Institute of Engineering and Technology, CSJM University, Kanpur-208024
2 Department of Mathematics University Institute of Engineering and Technology, Kanpur-208024

Received: 2 Sep. 2022, Revised: 18 Oct. 2022, Accepted: 20 Nov. 2022

Published online: 1 Jan. 2023

Abstract: Saigo operators of generalized fractional calculus associated with incomplete hypergeometric function, as the kernel, are

presented here. These operators are general in nature and provided extension of the well–known operators of factional calculus which

includes, the Riemann-Liouville, Weyl operators. Certain properties of these new operators associated with the incomplete generalized

Wright function are established.
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1 Introduction

Let α,β ,η ∈C and x ∈ ℜ+; then the generalized fractional integration and fractional differentiation operators associated
with Gauss hypergeometric function due to Saigo [1,2] are defined as follows

(

I
α ,β ,η
0+ f

)

(x) =
x−α−β

Γ (α)

∫ x

0
(x− t)α−1

2F1

(

α +β ,−η ;α;1−
t

x

)

f (t)dt; (ℜ(α) > 0); (1)

=
dn

dxn

(

I
α+n,β−n,η−n
0+ f

)

(x); (ℜ(α)≤ 0;n = [ℜ(−α)]+ 1); (2)

(I
α ,β ,η
− f )(x) =

1

Γ (α)

∫ ∞

x
(t − x)α−1t−α−β

2F1

(

α +β ,−η ;α;1−
x

t

)

f (t)dt; (ℜ(α)> 0); (3)

= (−1)n dn

dxn

(

I
α+n,β−n,η
− f

)

(x); (ℜ(α) ≤ 0; n = [ℜ(−α)]+ 1) (4)

(

D
α ,β ,η
0+ f

)

(x) =
(

I
−α ,−β ,α+n
0+ f

)

(x) =
dn

dxn

(

I
−α+n,−β−n,α+η−n
0,+ f

)

(x); (ℜ(α)> 0;n = [ℜ(α)]+ 1) (5)

(

D
α ,β ,η
0− f

)

(x) =
(

I
−α ,−β ,α+n
− f

)

(x) = (−1)n dn

dxn

(

I
−α+n,−β−n,α+η
− f

)

(x); (ℜ(α)> 0;n = [ℜ(α)]+ 1). (6)

Riemann-Liouville, Weyl and Erdelyi-Kober fractional Calculus operator follows as special cases of the operators I
α ,β ,η
0,+

and I
α ,β ,η
− as shown below

(

Rα
0,x f

)

(x) = (I
α ,−α ,η
+ f )(x) =

1

Γ (α)

∫ x

0
(x− t)α−1 f (t)dt, (ℜ(α) > 0); (7)

∗ Corresponding author e-mail: drdksinghabp@gmail.com

c© 2023 NSP

Natural Sciences Publishing Cor.

http://dx.doi.org/10.18576/pfda/090106


92 D. K. Singh, V. L. Verma: Generlaized Fractional Calculus of the...

=
dn

dxn

(

Rα+n
0,x f

)

(x), (0 < ℜ(x)+ n ≤ 1; n = 1,2, ...); (8)

(

wα
x,∞ f

)

(x) =
(

I
α ,−α ,n
− f

)

(x) =
1

Γ (α)

∫ ∞

x
(t − x)α−1 f (t)dt; (ℜ(α)> 0); (9)

= (−1)n dn

dxn

(

wα+n
x,∞ f

)

(x); (0 < ℜ(α)+ n ≤ 1; n = 1,2, ...); (10)

Now here the generalized hypergeometric Wright function pψq(z) defined for z ∈ C, complex ai,b j ∈C and real αi,β j ∈
ℜ = (−∞,∞)(αi,β j 6= 0; i = 1,2, ..., p; j = 1,2, ...q) by the series

pψq(z) =p ψq

[

(ai,αi)i,p

((b j,β j)i,q

∣

∣

∣

∣

z

]

=
∞

∑
k=0

Π
p
i=1Γ (ai +αik)z

k

Π
q
j=1Γ (b j +β jk)k!

. (11)

This function was introduced by Wright [3] and is called the generalized hpergeometric Wright function conditions for
the existence of (11) together with its representation in terms of the Mellin-Barnes integral and of the H-function were
established in (12). In particular, pψq(z) is an entire function if there holds the condition

q

∑
j=1

β j −
p

∑
i=1

αi >−1. (12)

The special case of the function (11) in the form

φ(δ ,b;z) ≡0 ψ1

[

(b,δ )

∣

∣

∣

∣

z

]

=
∞

∑
k=0

1

Γ (δk+ b)

zk

k!
(13)

with complex z,b ∈C and real δ ∈ ℜ, known as the Wright function [[4], Section 18.1], was introduced by Wright in [5]
when b = v+ 1 and z is replaced by −z, the function

φ(δ ,v+ 1;−z) =
∞

∑
k=0

1

Γ (δk+ v+ 1)

(−z)k

k!

and such a function is known as the Bassel-Maitland function, or the Wright generalized Bessel function [6,7,8]. Now
with the help of incomplete Pochhammer symbol which is introduced by Srivastava et al. [9] and depends as follows

(λ ;x)v =
γ(λ + v;x)

Γ (λ )
, (λ ,v ∈C; x ≥ 0)

[λ ;x]v =
Γ (λ + v;x)

Γ (λ )
, (λ ,v ∈C; x ≥ 0)

and these incomplete Pochhammer symbol satisfy the following decomposition relation

(λ ;x)v +[λ ;x]v = (λ )v; (λ ,v ∈C; x ≥ 0) (14)

and where incomplete gamma function γ(s,x) and Γ (s,x) defined by

γ(s,x) =
∫ x

0
ts−1e−tdt; (ℜ(s)> 0; x ≥ 0) (15)

and

Γ (s,x) =
∫ ∞

x
ts−1e−tdt; (ℜ(s)> 0; x ≥ 0). (16)

D.K. Singh and S. Porwal [10] was introduced incomplete generalized hypergeometric Wright function

pψ̄q(z) =p ψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

z

]

=
∞

∑
k=0

Γ (a1 +α1k;x)Γ (a2 +α2k)...Γ (ap +αpk)

Γ (b1 +β1k;x)Γ (b2 +β2k)...Γ (bq +βqk)

zk

k!
(17)
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and

pψ
q
(z) =p ψ

q

[

(a1,α1;x)...(ap,αp)
(b1,β1;x)...(bq,βq)

∣

∣

∣

∣

z

]

=
∞

∑
k=0

γ(a1 +α1k;x)Γ (a2 +α2k)...Γ (ap +αpk)

γ(b1 +β1k;x)Γ (b2 +β2k)...Γ (bq +βqk)

zk

k!
. (18)

Provided that the defining the infinite series in each case is absolutely convergent if satisfy the condition

|(λ ;x)n| ≤ |(λ )n| and |[λ ;x]n| ≤ |(λ )n|. (19)

By decomposition formula (14), eqn (17) and (18) can be written in terms of generalized hypergeometric wright function
(11).

2 Fractional integration of the incomplete generalized hypergeometric Wright function

Theorem 1.Let α,β ,η ,∈C be such that ℜ(α)> 0,ℜ(β )> 0,ℜ(η)> 0, ℜ(γ)> 0 and condition (19) is satisfied and let

a and b ∈C and µ > 0. Then for x > 0 there holds the formula

I
α ,β ,η
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

])

(x)

= xγ−β−1
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ,µ),(γ +η −β ,µ)
[b1,β1;x]...bq,βq),(γ +α +η ,µ),(γ −β ,µ)

∣

∣

∣

∣

axµ

]

. (20)

Proof.With (1) and (17), we have

I
α ,β ,η
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,(β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

])

(x)

= xγ−α−β
∫ x

0
(x− t)α−1

2F1(α +β ,−η ;α;1− t/x)tγ−1

×
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

aktµk

k!
dt

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

x−α−β

Γ (α)

∫ x

0
(x− t)α−1

×2F1(α +β ,−η ;α;1− t/x)tµk+γ−1dt

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!
(I

α ,β ,n
0+ tµk+γ−1)(x).

Since ℜ(µk+ γ)≥ ℜ(γ)> 0 for any k = 0,1,2, ... then using formula [1]

(I
α ,β ,η
0+ tγ−1)(x) =

Γ (γ)Γ (γ −β +η)

Γ (γ +β )Γ (γ +α +η)
(21)

with γ being replaced by γ + µk, we obtain

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!
×

×
Γ (µk+ γ)Γ (γ + µk−β +η)

Γ (γ + µk−β )Γ (γ + µk+α +η)
xγ+µk−β−1

= xγ−β−1
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ b1 +β1K;x)...Γ (bq +βqk)

Γ (γ + µk)Γ (γ +η −β + µk)

Γ (γ −β + µk)Γ (γ +α +η + µk)

(axµ)k

k!

= xγ−β−1
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ,µ),(γ +η −β ,µ)
[b1,β1;x]...(bq,βq),(γ +α +η ,µ),(γ −β ,µ)

∣

∣

∣

∣

axµ

]

.
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Thus the theorem is proved.

Corollary 1.Let α,γ ∈C be such that ℜ(α) > 0, ℜ(γ) > 0, and let a and b ∈ C,and condition (19) is satisfied. Then for

µ > 0 and x > 0 there holds the formula

(

Iα
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x).

= xγ+α−1
p+1ψ̄q+1

[

[a1,α1;x]...(ap,αp),(γ,µ)
[b1,β1;x]...(bq,βq),(γ +α,µ)

∣

∣

∣

∣

axµ

]

. (22)

Proof.With (7) and (17), we have

(

Iα
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x)

=
1

Γ (α)

∫ x

0
(x− t)α−1

∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

aktµk+γ−1

k!
dt

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

1

Γ (α)

∫ x

0
(x− t)α−1tµk+γ−1dt

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!
(Iα ,−α ,η

0+ tµk+γ−1)(x).

Since ℜ(µk+ γ)≥ ℜ(γ)> 0 for any k = 0,1,2, ..., then using the (21), we obtain

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

Γ (γ + µk)

Γ (γ + µk+α)
xγ+µk+α−1

= xγ+α−1
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ + µk)

Γ (γ + µk+α)

(axµ)k

k!

= xγ+α−1
p+1ψ̄q+1

[

[a1,α1;x]...(ap,αp),(γ,µ)
[b1,β1;x]...(bq,βq),(γ +α,µ)

∣

∣

∣

∣

axµ

]

.

Theorem 2.Let α,β ,η ,∈C be such that ℜ(α)> 0,ℜ(β )> 0,ℜ(η)> 0, ℜ(γ)> 0 and condition (19) is satisfied and let

a and b ∈C and µ > 0. Then for x > 0 there holds the formula

I
α ,β ,η
−

(

t−γ
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

at−µ

])

(x)

= x−γ−β
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ +β ,µ),(γ +η ,µ)
[b1,β1;x]...(bq,βq),(α +η + γ +β ,µ),(γ,µ)

∣

∣

∣

∣

at−µ

]

. (23)

Proof.From (3) and (17), we get

I
α ,β ,η
−

(

t−γ
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

at−µ

])

(x)

=
1

Γ (α)

∫ ∞

x
(t − x)α−1t−α−β

2F1(α +β ,−η ;α;1− x
t
)dt

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

1

Γ (α)

∫ ∞

x
(t − x)α−1

×2F1(α +β ,η ;α;1− x
t
)t−µk−γ−α−β dt
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=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!
(I

α ,β ,η
− t−γ−µk)(x).

Since ℜ(µk+ γ)≥ ℜ(γ)> 0 for any k = 0,1,2, ... then we apply the formula [1]

(I
α ,β ,η
− t−γ)(x) =

Γ (β + γ)Γ (η + γ)

Γ (γ)Γ (α +β +η + γ)
x−β−γ (24)

with γ being replaced by γ + µk, we obtain

= x−γ−β
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (β + γ + µk)

Γ (γ + µk)

×
Γ (η + γ + µk)

Γ (α +β +η + γ + µk)

(ax−µ)k

k!

= x−γ−β
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ +β ,µ),(γ +η ,µ)
[b1,β1;x]...(bq,βq),(α +η + γ +β ,µ),(γ,µ)

∣

∣

∣

∣

at−µ

]

.

Corollary 2.Let α,γ ∈C be such that ℜ(α) > 0, ℜ(γ) > 0, and let a and b ∈ C,and condition (19) is satisfied. Then for

µ > 0 and x > 0 there holds the formula

Iα
−

(

t−γ
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

at−µ

])

(x)

= xα−γ
p+1ψ̄q+1

[

[a1,α1;x]...(ap,αp),(γ −α,µ)
[b1,β1;x]...(bq,βq),(γ,µ)

∣

∣

∣

∣

at−µ

]

(x > 0). (25)

Proof.With (9) and (17), we have

Iα
−

(

t−γ
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

at−µ

])

(x)

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

1

Γ (α)

∫ ∞

x
(t − x)α−1t−µk−γdt

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!
(Iα ,−α ,η
− t−µk−γ)(x)

Since ℜ(µk− γ)≥ ℜ(µk+ γ)> 0 for any k = 0,1,2, ..., then by using (24), we achieved

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

Γ (−α + γ + µk)Γ (η + γ + µk)

Γ (γ + µk)Γ (α −α +η + γ + µk)
xα−γ−µk

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

Γ (γ −α + µk)

Γ (γ + µk)
xα−γ−µk

= xα−γ
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ −α + µk)

Γ (γ + µk)

(ax−µ)k

k!

= xα−γ
p+1ψ̄q+1

[

[a1,α1;x]...(ap,αp),(γ −α,µ)
[b1,β1;x]...(bq,βq),(γ,µ

∣

∣

∣

∣

λ t−µ

]

(x > 0).

which is required result.
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3 Fractional differentiation of incomplete generalized hypergeometric Wright function

Theorem 3.Let α,β ,η ,∈ C be such that ℜ(α) ≥ 0, ℜ(γ) > −min[0,ℜ(α +β +η)], and condition (19) is satisfied and

let a and b ∈C and µ > 0. Then for x > 0 there holds the formula

(

D
α ,β ,η
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x)

= xγ+β−1
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ,µ), (α +β + γ +η ,µ)
[b1,β1;x]...(bq,βq),(γ +η ,µ),(γ +β ,µ)

∣

∣

∣

∣

axµ

]

. (26)

Proof.With the help of (5), we get
(

D
α ,β ,η
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x).

=

(

d

dx

)n(

I
−α+n,−β−n,α+η−n

0+ pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

])

(x)

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

(

d

dx

)n
(

I−α+n,−β−n,α+η−ntµk+γ−1
)

(x).

Using formula (21), we obtain

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

(

d

dx

)n

xγ+β+n+µk−1×

×
Γ (γ + µk)Γ (α +β + γ +η + µk)

Γ (γ +β + n+ µk)Γ (µk+ γ +η)

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ + µk)Γ (α +β + γ +η + µk)

Γ (γ +η + µk)Γ (γ +β + n+ µk)
×

×
ak

k!

(

d

dx

)n

xγ+β+n+µk−1

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ + µk)Γ (α +β + γ +η + µk)

Γ (γ +η + µk)Γ (γ +β + n+ µk)

ak

k!

×
Γ (γ +β + n+ µk)

Γ (γ +β + µk)
xγ+β+µk−1

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ + µk)Γ (α +β + γ +η + µk)

Γ (γ +η + µk)
×

×
1

Γ (γ +β + µk)
xγ+β+µk−1

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ + µk)Γ (α +β + γ +η + µk)

Γ (γ +η + µk)Γ (γ +β + µk)

ak

k!
xγ+β+µk−1

= xγ+β−1
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ,µ), (α +β + γ +η ,µ)
[b1,β1;x]...(bq,βq),(γ +η ,µ),(γ +β ,µ)

∣

∣

∣

∣

axµ

]

.

Corollary 3.Let α,γ ∈C be such that ℜ(α) > 0, ℜ(γ) > 0, and let a and b ∈ C,and condition (19) is satisfied. Then for

µ > 0 and x > 0 there holds the formula

(

Dα
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x)

= xγ−α−1
p+1ψ̄q+1

[

[a1,α1;x]...(ap,αp),(γ,µ)
[b1,β1;x]...(bq,βq),(γ −α,µ)

∣

∣

∣

∣

axµ

]

. (27)
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Proof.Using (2) and (17), we get

(

Dα
0+

(

tγ−1
pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x)

D
α ,−α ,η
0+

[

tγ−1
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

aktµk

k!

]

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

(

d

dx

)n

I
−α+n,α−n,α+η−n
0+ tµk+γ−1.

Using (21), we achieved

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

Γ (γ + µk)Γ (γ + µk−η)

Γ (γ + µk−α + n)Γ (γ + µk+η)

×

(

d

dx

)n

xγ+µk−α+n−1

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

Γ (γ + µk)Γ (γ + µk−α + n)

Γ (γ −α + n+ µk)Γ (γ + µk−α)
xγ+µk−α−1

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (γ + µk)

Γ (γ −α + µk)
xγ−α+µk−1 ak

k!

= xγ−α−1
p+1ψ̄q+1

[

[a1,α1;x]...(ap,αp),(γ,µ)
[b1,β1;x]...(bq,βq),(γ −α,µ)

∣

∣

∣

∣

axµ

]

(x > 0).

Theorem 4.Let α,β ,η ,∈C be such that ℜ(α)≥ 0, ℜ(γ)>−min[ℜ(−β −n),ℜ(α +η)], and condition (19) is satisfied

and let a and b ∈C and µ > 0. Then for x > 0 there holds the formula

(

D
α ,β ,η
−

(

t−γ
pψq

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x)

= xβ−γ
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(α + γ +η ,µ),(γ −β ,µ)
[b1,β1;x]...(bq,βq),(γ −β +η ,µ),(γ,µ)

∣

∣

∣

∣

ax−µ

]

. (28)

Proof.Using (6), we get
(

D
α ,β ,η
−

(

t−γ
pψq

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

at−µ

]))

(x)

≡

(

−d

dx

)n (

I
−α+n,−β−n,α+η
− pψ̄q

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

at−µ

])

(x).

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

(

−d

dx

)n

(I−α+n,−β−n,α+ηt−γ−µk)(x).

Using formula (24), we achieved

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

ak

k!

(

−d

dx

)n

xγ−β+n−µk

×
Γ (β − γ − n+ µk)Γ (α + γ +η + µk)

Γ (γ + µk)Γ (γ −β +η + µk)

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (β − γ − n+ µk)Γ (α + γ +η + µk)

Γ (γ −β +η + µk)Γ (γ + µk)

×(−1)n ak

k!

(

d

dx

)n

xγ−β+n−µk
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=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (β − γ − n+ µk)Γ (α + γ +η + µk)

Γ (γ −β +η + µk)Γ (γ + µk)

×
(−1)nak

k!

Γ (β − γ + n− µk+ 1)

Γ (β − γ)
xβ−γ−µk

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)

Γ (b1 +β1k;x)...Γ (bq +βqk)

Γ (β − γ − n+ µk)Γ (α + γ +η + µk)

Γ (γ −β −η + µk)Γ (γ + µk)

×
(−1)nak

k!

Γ (β − γ + n− µk+ 1)

Γ (β − γ − µk+ 1)
xβ−γ−µk. (29)

By the reflection formula for the gamma function

Γ (γ −β − n+ µk)Γ (β − γ + n− µk+ 1)=
π

sin[(γ −β − n+ µk)π ]

=
π

sin(γ −β − n+ µk)π cosnπ
=

(−1)nπ

sin[(γ −β + µk)π ]

= (−1)Γ (γ −β + µk)Γ (1− γ +β − µk). (30)

From (29) and (30), we obtain

=
∞

∑
k=0

Γ (a1 +α1k;x)...Γ (ap +αpk)Γ (α + γ +η + µk)Γ (γ −β + µk)

Γ (b1 +β1k;x)...Γ (bq +βqk)Γ (γ −β +η + µk)Γ (γ + µk)

ak

k!
xβ−γ−µk

= xβ−γ
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(α + γ +η ,µ),(γ −β ,µ)
[b1,β1;x]...(bq,βq),(γ −β +η ,µ),(γ,µ)

∣

∣

∣

∣

ax−µ

]

.

Corollary 4.Let α,γ ∈C be such that ℜ(α) > 0, ℜ(γ) > 0, and let a and b ∈ C,and condition (19) is satisfied. Then for

µ > 0 and x > 0 there holds the formula

(

Dα
−

(

t−γ
pψq

[

[a1,α1;x]...(ap,αp)
[b1,β1;x]...(bq,βq)

∣

∣

∣

∣

atµ

]))

(x) = x−α−γ
p+2ψ̄q+2

[

[a1,α1;x]...(ap,αp),(γ +α,µ)
[b1,β1;x]...(bq,βq),(γ,µ)

∣

∣

∣

∣

ax−µ

]

. (31)

Proof.Put β =−α in (28), we achieved our required result (31).
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