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1 Introduction and Preliminaries

Let w be the set of all sequences of real or complex
numbers and [l., ¢ and ¢, be the sequence spaces of
bounded, convergent and null sequences x = (xi),
respectively.

A sequence x € . is said to be almost convergent if all
Banach limits of x coincide. Lorentz [1] proved that

n
é= {x = (xg) : lim— Z Xp+s €xists, uniformly in s}.
non
k=1

Maddox ([2,3]) has defined x to be strongly almost
convergent to a number L if

n
lim— Y x5 —L| =0, uniformly in s.
n n
k=1

Let p = (pr) be a sequence of strictly positive real
numbers. Nanda [4] has defined the following sequence
spaces :

. L
6,p] = {x = (x) s 1im Y by = LI =0,
Ly

uniformly in s},

. 1
er={r=wstimt § =0
3

uniformly in s}

and

. 1 ¢
(¢, pleo = {x = () rsup— Y eyt < °°}-
s

The notion of difference sequence spaces was introduced
by Kizmaz [5], who studied the difference sequence
spaces lo(A), ¢(A) and ¢o(A). The notion was further
generalized by Et and Colak [6] by introducing the spaces
lw(A™), ¢(A™) and c¢o(A"). Let w be the space of all
complex or real sequences x = (x;) and let m, r be
non-negative integers, then for Z = L., ¢, cp we have
sequence spaces

Z(A7) = {x = (x) € w: (Al'xy) € Z),

where Ax = (A'x;) = (A" 'x; — A" 'x;,,) and
A% = x; for all k € N, which is equivalent to the
following binomial representation

m m
A;”xk = Z (71)‘ ( v > Xk+rv-
v=0

Taking r = 1, we get the spaces which were studied by Et
and Colak [6]. Taking m = r = 1, we get the spaces which
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were introduced and studied by Kizmaz [5].
In [7] Baliarsingh defined the fractional difference

operator as follows:
Let x = (x) € w and a be a real number, then the

fractional difference operator A s defined by

ko(_
a)x _ Z ( ('X),
=0 !

o); denotes the Pochhammer symbol defined as:

Xie—is

where (—

1, ifa=0 or i=0,

(—a)i= .
oo+ 1)(a+2)...(e+i—1), otherwise.

For more details about difference sequence spaces we may
refer to ([8,9, 10]) and references therein.

Let X be a linear metric space. A function p : X — R is
called paranorm, if

1.p(x) >0, forallx € X,

2.p(—x) = p(x), forall x € X,

3.p(x+y) < p(x)+p(y), forall x,y € X,

4.if (A,) is a sequence of scalars with A, — A asn —
o and (x,) is a sequence of vectors with p(x, —x) —
0 as n — oo, then p(Apx, — Ax) — 0 asn — co.

A paranorm p for which p(x) = 0 implies x = 0 is called
total paranorm and the pair (X,p) is called a total
paranormed space. It is well known that the metric of any
linear metric space is given by some total paranorm (see
[11], Theorem 10.4.2, P-183).

A modulus function is a function f : [0,0) — [0,
that

1.f(x) =0 if and only if x = 0,

2.f(x+y) < f(x)+ f(y) forall x >0,y >0,
3.f is increasing

4.f is continuous from right at 0.

o) such

It follows that f must be continuous everywhere on
[0,%). The modulus function may be bounded or
unbounded. For example, if we take f(x) = XJ%I, then
f(x) is bounded. If f(x) =x”, 0 < p < 1, then the
modulus f(x) is unbounded. Subseqentially, modulus
function has been discussed in ([12,13,14,15,16,17,18,
19]) and many others.

The concept of 2-normed spaces was initially developed
by Gihler [20] in the mid of 1960’s, while that of
n-normed spaces one can see in Misiak [21]. Since then,
many others have studied this concept and obtained
various results, see Gunawan ([22,23]) and Gunawan and
Mashadi [24]. For more details about the sequence spaces
over n-normed spaces see ([25,26,27,28]). Let n € N and
X be a linear space over the field K, where K is field of
real or complex numbers of dimension d, where
d >n > 2. A real valued function ||-,---,:]| on X"
satisfying the following four conditions:

L|Jx1,x2,- -+ ,x4|| = 0 if and only if xj,xp, -+ ,x, are
linearly dependent in X;

2.||x1,x2,- - ,xn|| is invariant under permutation;
3laxy,xa, - xal| = o] ||x1,x2,+ ,xn|| forany @ € K,
and
4.||)C+XI,XQ,~~~ 7xn|| < ||X,)C2,~~~ ,xn||+||x',x2,~~~ 7xn||
is called an n-norm on X, and the pair (X,||-,---,-||) is

called a n-normed space over the field K. For example,
we may take X = R” being equipped with the n-norm
[|x1,%2, - ,xp||z = the volume of the n-dimensional
parallelopiped spanned by the vectors x,x>,- - ,x, which
may be given explicitly by the formula

||x1;x2;"' axn“E = |det(xij)|a

where x; = (xj1, X2, ,Xin) € R" foreachi=1,2,--- ,n.
Let (X,||-,--+,-||) be an n-normed space of dimension d >
n>2and {ay,az, - ,a,} be linearly independent set in X.
Then the following function ||+, ||« on X"~! defined

by
|1, 22, + s X1 oo = max{||x1,x2, -+ Xp—1, | :
i=1,2,,n}
defines an (n — 1)-norm on X with respect to
{alaaZa"' ;an}-
A sequence (x;) in a n-normed space (X,||-,---,-||) is

said to converge to some L € X if

kllm ||xk_LaZIa"' ;Zn71|| =0 forevery s i1 € X
—yo0
A sequence (x;) in a n-normed space (X, ||+, ,-||) is said
to be Cauchy if

lim |[xx—xp,21,-- ,20—1|| =0 forevery zj,--- ,zp—1 €X.

k,p—roo

If every cauchy sequence in X converges to some L € X,
then X is said to be complete with respect to the n-norm.
Any complete n-normed space is said to be n-Banach
space.

Let F = (fx) be a sequence of modulus function and
(X,|]-y-++,.]]) be a n-normed space. Let p = (px) be
bounded sequence of strictly positive real numbers. By
S(n—X) we denote the space of all sequences defined
over (X,]||.,---,.||). In the present paper we define the
following sequence spaces:

[ Fop [ 1] (a10) =

1 ¢ Xpevs — L
X):lim 3, (At

p
20, ;Zn71||)i|pk =0,

uniformly in s, for some p >0and L >0 },

{xf( L) € S(n
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|:67Fapa||'7"' 7||:|0(A(a)) = SRR aZVl*lH) :Oa uniformlyin s,
1 (o) }
{x*( ) €Sn _Z[ ( )Ck+s7 forsome p >0and L >0 ¢,
n3 P
{571:,”_7... 7_||} (A@) =
Pk 0
Zlv"'vzn71||):| :Oa
iy
uniformly in s, for some p > 0}, {x = (xx) €S(n 11m Z fk( —,
and
20, 7Z,,,1||) =0, uniformly in s, for some p > O},
|:67Fapa ||7 7||:|°°(A(a)) -
and
{x: (xk) € S(n—X) :sup— Z {fk( % o F Al®)
s T p ’ |:Cv a||77||}w( )*
Pk n (a)
2, ,zn71||)} < oo, for some p > O}. {x: (5) € S(n—X) : supl ka(”A pxk+s7
B n =
If we take F'(x) = x, we have T
el ] (4 = ft0 gt [) <o forsome p >0}
(@) The following inequality will be used throughout the
{x — () €S(n—X): liml Z [HA X;C)+S _L, paper. If 0 < p; < supp; = G, K = max(1,2¢~1) then
=]
|ax =+ by P < K{|ag | + [be|P (D
||r" —0
G ' for all k and ay, by € C. Also |a|Pt < max(1,]a|%) for all
uniformly in s, for some p > 0and L >0 }, acC.
) o In this paper we study some topological properties and
{Cvva" T ||} ( = inclusion relation between the sequence spaces
| & |:67Fapa||'7"' 7||:| (A(a))’ |:€,F,p,||.,'~' a||:|O(A(a)) and
xk+s
{r= ) esto ;“;;[ el 1] _(a®).
Pk
Zl;"';anlH} 207
uniformly in s, for some >O}, .
Y P 2 Main Results
and
Theorem 2.1 Let F = (f;) be a sequence of modulus
{é,p,”., e ,||} (A®) = function and p = (py) be a bounded sequence of strictly
- positive real numbers, then the classes of sequence
1 & {A7F, Al }A(a)’ {A7F, Al Al®) d
fem ) € Sr—3): p;Z[ A%, SEp M@, [ Fp o] (A®) an
ST k=1 [é,F,p, [y ||} (A®)) are linear spaces over the field
P
21, ’Zn71||:| k < o, for some p > O}. of complex number C.
If we take p = (px) = 1, Vk € N, we have Proof. Let x o= (%), y = )
€ [é,F,p,H., e ,.||}O(A(°‘)) and f3,7y be any scalars. Then
{57 F .- 7||} (A(a)) = there exist positive numbers p; and p, such that
1 & AWy —L 1 xk+ Pr
= cS(n—X):lim— <7S, - { ( S T )} =0
{r=tw) e stn =20 :1m >3 4 (17— tim 3 [ (15 szl
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Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

S. K. Sharma, P. Anuchaivong: Sequence spaces defined by fractional difference...

and

[ Al Yi+s Pk
o ()

Let p3 = max(2|B|p1,2|y|p2). Since F = (fi) is
non-decreasing function, by using inequality (1.1), we
have

tim Y 5112

(@) ,
(Brirs+hes) 1|I)}m

n = p3
A(a)(ﬁxk+s)

<1 - s R

lmnkg |:fk(|| D » 215 IR ]||

Al )(yykJrs) Pr
+ ||T7Z15"'52n*1||):|
)xk+s

<S llrl;nnkg |:fk(|| o1 »Z1s ,Zn71||

A@) Pk
+ ||¢,Z],"'7anl||):|
Pz
Al >xk+s Pk
Tazlv"'vzn71||):|

<K11mn Z [ k(||
+ Khm Z [fk(H%,Zh'“ 7Zn71||)}”'

k=

=
— 0 asn — oo, uniformly in s.
So that (Bx +yy) € [e,F,p,H.,...,.||}0(A<a>). This

proves that [6,F,p,||.,~~~ ,.||}O(A(°‘)) is a linear space.

Similarly, we can prove that [6,F,p,||.,~~~ ,||] (A®)

and -

[E,F,p, [|., ||} (A®)) are linear spaces.

Theorem 2.2 Let F = (f;) be a sequence of modulus

function, p = (pr) be a bounded sequence of positive real

numbers.  Then [é,F,p, [, 7.||L)(A("‘)) is a

paranormed space with respect to the paranorm defined

by

g(x )71nf{ (li{ ( )77&,.”,1”7]“)}1’1(
n = p

1
)H < 1}, where H = max(1,sup pj < o0).
k

Proof. Clearly gx)>0 for
x=(x) € [é,F,p,H., ||} (A@)). Since F(0) = 0, we
get g(0) =0.

Conversely, suppose that g(x) =

ool (L [ (122

0, then

xk+s P\
Zlv"'vzn71||):| )

gl}:o.

This implies that for a given € > 0, there exists some
Pe(0 < pe < €) such that

1 ¢ x PN 7
(_Z{fk(” k+s7zla"';zn71||)i| )HSI
nk:

Thus

(

(A5 gy ])])

() K

21—
1=

k

IN
7~
El'—‘

8
<1

)

for each n. Suppose that x; # 0 for each k € N. This
implies that A@x #0, for each k,s € N. Let € — 0,

then || x"“,m,---

(L § (2

which is a contradiction. Therefore, A(“)xkﬂ. = 0 for each
k and thus x; = 0 foreach k € N. Let p; > 0 and p; > 0 be

such that
1
P\
azla ";Zn71||):| ) S]

GER(*S

,Zn—1|| — 0. It follows that

1
xk+v P\ H
7Zl;"'azn71||):| — o,

and

1
kars P\ H
azla"';zn71||):| ) S]

for each n. Let p = p; + p2. Then by using Minkowski’s
inequality, we have

(1 kﬂ <||M,Zh..ﬂn,1||)]”)%

GE 0=

“GEROR e w)])

2GR (2 )"
— 77Z 7...7Z .
o1+ nz Sl 2 I nt]]
Since p’s are non-negative, so we have

et =it {pf ; (1§ [ )

P
1
+< P2 )fk<||A(a))’k+s,Zl7“.,Z’P]H)}Pk)ﬁ
Pl:lpz 1 P2 A, .
G (R4 )]
( i
1
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- ,anl”)}m)% ),

(12 [fk(n Dts )]
: Sl}

A% e cl)] )

<1}.

glx+y) <glx)+g().

Finally, we prove that the scalar multiplication is
continuous. Let A be any complex number. By definition,

P
<inf{p/

A

S|
~

+inf{p21;’_" : (

—_

Therefore,

A )’karS

g(Ax) :inf{p%—" : (%k{‘, [fk(ll :
2, ,Zn71||)rk) < 1}-

-

Then

g(Ax) =int{ (1210 % - (% Y

k=

PN &
Zl7". 7Z},l,[||):| k)H S 1}

where t = ‘ﬁ‘. Since |A|P» < max(1,|A[*"PP), we have

A(a>xk+s
(8%

—

e < max(L AP ine o (L [ (1A

k=1

1
P\ T
Zl“..75%4n)} )” < 1}.

So, the fact that scalar multiplication is continuous
follows from the above inequality.
This completes the proof of the theorem.

Theorem 2.3 Let F = (f;) be a sequence of modulus
function. Then the following statements are equivalent:

i) [ep ] @@) e Fplloe ] a@),

(i) [e.p.] |- ] () € [ Fp Lo 1] (4

(iii) sup% i[fk(t)]pk < oo, where
k=1

t= ||$,zl,~~ sZn1]] > 0.

Proof. (i) = (ii) is obvious.

(ii) = (iii) Suppose

el ] @) € [eFpl.-

let (iii) does not hold. Then for some ¢t > 0

1] _(a®) and

pk:oo
’

N
n k=1

and therefore there is a sequence (n;) of positive integers
such that

1 ¢
—Zﬂ NP> i=1,2,. )
ni =
Define x = (x;) by
. V”,lgkém,12h1~
k 0, k>n;
Then X = (Xk) S |:67p7||aa||:|o(A(a)) but

x=(x) ¢ {é,F,p,H.,--- 7||} (A®)) which contradicts

(i1). Hence (iii) must hold.

(i) = (i) Suppose x = (x) € [¢, p,ll- ]
andx = (v) ¢ [ F.p. ]|+ ]]_(a¢

wnt B (1455 0 )" o 0

(A1)
). Then

(e)
Letr = |2 pXk+Y 21, ,Zn—1|| for each k and fixed s, then
by eqn.(2.2)
1 n
sup~ Y [fi(t)]P* = o,
n M=
which contradicts (iii). Hence (i) must hold.
Theorem 2.4 Let 1 < pp < suppiy < o . Then the
k
following statements are equivalent :
(i) [eFopul[oee o ll] (A@) € [epi] o] (4@,
(ii) |:67Fapa||7 7||:|0(A(a)) - |:éapa||7 ||:|OQ(A(OC)),
1 n
jii) inf — HPF>0, t>0.
gt Y A0)
Proof. (i) = (ii) is obvious.
(i) - (iii) Suppose
(& F. el (A@) € [epl-ooII]_(41@) and

let (iii) does not hold. Then
1 n
inf — NP =0, t>0. 4
inf ~ k; [fiO)P =0, 1> )

We can choose an index sequence (7;) such that

R
— Y P <i™!, i=1,2,..

I’llk

@© 2021 NSP
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Define the sequence x = (x;) by

X = {17
Thus by eqn.(2.3), x = (x;) € [c Fyp |y
butx = () ¢ [, ][+ -ll]_(4

(i1). Hence (iii) must hold.

1 <k<n,
0,

i=1,2
an,-.

gaen

Al @)

*)) which contradicts

(i) = (i) Let x = (x) € [@,F,p,||.,--- ,.||}O(A(°‘>).
That is,

1 & (@), Pk

_Z|: ( k+S7Zla"'aZn71||):| :07

n & P

uniformly in s. (&)

Suppose (iii) hold and x = (x;) & [@,p, [ ,.||}O(A(°‘>).
Then for some number & > 0 and index ng, we have
IE Xk*‘,zl,m,anlH > g, for some s > s and

1< k < ng. Therefore

A((X)X/H,S Pk
3215 3 Zn—1 ||):|
P

and consequently by eqn.(2.4)

Uele)™ < [ (I

1
1yng]k<n -0,
which contradicts (iii). Hence
e Fpllell] (@) [epilloee ] (A

Theorem 2.5 Let F = (f;) be a sequence of modulus
function. Let 1 < pi < suppi < oo. Then
k

[ Fplle ] @A@Y C [epllee ] (A1) hotaif

lim LY ()% =, 130,

f’lnk

(6)

Suppose
e Fp e ll] (4 ] (4 and

let eqn.(2.5) does not hold. Therefore there is a number
fo > 0 and an index sequence (n;) such that

)€ [epll

1 &
— Y /i) <N <o, i=1,2,...
k=1

@)

Define the sequence x = (x;) by

i=1,2,..

_ty, 1<k<n,
K= an,-.

0,

Clearly, x = (w) € [&.Fp L, )I]_(A@) but
x=(x) & {é,p,||., e ,.||}0(A(0‘)). Hence eqn.(2.5) must
hold.
Conversely, if x = (x;) € [é,F,p,H., ||} (A(®), then
for each s and n
kars Pk

_Z{fk( ||)} <N < . (8)

Suppose that x = (x;) & [é,p, [y ||} (A(®)). Then for

some number & > 0 there is a number s

A(a)xk+s

||Tvzla"' aznle > &), for s> s,.

Therefore
A(a)xk+s Pk
7Zla"'azn71||):| )
P

and hence for each k and s we get

ete < [ (1

:l'—‘

n
ka 80 p"<N<°°

for some N > 0, which contradicts eqn. (2.5). Hence

Al _@@) C [eplle 1] 4.

This completes the proof.

67Fap5||'7"'

Theorem 2.6 Let F = (f;) be a sequence of modulus
function and let 1 < p; < sup py < oo. Then
k

[p e ] _AD) S [eFp el () hotd if
1
lim = Z[k()] >0 )
k
Proof. Let
[5,P,||-7"'7-||}M(A(“) c [é,F,p,||.,...,_|| (4.

Suppose that eqn.(2.8) does not hold. Then for some
1o >0,

1
lim ~ Z[fk(ﬂ =L#0. (10)
=
Define x = (x;) by
xk—tz <m+k_“,)_l)
fork:1,2,....Thenx:(xk)€[E,F,p,||.,---,.||} (A@)

) _(a@

but x = (x;) € [é,p, [y . Hence eqn. (2.8)

@© 2021 NSP
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must hold.
Conversely, let x = (x;) € [é,p, [y ,||} (A(®). Then
for every k and s, we have
Al)
||¢7Zla"' ,Zn7]|| §N<°°
p
Therefore
Al®)y Pk
{fk(”ipm,m,---,ZHII)} < [fi(N))P*
and

k=1
‘l n
<lim= Y [fi(N)]?* =0
Ly
Hence x = (w) € [e,F,p,H.,.--,.||}O(A<a>). This

completes the proof.
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