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Abstract: A new asymmetric loss function, as a generalization of squared error loss function (SELF) have been proposed. For
application point of view, exponential distribution with scale parameterθ have been considered and Bayes estimators ofθ are
obtained under SELF, LINEX loss function, General entropy Loss Function (GELF) and proposed loss function. The simulation study
is carried out to compare their performances (in sense of having smallest posterior risks).
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1 Introduction

An important element in the Bayesian paradigm of estimationis the specification of suitable loss function depending on
the situations. Initially, the loss function used was SELF,which is appropriate in the case when over estimation and
under estimation of equal magnitudes are of equal importance. But in the situation, when over estimation is more serious
than under estimation of the same magnitude and vice-versa,the use of SELF may lead to a wrong decision. For
example, in dam construction, an under estimation of the height of the dam is usually much more serious than an over
estimation. To sort-out this problems, Varian (1975) introduced a very useful asymmetric loss function, in his applied
study of real estate assessment and it is called LINEX loss function. It rises approximately exponentially on one side of
zero and approximately linearly on the other side of zero. However, use of these loss functions is suitable for estimation
of location parameters only. For estimation of scale parameter, the suggested alternatives were weighted SELF and
modified LINEX loss function, which are asymmetric loss functions. However, a drawback of weighted SELF is that it
always penalizes over estimation heavily than under estimation and behavior of modified LINEX loss function is same as
that of LINEX loss function. Several authors have used aboveloss functions to estimate the parameters of a number of
distributions. For example, Asgharzadeh, and Farsipour (2008) discussed estimation of exponential mean time to failure
with the help of symmetric and different asymmetric loss functions, Dey and Maiti (2010) have considered Maxwell
distribution and derived Bayes estimators of its parameters using informative as well as non-informative priors under
different loss functions. Kazmi et al. (2012) have obtainedBayes estimators of the parameters of Maxwell distribution
under different loss functions and they have also carried out simulation study to know the performance of the considered
Bayes estimators in terms of their posterior risks. Singh etal. (2013) have considered (Inverse Weibull Distribution)IWD
and derived MLE and Bayes estimators of its parameters underSELF and GELF using gamma as informative prior.

In the present piece of work, we have introduced a new asymmetric loss function and we will call it as Quadratic Type
Squared Error Loss Function (QTSELF) and we defined it as,

LQT (δ ,θ ) = (δ −θ )2ec(δ−θ) (1)

where c∈ R is the loss parameter. Whenc > 0, over estimation causes more serious than under estimation and when
c < 0, under estimation is more serious than over estimation. For c = 0, it reduces to SELF. The seriousness can be seen
in the Figure 1 for the fixed positive and negative values ofc =±0.5.
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Fig. 1: Plots ofL(µ) = LQT (δ ,θ ), µ = δ −θ for fixed c=±0.5.

Now the Bayes estimator ofθ under the proposed loss function (1) is the decision ruleδ which minimizes the
corresponding Bayes risk, viz

RB
QT (δ ,θ ) =

∫

x

∫

θ
LQT (δ ,θ )h(θ |x)m(x)dθdx

and its minimization is same as that of the following integral

RQT (δ ,θ ) =
∫

θ
LQT (δ ,θ )h(θ |x)dθ (2)

where,RQT (δ ,θ ) is the posterior risk under the proposed loss function (1).

Now, by the principle of maxima and minima, for the optimum value(s) ofRQT (δ ,θ ) w.r.t. δ , we must have,

∂
∂δ

RQT (δ ,θ ) = 0

⇒ ∂
∂δ

∫

θ
(δ −θ )2ec(δ−θ)h(θ |x)dθ = 0

After simplification, it reduces to
Aδ 2+Bδ +C = 0 (3)

where,

A =cE(e−cθ |X)

B =2[E(e−cθ |X)− cE(θe−cθ |X)]

C =cE(θ 2e−cθ |X)−2E(θe−cθ |X)

Now, as (3) is a quadratic equation inδ , so that Shri Dharacharya method can be applied to solve it. If B2−4AC < 0,
then any real solution of (3) can not be obtained and consequently we go for re-generation of the dataX . On the other
hand, ifB2−4AC = 0, then unique solution of it will be there, say it isδ = δ0 =− B

2A and it will be Bayes estimator ofθ
provided δ0,θ ∈ Θ . Finally, if B2 − 4AC > 0, then we will have two real solutions, sayδ = δ1,δ2 of (3) and if
[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ1
> 0 and

[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ2
< 0, then δ1 will be the desired Bayes estimator ofθ ; if

[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ1
< 0 and

[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ2
> 0, then δ2 will be the Bayes estimator ofθ ; if
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[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ1
> 0 and

[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ2
> 0, then the decision rule for whichR(δ ,θ ) is the most least will be

the Bayes estimator ofθ ; lastly if
[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ1
< 0 and

[

∂ 2

∂δ 2 RQT (δ ,θ )
]

δ=δ2
< 0, then we will again go to the

re-generation of the sampleX .

If δ̂QT be the Bayes estimator ofθ , thus obtained, then its posterior risk will be given by

RQT (δ̂QT ,θ ) = ecδ̂QT

[

δ̂ 2
QT E(e−cθ |X)+E(θ 2e−cθ |X)−2δ̂QT E(θe−cθ |X)

]

(4)

Let us consider the appropriate model for the given dataX = (x1,x2,x3, ...,xn) is exponential distribution with probability
density function (pdf)

f (x|θ ) = θe−θx; x > 0, θ > 0 (5)

and hence the joint pdf ofx1,x2,x3, ...,xn i.e. pdf ofX is given by

L(x|θ ) =
n

∏
i=n

f (xi|θ )

=θ ne−θ ∑n
i=1 xi

(6)

2 Different Priors of θ and Corresponding Posteriors:

The Bayesian deduction requires appropriate choice of priors for the parameters. Arnold and Press (1983) pointed out
that, from Bayesian viewpoint, there is clearly no way in which one can say that one prior is better than any other.
The prior information is a totally subjective assessment ofan expert before any data has been observed. Therefore, it is
very difficult to consider the informative prior due to assessment of their hyper-parameters. Also, Berger (1985) argues
that when information is not in compact form the Bayesian analysis using non-informative prior or single most suitable
consideration. So, here we consider two non-informative (the uniform and the Jeffreys) priors and one informative prior
as the gamma prior.

2.1 Uniform Prior:

Let us consider prior forθ as standard uniform distribution having pdf is

πU(θ ) ∝ 1 ;0< θ < ∞ (7)

and hence the corresponding posterior distribution has thefollowing pdf

hU(θ |x) ∝L(x|θ )πU(θ )

∝θ ne−θ ∑n
i=1xi

∝θ ne−θ ∑n
i=1xi

=
θ ne−θ ∑n

i=1xi

∫ ∞
0 θ ne−θ ∑n

i=1xi dθ

hU(θ |x) =
(∑n

i=1 xi)
n+1

Γ (n+1)
θ ne−θ ∑n

i=1xi (8)

which is obviously gamma distribution with parametersn+1 and∑n
i=1 xi.
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2.2 Jeffreys Prior:

The most widely used method to choose non-informative prioris suggested by Jeffreys (1961) and is termed as Jeffreys
prior, which is given by

πJ(θ ) = [I(θ )]1/2 (9)

whereI(θ ) is Fisher information and is given by

I(θ ) =−E

[

∂ 2

∂θ 2 lnL(x;θ )
]

(10)

Using (6) in ( 10), we get

I(θ ) =−E

[

∂ 2

∂θ 2

(

n lnθ −θ
n

∑
i=1

xi

)]

=
n

θ 2

(11)

using (11) in ( 9), we get

πJ(θ ) =
√

n
θ

(12)

and hence the corresponding posterior pdf ofθ given X is obtained as follows

hJ(θ |x) =
L(x;θ )πJ(θ )

∫ ∞
0 L(x;θ )πJ(θ )dθ

=
(∑n

i=1 xi)
n

Γ (n)
θ n−1e−∑n

i=1xiθ
(13)

which is again gamma distribution with parameter n and∑n
i=1 xi.

2.3 Conjugate Prior:

Let the prior forθ be gamma distribution with the parameters a and b having pdf as

πC(θ ) =
ba

Γ a
θ a−1e−bθ ;θ > 0,a,b > 0 (14)

and hence the posterior pdf ofθ given X is obtained as follows

hC(θ |x) =
L(x;θ )πC(θ )

∫ ∞
0 L(x;θ )πC(θ )dθ

=
(b+∑n

i=1 xi)
n+a

Γ (n+ a)
θ n+a−1e−(b+∑n

i=1 xi)θ
(15)

which is again gamma distribution with parameter n+a andb+∑n
i=1 xi i.e. the prior gamma(a,b) considered forθ is a

conjugate prior.

Now, to have an idea about the shapes of the conjugate prior and corresponding posterior pdf’s for different confidence
levels in the guessed value ofθ as its true value, we randomly generate a sample from exponential distribution for fixed
values n = 20,θ = 2, M=2, V=0.1 (showing a higher confidence in the guess value)and V= 150 (showing a weak
confidence in the guess value). The sample thus generated is,

X=( 0.44454268, 0.42825063, 0.90121861, 0.02375386, 0.24978369, 0.0216787, 0.21266969, 0.46129670, 1.47181423
,0.45747565, 1.58447415 ,0.53206546, 0.08320718, 0.06530584, 0.10585582, 0.60946017, 0.30534982, 0.25279858,
1.32600740, 0.28972998)

The graphs are shown below-
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Fig. 2: Conjugate Prior and the corresponding Posterior pdf ofθ for n=20,θ=2, M=2, and V=0.1, 150 respectively.

3 Bayes Estimators and Posterior Risks Under Different Loss Functions

In decision theory, the loss criterion is specified in order to obtain best estimator for which Bayes risk is minimum.
The simplest form of loss function is squared error loss function (SELF) which is suitable when over estimation and
under estimation of same magnitudes have equal importance.However, in most of the real situations, this assumption is
not possible. Sometime, over estimation is more serious than under estimation and vice-versa. Motivated to this, several
asymmetric loss function has been introduced in literature, and we have also proposed a new loss function as defined in
Section 1. Here, we will derive Bayes estimators ofθ under SELF, LINEX, GELF and our proposed asymmetric loss
function and compare their performance in term of Posteriorrisks.

3.1 Squared Error Loss Function

The squared error loss function was proposed by Legendre (1805) and Gauss (1810) to develop least-square theory. The
squared error loss function (SELF) is defined as

LS(δ ,θ ) = (δ −θ )2 (16)

Now, we consider Bayes estimator under SELF to search a decision ruleδS for which Bayes risk is minimum i.e.

RS(δ ,θ ) =
∫

θ
(δ −θ )2h(θ |x)dθ (17)

And the Bayes estimator ofθ under above loss function is the decision ruleδ which minimizes the posterior risk (17) and
same is given by

δ̂S = Eθ (θ |X) (18)

which is nothing but the posterior mean.
Putting the value of (18) in (17), we get the corresponding posterior risk as follows,

RS(δ̂S,θ ) = δ̂ 2
S −2δ̂SE(θ |X)+E(θ 2|X) (19)

Equation (19) is equal to the posterior variance. Thus, under SELF posterior risk of Bayes estimator is equal to posterior
variance.

The Bayes estimators & corresponding posterior risks of theparameterθ of exp(θ )-distribution under SELFLS(δ ,θ ) for
different priors, viz uniform, Jefferys & conjugate priorsare given by
δ̂SU = n+1

∑n
i=n xi

, δ̂SJ =
n

∑n
i=n xi

, δ̂SC = n+a
(b+∑n

i=n xi)
and

RS(δ̂SU ,θ ) = n+1
(∑n

i=n xi)2
, RS(δ̂SJ ,θ ) = n

(∑n
i=n xi)2

, RS(δ̂SC,θ ) = n+a
(b+∑n

i=n xi)2
.

c© 2019 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


42 D. Kumar et al.: A New Asymmetric Loss Function: Estimation of...

3.2 LINEX Loss Function

A symmetric loss function assumes that positive and negative errors of the same magnitudes are equally serious. However,
in some estimation problem such an assumption may be inappropriate and several loss functions have been introduced to
handle such a problem, one of them is LINEX loss function. It was introduced by Klebnav (1972) and used by Varian
(1975) in the context of real estate assessment. Zellner (1986) and Varian (1975) have discussed its several properties. The
LINEX loss function is defined as

LL(δ ,θ ) = b1[e
c1(δ−θ)− c1(δ −θ )−1] (20)

Where,b1 > 0 andc1 6= 0.
The constantc1 determines the shape of loss function. It is to be noted that whenc1 > 0, over estimation causes is more
serious than under estimation and whenc1 < 0, under estimation more serious than over estimation. Now,the posterior
risk corresponding to this loss function is given by

RL(δ ,θ ) =
∫

θ
LL(δ ,θ )h(θ |x)dθ (21)

the Bayes estimator of the parameterθ under this loss function is

δ̂L =
−1
c1

ln[E(e−c1θ)|X)] (22)

From (22), we get Bayes estimator under different priors for LINEX loss function for different priors are given below,

δ̂LU = n+1
c1

ln
(

1+ c1
∑n

i=1 xi

)

, δ̂LJ =
n
c1

ln
(

1+ c1
∑n

i=1xi

)

andδ̂LC = n+a
c1

ln
(

1+ c1
b+∑n

i=1xi

)

.

Using (22) in ( 21), we get posterior risk under LINEX loss function for different priors.

3.3 Generalized-Entropy Loss Function

Calabria and Pulcini (1996) defined generalized-entropy loss function (GELF) which is given by

LG(δ ,θ ) = b2

[(

δ
θ

)c2

− c2 ln

(

δ
θ

)

−1

]

;c2 6= 0,b2 > 0. (23)

The posterior risk under GELF is given by

RG(δ ,θ ) =
∫

θ
LG(δ ,θ )h(θ |x)dθ (24)

The Bayes estimator under GELF is given by

δ̂G =
[

E(θ−c2|X
]−1/c2 (25)

providedE(θ−c2|X) exists and finite. Whenc2 > 0, a positive error (̂δ2 > 0) causes more serious consequences than a
negative error.

In particular forc2 = 1, we get entropy loss function

LG(δ ,θ ) = b2

[(

δ
θ

)

− ln

(

δ
θ

)

−1

]

The Bayes estimator under the entropy loss function is the posterior harmonic mean.

The Bayes estimators of the parameterθ of exp(θ )-distribution under GELFLG(δ ,θ ) for different priors, viz uniform,
Jefferys & conjugate priors are given by

δ̂GC =
[

Γ (n+a−c2)
Γ (n+a) (b+∑n

i=1 xi)
c2
]
−1
c2 ,

δ̂GU =
[

Γ (n+1−c2)
Γ (n+1) (∑n

i=1 xi)
c2
]−1

c2 andδ̂GJ =
[

Γ (n−c2)
Γ (n) (∑n

i=1 xi)
c2
]−1

c2

Now, using (25) in (24), we get the posterior risk of the Bayes estimator forθ under GELF are given below

RG(δ̂G,θ ) = b2

[

δ̂ c2
G E(θ−c2|X)− c2 ln δ̂G + c2E(lnθ |X)−1

]

(26)
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3.4 Quadratic Type Square Error Loss Function (QTSELF)

Using (3), the bayes estimator ofθ of exp(θ )-distribution under the proposed loss function (1), for different considered
priors viz., uniform, Jefferys, conjugate priors are the corresponding posterior risks will be given in terms of A, B & C,
where

A =c

(

1+
c

b+∑n
i=1xi

)−(n+a)

B =2

(

1− c(n+ a)
b+ c+∑n

i=1 xi

)(

1+
c

b+∑n
i=1 xi

)−(n+a)

C =

(

c(n+ a+1)
b+ c+∑n

i=1 xi
−2

)(

(n+ a)
b+ c+∑n

i=1 xi

)(

1+
c

b+∑n
i=1 xi

)−(n+a)

It is to be noted here that the above values of A, B, C are corresponding to conjugate prior only. The value of A, B, C
corresponding to uniform prior can be obtained by taking a=1, b=0 and those for Jefferys prior can be obtained by putting
a=0, b=0.

4 Real Data Application

In this section, a real data set is considered and analyzed tocheck the suitability of the proposed asymmetric loss
function over the other existing loss functions such as SELF, GELF and LINEX loss functions. The considered real data
set is the remission time (in months) of 128 bladder cancer patients data extracted from Lee, E. T., & Wang, J. (2003).

Some of the statistical properties such as mean, mode, variance, skewness and kurtosis of the posterior distribution ofθ
given the real data setX corresponding to UP, JP, and CP has been calculated and shownin Table 1.

The Bayes estimators ofθ and the corresponding risk (in parenthesis) under SELF, LINEX, GELF and proposed loss
function with respect to uniform prior (UP), Jeffreys prior(JP) and Conjugate prior (CP) are shown in the Table 2.

Table 1: Properties of Posterior distributions ofθ given the real data setX corresponding to UP, JP, and CP
Prior Mean Mode Variance Skewness Kurtosis
UP 0.1067174 0.1058901 8.83E-05 0.1760902 0.04651163
JP 0.1058901 0.1050629 8.76E-05 0.1767767 0.046875
CP 0.1097994 0.1089738 9.06E-05 0.173422 0.04511278

Table 2: Bayes estimates and Posterior Risk (in parenthesis) under different Loss Functions and priors for the considered real data

Prior SELF LINEX GELF QTSELF
C1=2 C1=-2 C2=2 C2=-2 C=0.5 C=-0.5

UP 0.1067174 0.1066292 0.1068058 0.1054757 0.1071302 0.1066512 0.1067837
( 0.0000883) (0.0001764) (0.0001768) (0.0164467) (0.0146828) (0.0000882) (0.0000884)

JP 0.1058901 0.1058026 0.1059778 0.1046484 0.1063030 0.1058245 0.1059559
(0.0000876) (0.0001750) (0.0001754) (0.0169891) (0.0143846) (0.0000875) (0.0000877)

CP V=0.1 0.1367188 0.1366076 0.1368301 0.1354974 0.1371250 0.1366353 0.1368022
(0.0001113) (0.0002223) (0.0002228) (0.0116683) (0.0122128) (0.0001112) (0.0001114)

CP V=150 0.1059110 0.1058235 0.1059987 0.1046693 0.1063239 0.1058454 0.1059768
(0.0000876) (0.0001750) (0.0001754) (0.0148241) (0.0165430) (0.0000875) (0.0000877)

5 Simulation Studies:

In this section, we have compared the considered Bayes estimators δ̂S, δ̂L, δ̂G, δ̂QT of the parameterθ of
exp(θ )-distribution in terms of the posterior risks under different loss functions for different priors viz informative as
well as non-informative priors. For the purpose we have generated 5000 different samples. It is clear that the posterior
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risks are the function of n, the no. of observations put on thetest, hyper parameters a and b of the informative prior
distribution taken and the loss parameters of the loss functions considered. The different values of n taken are 10, 15, 20,
25, 30, 40, 50, 60, 70, 80; the arbitrarily chosen values ofθ are 1, 1.5, 2. The different values of loss parameters of
different asymmetric loss functions are arbitrarily takenasc1 = ±3, b1 = 1, c2 = ±3, b2 = 1 and c = ±2.
Tables 3-6 shows the posterior risk of the different estimators ofθ for the variation of values of n andθ under Uniform,
Jeffreys, Conjugate priors (with high and low confidence level) respectively. Table 5 shows posterior risks under CP for
different values of n where the prior mean M is kept 1.5 and prior variance is low (V=0.1), whereas Table 6 shows
posterior risks when prior variance is high (V=150). While prior mean M is again kept as 1.5. To achieve this goal, the
values of hyper-parameters were taken as a= 0.015, b= 0.01 (so that M=1.5, V=150). Table 7 shows the posterior risks of
different estimators ofθ for fixed value ofθ= 1, whereas guessed value ofθ i.e, prior mean M is taken as 0, 1 and 2 and
prior variance varies as 0.05, 0.1, 0.5, 1, 2, 5, 10, 80, 250.

From Tables 3 and 4, it is seen that the posterior risks of the Bayes estimator under proposed loss QTSELF is smallest as
compared to those of other Bayes estimators when sample sizeis small. On the other hand, for large sample sizes, among
considered asymmetric loss function, our proposed Bayes estimator has the smallest posterior risk but when we
compared Bayes estimators under all considered loss functions, Bayes estimator under SELF outperform. Bayes
estimators under considered asymmetric loss functions in the sense of having smallest posterior risk when sample size is
large.

Further, Tables 5 and 6 shows the posterior risks of the different Bayes estimators for CP ofθ under different considered
loss functions when prior variance is taken as V=0.05 & V=150respectively. The performance of the Bayes estimators
are found similar to Tables 3 & 4. It is also noted that posterior risks for V=150 is higher than the corresponding
posterior risks for V=0.05.

Finally, Table 7 shows the posterior risk of different Bayesestimators under different loss functions with respect to
conjugate prior (CP) when mean & variance of the CP (i.e, guessed value M & confidence level V of the guessed value
of θ ) are varying. It is calculated for M=0.5, 1, 2; V=0.05, 0.1, 0.5, 1, 2, 5, 10, 80, 250 and the fixed value ofθ=1. It is
observed from this table that the posterior risk of the Bayesestimator ofθ under the proposed loss function is smaller as
compared to those under other considered loss function for all the considered values of loss parameters of the different
asymmetric loss function considered. Whatever may be the situation of seriousness , i.e, either over estimation is more
serious than under estimation or vice-versa. It is remarkable point to note here that the posterior risks of the different
Bayes estimators increases with increase in the prior variance V, for each considered value of the prior mean M.

6 Conclusion

In the present piece of work, we have proposed a new asymmetric loss function QTSELF as a generalization of SELF
and the proposed loss function can be used in the situation when over estimation is more serious than under estimation
and vice-versa unlike weighted squared error loss function(WSELF). To exhibits its application for long run use, we
have performed simulation study and the study that the Bayesestimator of the parameterθ of exp(θ )-distribution has
smallest posterior risk, as compared to other asymmetric loss function LINEX & GELF as well as SELF in some
situations. Thus, we recommended its application in Bayesian paradigm in order to have estimation closed to the reality.
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Table 3: Posterior Risk for Different Loss Functions under Uniform Prior
n θ SELF LINEX GELF QTSELF

c1 = 3 c1 =−3 c2 = 3 c2 =−3 c= 2 c= -2
1 0.12735 0.47332 0.73754 0.47605 0.39245 0.06563 0.11406

10 1.5 0.12973 0.48141 0.75337 0.47603 0.39247 0.07298 0.11508
2 0.13151 0.48747 0.76529 0.47598 0.39252 0.07154 0.11580
1 0.10232 0.39703 0.55303 0.31102 0.27310 0.06248 0.09364

15 1.5 0.11736 0.45124 0.64313 0.31098 0.27314 0.06595 0.10236
2 0.13095 0.49988 0.72565 0.31103 0.27309 0.06656 0.10933
1 0.07446 0.29930 0.38241 0.23098 0.20953 0.05565 0.07181

20 1.5 0.08804 0.35084 0.45740 0.23115 0.20936 0.06400 0.08216
2 0.09083 0.36164 0.47245 0.23095 0.20957 0.05943 0.08463
1 0.05631 0.23176 0.28022 0.18379 0.16992 0.04541 0.05576

25 1.5 0.06359 0.26049 0.31837 0.18381 0.16990 0.06117 0.06212
2 0.07234 0.29471 0.36476 0.18381 0.16990 0.05589 0.06935
1 0.04546 0.18998 0.22198 0.15266 0.14288 0.03945 0.04544

30 1.5 0.05349 0.22227 0.26295 0.15261 0.14292 0.04407 0.05268
2 0.05674 0.23534 0.27961 0.15265 0.14289 0.04432 0.05559
1 0.03294 0.14024 0.15731 0.11396 0.10846 0.03353 0.03312

40 1.5 0.04009 0.16979 0.19261 0.11397 0.10844 0.04200 0.03983
2 0.04153 0.17574 0.19971 0.11393 0.10849 0.03429 0.04119
1 0.02540 0.10940 0.11971 0.09089 0.08743 0.02679 0.02560

50 1.5 0.03061 0.13134 0.14494 0.09091 0.08741 0.03346 0.03061
2 0.03275 0.14030 0.15531 0.09089 0.08742 0.02877 0.03264
1 0.02093 0.09083 0.09788 0.07573 0.07309 0.02395 0.02110

60 1.5 0.02690 0.11616 0.12640 0.07557 0.07325 0.04305 0.02685
2 0.02703 0.11975 0.12703 0.07565 0.07317 0.02433 0.02700
1 0.01771 0.07725 0.08234 0.06467 0.06303 0.02280 0.01784

70 1.5 0.02194 0.09537 0.10234 0.06480 0.06289 0.02168 0.02197
2 0.01812 0.11751 0.10242 0.06477 0.06292 0.01952 0.01911
1 0.01527 0.06687 0.07067 0.05661 0.05521 0.01997 0.01538

80 1.5 0.01925 0.08405 0.08941 0.05659 0.05524 0.01982 0.01928
2 0.01163 0.10840 0.09707 0.05655 0.05528 0.01866 0.01435
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Table 4: Posterior Risk for Different Loss Functions under JeffreysPrior
n θ SELF LINEX GELF QTSELF

c1 = 3 c1 =−3 c2 = 3 c2 =−3 c= 2 c= -2
1 0.13332 0.48957 0.78878 0.53257 0.43024 0.06572 0.11826

10 1.5 0.13419 0.49247 0.79477 0.53287 0.42994 0.06594 0.11856
2 0.13457 0.49374 0.79739 0.53265 0.43016 0.07021 0.11869
1 0.10535 0.40634 0.57457 0.33413 0.29081 0.06302 0.09660

15 1.5 0.11777 0.45071 0.65015 0.33412 0.29082 0.07349 0.10356
2 0.12915 0.49112 0.71999 0.33414 0.29079 0.06615 0.10942
1 0.07737 0.30952 0.39995 0.24357 0.21970 0.05587 0.07438

20 1.5 0.09799 0.38671 0.51630 0.24362 0.21966 0.07549 0.08874
2 0.09575 0.37892 0.50229 0.24347 0.21981 0.06130 0.08833
1 0.05745 0.23586 0.28677 0.19169 0.17653 0.04674 0.05696

25 1.5 0.06637 0.27084 0.33393 0.19165 0.17657 0.05357 0.06460
2 0.07265 0.29533 0.36731 0.19164 0.17658 0.05222 0.06983
1 0.04738 0.19743 0.23213 0.15793 0.14765 0.04510 0.04725

30 1.5 0.05672 0.23484 0.28015 0.15805 0.14754 0.05259 0.05557
2 0.05910 0.24443 0.29233 0.15792 0.14767 0.04468 0.05775
1 0.03318 0.14115 0.15860 0.11688 0.11117 0.03170 0.03340

40 1.5 0.04080 0.17257 0.19631 0.11696 0.11109 0.04218 0.04053
2 0.04263 0.18012 0.20537 0.11694 0.11111 0.03498 0.04225
1 0.02564 0.11037 0.12094 0.09274 0.08919 0.03074 0.02586

50 1.5 0.03174 0.13597 0.15048 0.09277 0.08915 0.03201 0.03169
2 0.03416 0.14612 0.16227 0.09282 0.08911 0.03397 0.03399
1 0.02096 0.09093 0.09805 0.07697 0.07435 0.02605 0.02114

60 1.5 0.02592 0.11200 0.12176 0.07693 0.07440 0.02519 0.02595
2 0.02068 0.12115 0.14867 0.07695 0.07437 0.02401 0.03099
1 0.01775 0.07738 0.08251 0.06564 0.06390 0.02013 0.01789

70 1.5 0.02221 0.09650 0.10365 0.06567 0.06387 0.02232 0.02224
2 0.01601 0.10969 0.11548 0.06568 0.06386 0.02131 0.02780
1 0.01534 0.06715 0.07100 0.05735 0.05588 0.01731 0.01545

80 1.5 0.01926 0.08405 0.08945 0.05732 0.05592 0.02211 0.01929
2 0.00887 0.07075 0.08352 0.05728 0.05595 0.01955 0.02569
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Table 5: Posterior Risk for Different Loss Functions under Conjugate Prior with high confidence level V=0.05 & M=1.5
n θ SELF LINEX GELF QTSELF

c1=3 c1=-3 c2=3 c2=-3 c=2 c=-2
10 1 0.04825 0.20160 0.23564 0.14526 0.13638 0.04211 0.04786

1.5 0.05414 0.22537 0.26566 0.14531 0.13633 0.04581 0.05314
2 0.05505 0.22903 0.27026 0.14519 0.13645 0.04228 0.05396

15 1 0.03984 0.16832 0.19203 0.12513 0.11837 0.03850 0.03980
1.5 0.04712 0.19806 0.22845 0.12499 0.11851 0.05270 0.04645
2 0.04654 0.19572 0.22547 0.12499 0.11851 0.03716 0.04597

20 1 0.03540 0.15057 0.16925 0.10975 0.10470 0.04428 0.03537
1.5 0.03851 0.16348 0.18452 0.10981 0.10465 0.03540 0.03832
2 0.04041 0.17135 0.19392 0.10982 0.10463 0.03308 0.04009

25 1 0.02962 0.12694 0.14040 0.09782 0.09380 0.03658 0.02975
1.5 0.03430 0.14652 0.16323 0.09783 0.09378 0.03035 0.03420
2 0.03570 0.15232 0.17003 0.09784 0.09377 0.03002 0.03551

30 1 0.02628 0.11319 0.12389 0.08825 0.08491 0.04619 0.02642
1.5 0.03051 0.13101 0.14433 0.08816 0.08501 0.03023 0.03048
2 0.03203 0.13737 0.15166 0.08825 0.08492 0.02734 0.03191

40 1 0.02174 0.09431 0.10168 0.07372 0.07150 0.02602 0.02186
1.5 0.02545 0.11009 0.11938 0.07383 0.07139 0.02383 0.02546
2 0.02649 0.11449 0.12434 0.07375 0.07147 0.02376 0.02645

50 1 0.01817 0.07927 0.08449 0.06335 0.06169 0.02053 0.01829
1.5 0.02212 0.09620 0.10318 0.06336 0.06167 0.02226 0.02213
2 0.02268 0.09857 0.10580 0.06339 0.06165 0.02090 0.02267

60 1 0.01580 0.06918 0.07315 0.05557 0.05421 0.02267 0.01589
1.5 0.01909 0.08337 0.08862 0.05554 0.05423 0.01883 0.01912
2 0.01971 0.08605 0.09155 0.05551 0.05427 0.01832 0.01972

70 1 0.01372 0.06028 0.06331 0.04948 0.04836 0.04368 0.01381
1.5 0.01690 0.07407 0.07820 0.04945 0.04839 0.01661 0.01693
2 0.01774 0.07633 0.07668 0.04949 0.04835 0.01740 0.01762

80 1 0.01232 0.05424 0.05668 0.04454 0.04371 0.01629 0.01239
1.5 0.01520 0.06679 0.07013 0.04454 0.04370 0.01604 0.01523
2 0.01665 0.06904 0.07220 0.04461 0.04374 0.01676 0.01634
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Table 6: Posterior Risk for Different Loss Functions under Conjugate Prior with low confidence level V=150 & M=1.5.
n θ SELF LINEX GELF QTSELF

c1 = 3 c1 =−3 c2 = 3 c2 =−3 c= 2 c= -2
1 0.13330 0.48959 0.78852 0.53186 0.42938 0.06594 0.11823

10 1.5 0.13388 0.49152 0.79247 0.53184 0.42940 0.06894 0.11843
2 0.13453 0.49367 0.79692 0.53165 0.42959 0.07601 0.11865
1 0.10446 0.40317 0.56910 0.33362 0.29066 0.06177 0.09606

15 1.5 0.11787 0.45110 0.65063 0.33381 0.29047 0.06765 0.10363
2 0.12893 0.49040 0.71850 0.33370 0.29058 0.07077 0.10934
1 0.07779 0.31108 0.40229 0.24341 0.21950 0.05630 0.07465

20 1.5 0.09152 0.36282 0.47906 0.24342 0.21949 0.06400 0.08483
2 0.09520 0.37691 0.49909 0.24336 0.21955 0.06256 0.08799
1 0.05676 0.23322 0.28311 0.19138 0.17661 0.05052 0.05640

25 1.5 0.07092 0.28846 0.35844 0.19158 0.17642 0.06057 0.06815
2 0.07228 0.29393 0.36532 0.19147 0.17652 0.05439 0.06955
1 0.04624 0.19291 0.22624 0.15792 0.14751 0.04052 0.04628

30 1.5 0.05684 0.23532 0.28073 0.15789 0.14753 0.05222 0.05568
2 0.05928 0.24513 0.29325 0.15789 0.14754 0.04518 0.05789
1 0.03343 0.14219 0.15986 0.11692 0.11105 0.03417 0.03363

40 1.5 0.03933 0.16656 0.18900 0.11691 0.11106 0.03872 0.03919
2 0.04286 0.18109 0.20655 0.11692 0.11105 0.03557 0.04246
1 0.02587 0.11134 0.12206 0.09278 0.08909 0.02601 0.02608

50 1.5 0.03159 0.13537 0.14978 0.09281 0.08906 0.03102 0.03156
2 0.03365 0.14400 0.15979 0.09281 0.08905 0.02943 0.03351
1 0.02101 0.09112 0.09827 0.07692 0.07437 0.02356 0.02118

60 1.5 0.02610 0.11275 0.12260 0.07699 0.07430 0.02617 0.02611
2 0.07324 0.30197 0.36452 0.07689 0.07439 0.02442 0.05243
1 0.01781 0.07766 0.08282 0.06568 0.06383 0.02230 0.01795

70 1.5 0.02214 0.09623 0.10335 0.06570 0.06381 0.02186 0.02218
2 0.07280 0.31026 0.36917 0.06575 0.06376 0.02031 0.05382
1 0.01530 0.06700 0.07083 0.05735 0.05586 0.01715 0.01542

80 1.5 0.01936 0.08448 0.08992 0.05734 0.05587 0.01930 0.01939
2 0.07002 0.29283 0.34196 0.05732 0.05589 0.01858 0.05240
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Table 7: Posterior Risk for Different Loss Functions under Conjugate Prior with varying confidence level and guess values forθ=1 &
n=20.

V M SELF LINEX GELF QTSELF
c1 = 3 c1 =−3 c2 = 3 c2 =−3 c= 2 c= -2

0.5 0.06238 0.25273 0.31679 0.24353 0.21974 0.04445 0.06278
0.05 1 0.03549 0.15016 0.17072 0.13443 0.12676 0.03056 0.03590

2 0.01689 0.07405 0.07812 0.04812 0.04713 0.01622 0.01691
0.5 0.08080 0.32024 0.42317 0.28176 0.25028 0.05355 0.07845

0.1 1 0.05481 0.22555 0.27284 0.19165 0.17657 0.04525 0.05471
2 0.02944 0.12662 0.13895 0.08413 0.08109 0.02913 0.02940

0.5 0.10073 0.39054 0.54494 0.32215 0.28168 0.06135 0.09330
0.5 1 0.09361 0.36673 0.49876 0.29090 0.25743 0.06086 0.08729

2 0.06803 0.27612 0.34476 0.20957 0.19156 0.05406 0.06635
0.5 0.10245 0.39631 0.55616 0.32805 0.28616 0.06226 0.09456

1 1 0.09895 0.38483 0.53288 0.31103 0.27309 0.06189 0.09162
2 0.08585 0.34044 0.44936 0.25747 0.23105 0.05877 0.08103

0.5 0.10370 0.40063 0.56406 0.33108 0.28845 0.06230 0.09551
2 1 0.10224 0.39596 0.55417 0.32221 0.28162 0.06202 0.09410

2 0.09713 0.37956 0.51947 0.29102 0.25731 0.06160 0.08945
0.5 0.10395 0.40139 0.56586 0.33299 0.28978 0.06273 0.09573

5 1 0.10373 0.40086 0.56399 0.32927 0.28705 0.06237 0.09544
2 0.10146 0.39363 0.54844 0.31528 0.27657 0.06302 0.09338

0.5 0.10402 0.40377 0.57006 0.33354 0.29031 0.06278 0.09614
10 1 0.10429 0.40271 0.56771 0.33167 0.28893 0.06241 0.09589

2 0.10324 0.39943 0.56043 0.32447 0.28347 0.06324 0.09488
0.5 0.10441 0.40396 0.56884 0.33406 0.29074 0.06421 0.09613

80 1 0.10481 0.40443 0.57124 0.33380 0.29060 0.06294 0.09627
2 0.10523 0.40598 0.57369 0.33289 0.28987 0.06325 0.09644

0.5 0.10488 0.40466 0.57171 0.33408 0.29082 0.06462 0.09639
250 1 0.10483 0.40449 0.57140 0.33409 0.29067 0.06388 0.09629

2 0.10502 0.40517 0.57253 0.33382 0.29042 0.06430 0.09636
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