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1 Introduction

BCK andBCI-algebras are two important class of logical
algebras introduced by Imai and Iseki [5,7] in 1966. It is
known that the class ofBCK-algebra is a proper subclass
of the class of BCI-algebras. There exist several
generalizations of BCK/BCI-algebras, as such
BCH-algebras [5], dual BCK-algebras [10], d-algebras
[13], etc. In [11] Meng introduced the notion of a
CI-algebra as a generation of a BE-algebra and dual
BCK/BCI/BCH-algebras. After the introduction of fuzzy
set in 1965 by Zadeh [18] researcher are trying to fuzzify
all the usual mathematical concept in almost every branch
of mathematics. Jun [4,8] introduced the notion of doubt
(anti) fuzzy ideals inBCK/BCI-algebras. The concept of
doubt fuzzy ideals of BF-algebras was introduced by
Barbhuiya in [2]. Biswas [1] introduced the concept of
anti fuzzy subgroup. The concept of fuzzification of
ideals in CI-algebra have introduced by Mostafa[12]. In
[9] Kim considered ideal and filter of CI-algebra. In [3]
Borzooei et al. discussed anti fuzzy filters of CI-algebras.

In [15,16,17] Sharma introduced the notion of
(α,β )-anti fuzzy set and(α,β )-anti fuzzy subgroups of a
group G. Modifying their idea, in this paper we apply the
idea of(α,β )-anti fuzzy set toCI-algebras and introduce
the notion of(α,β )-anti fuzzy filters ofCI-algebras and
establish some of their basic properties. We show that a
fuzzy subset is(α,β )-AFF iff its complementµc

α ,β is FF.
We also study union and intersection of two(α,β )-anti
fuzzy filters ofCI-algebras and image and pre image of
(α,β )-anti fuzzy filters under homomorphic mapping.

2 Preliminaries

Definition 2.1 An algebraic system(X,∗,1) of type (2,0)
is called a CI-algebra if it satisfies the following axioms:

(CI1)x∗ x= 1,
(CI2)1∗ x= x,
(CI3)x∗ (y∗ z) = y∗ (x∗ z) ∀ x,y,z∈ X.

A CI-algebra X satisfying the conditionx∗1= 1, is called
a BE-algebra. In any CI-algebra X one can define a binary
relation “≤ ” by x≤ y if and only if x∗ y= 1.
In any CI-algebra X has the following properties:

–y∗ ((y∗ x)∗ x) = 1,
–(x∗1)∗ (y∗1)= (x∗ y)∗1,
–if 1≤ x, then x= 1, for all x,y∈ X.

Example 2.2Let X = {1, a, b} with the following cayley
table:

Table 1: Example ofCI-algebra.
* 1 a b
1 1 a b
a 1 1 1
b 1 1 1

Then(X,∗,1) is a CI-algebra.
In the rest of this paper, X is a CI-algebra, unless otherwise
stated.
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A non-empty subset S of X is called a subalgebra of X if
x ∗ y ∈ S, for all x, y∈ S. A fuzzy subsetµ of X is called
a fuzzy subalgebra of X ifµ(x∗y)≥ min{µ(x),µ(y)}, for
all x, y ∈ S. A nonempty subsetF of X is called a filter of
X if

(F1)1∈ F,
(F2)x∈ F, x∗ y∈ F ⇒ y∈ F ∀ x,y∈ X.

A filter F of X is said to be closed ifx∈F impliesx∗1∈F.

Definition 2.3A fuzzy setµ in X is called a fuzzy filter(FF)
of X if it satisfies the following conditions:

–(FF1)µ(1)≥ µ(x),
–(FF2)µ(y)≥ min{µ(x∗ y),µ(x)}, ∀ x,y∈ X.

Definition 2.4 A fuzzy setµ in X is called a anti fuzzy
filter(AFF) of X if it satisfies the following conditions:

–(AFF1) µ(1)≤ µ(x),
–(AFF2) µ(y)≤ max{µ(x∗ y),µ(x)} ∀ x,y∈ X.

Definition 2.5 Let µ be a fuzzy subset of X andα ∈ [0,1]
then the fuzzy setµα and µα of X are respectively called
the α-fuzzy subset andα-doubt fuzzy subset of X with
respect to fuzzy set µ and is defined as
µα(x) = min{µ(x),α} and µα(x) = max{µ(x),1− α},
for all x ∈ X.
Clearly µ1 = µ , µ0 = 0̃, µ1 = µ , µ0 = 1̃.

Definition 2.6A fuzzy subsetµ of X is calledα-fuzzy filter
( α-FF) of X if

(i)µα (1) ≥ µα(x)

(ii)µα(y) ≥ min{µα(x∗ y),µα(x)} ∀x,y∈ X,α ∈ [0,1].

Example 2.7Let X= {1,a,b,c} with the following cayley
table:

Table 2: Example ofα-FF of X.
* 1 a b c
1 1 a b c
a 1 1 b c
b 1 a 1 c
c 1 a b 1

Define a fuzzy setµ byµ(1) = 0.8,µ(a) = 0.4,µ(b) =
0.4,µ(c) = 0.3, with α = 0.5. Thenµ is a0.5-FF of X.

Definition 2.8 A fuzzy subsetµ of X is calledα-anti fuzzy
filter ( α-AFF) of X if

(i)µα (1) ≤ µα(x)

(ii)µα(y) ≤ max{µα(x∗ y),µα(x)} ∀x,y∈ X,α ∈ [0,1].

Example 2.9Consider CI-algebra X as in Example2.7.
Define a fuzzy setµ in X byµ(1)= 0.3,µ(a)= 0.6,µ(b)=
0.6,µ(c) = 0.8 with α = 0.4 Thenµ is an0.4-AFF of X.

Proposition 2.10 If µ is fuzzy filter of X, thenµ is also
α-FF as welL asα-AFF of X .

Definition 2.11 A fuzzy subsetµ of X is calledα-fuzzy
subalgebra of X if
µα(x∗ y)≥ min{µα(x),µα(y)}, ∀x,y∈ X,α ∈ [0,1].

Definition 2.12 A fuzzy subsetµ of is calledα-anti fuzzy
subalgebra of X if
µα(x∗ y)≤ max{µα(x),µα (y)}, ∀x,y∈ X,α ∈ [0,1].

Definition 2.13 Let X and Y be two non empty sets and
f : X −→ Y be a mapping. Letµ and ν be two fuzzy
subsets of X and Y respectively. Then the image ofµ
under the map f is denoted by f(µ) and is defined by
f (µ)(y), where f(µ)(y) =
{

supx∈ f−1(y) µ(x), if f −1(y) = {x∈ X, f (x) = y} 6= φ
0 otherwise

also pre image ofν under f is denoted by f−1(ν) and
is defined as

f−1(ν)(x) = ν( f (x));∀x ∈ X.

3 (α,β )-Anti fuzzy filters

Definition 3.1 Let µα and µβ denote respectively the
α-fuzzy set andβ -doubt fuzzy set of X ( with respect to
fuzzy setµ ). Then the fuzzy setµ(α ,β ) defined by
µ(α ,β )(x) = max{(µα)c(x),µβ (x)} ∀x ∈ X is called
(α,β )-doubt fuzzy set of X ( with respect to fuzzy setµ ),
whereα,β ∈ [0,1] such thatα +β ≤ 1.

Remark 3.2 (i)
µ(1,0)(x) = max{(µ1)c(x),µ0(x)}= max{µc(x),1}= 1.
(ii) µ(1,0)(x) = max{(µ0)c(x),µ1(x)} =

max{1,µ(x)}= 1.

Definition 3.3 Let (α,β )-anti fuzzy setµ(α ,β ), t ∈ (01],
and µ(α ,β )t = {x ∈ X|µ(α ,β )(x) ≥ t} may be empty set.
The setµ(α ,β )t 6= φ is called the(α,β )-t-confidence set of
µ .
Again for (α,β )-anti fuzzy setµ(α ,β ) and t ∈ (01], let
µ t
(α ,β ) = {x∈ X|µ(α ,β )(x) ≤ t} may be empty set. The set

µ t
(α ,β ) 6= φ is called the(α,β )-t-doubt set ofµ .

Example 3.4Consider CI-algebra X as in Example2.7.
Define a fuzzy set µ in X by
µ(1) = 0.4,µ(a) = 0.6,µ(b) = 0.3,µ(c) = 0.2 take
α = 0.4,β = 0.6. Now we have µα ,β (x) =
max{(µα)c(x),µβ (x)} = max{1 − (µα)(x),µβ (x)}
= max{1−min(µ(x),α),max(µ(x),1−β )}, Therefore
µ(0.4,0.6)(1) = max{1 −
min(µ(1),0.4),max(µ(1),0.4)}= max{0.6,0.4}= 0.6
µ(0.4,0.6)(a) = max{1 −

min(µ(a),0.4),max(µ(a),0.4)}= max{0.6,0.6}= 0.6
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µ(0.4,0.6)(b) = max{1 −
min(µ(b),0.4),max(µ(b),0.4)}= max{0.7,0.4}= 0.7
µ(0.4,0.6)(c) = max{1−min(µ(c),0.4),max(µ(c),0.4)}=
max{0.8,0.4}= 0.8
Then µ(0.4,0.6)6.5 = {b,c}, µ(0.4,0.6)0.8 = {c} ,
µ(0.4,0.6)0.9 = {} andµ0.5

(0.4,0.6) = {},µ0.7
(0.4,0.6) = {1,a,b}.

Remark 3.5 If t ≤ µ(x)≤ max(α,β )≤ 1− t, then the set
µ(α ,β )t = {x ∈ X|µ(α ,β )(x) ≥ t} is a non empty and if
1 − t ≤ µ(x) ≤ 1 − min(α,β ), then the set
µ t
(α ,β ) = {x∈ X|µ(α ,β )(x)≤ t} is a non empty.

Definition 3.6 Let µ be a(α,β )-anti fuzzy set of X ( with
respect to fuzzy setµ ), thenµ is called(α,β )-anti fuzzy
subalgebra of X if
µ(α ,β )(x∗ y)≤ max{µ(α ,β )(x),µ(α ,β )(y)},
∀x,y∈ X,α,β ∈ [0,1].

Example 3.7Consider CI-algebra X as in Example2.7.
Define a fuzzy set µ in X by
µ(1) = 0.4,µ(a) = 0.6,µ(b) = 0.3,µ(c) = 0.2 take
α = 0.4,β = 0.6. Then the (0.4,0.6)-anti fuzzy set
µ(0.4,0.6)(1) == 0.6,µ(0.4,0.6)(a) = 0.6,µ(0.4,0.6)(b) =

0.7,µ(0.4,0.6)(c) = 0.8 is an (0.4,0.6)-anti fuzzy
subalgebra of X.

Definition 3.8 Let µ be a(α,β )-anti fuzzy set of X ( with
respect to fuzzy setµ , ) thenµ is called(α,β )-anti fuzzy
filter ((α,β )-AFF) of X if the following condition hold:
(i)µ(α,β )(1) ≤ µ(α,β )(x),

(ii)µ(α,β )(y) ≤ max{µ(α,β )(x∗y),µ(α,β )(x)} ∀x,y∈ X,α ,β ∈ [0,1].

Example 3.9 Consider CI-algebra X as in Example2.7.
Define a fuzzy set µ in X by
µ(1) = 0.4,µ(a) = 0.6,µ(b) = 0.3,µ(c) = 0.2 take
α = 0.4,β = 0.6. Then the (0.4,0.6)-anti fuzzy set
µ(0.4,0.6)(1) == 0.6,µ(0.4,0.6)(a) = 0.6,µ(0.4,0.6)(b) =
0.7,µ(0.4,0.6)(c) = 0.8 is an(0.4,0.6)-AFF of X.

Theorem 3.10If µ is α-FF and β -AFF of X, thenµ is
also(α,β )-AFF of X.

Proof Sinceµ is α-FF of X, we have

(i)µα (1) ≥ µα(x)

(ii)µα (y) ≥ min{µα(x∗ y),µα(x)} ∀x,y∈ X,α ∈ [0,1]

Now

(i) ⇒ 1− µα(1)≤ 1− µα(x)

⇒ (µα)c(1)≤ (µα)c(x) (1)

(2)

and

(ii) ⇒ µα(y)≥ min{µα(x∗ y),µα(x)}

⇒ 1− µα(y)≤ 1−min{µα(x∗ y),µα(x)}

⇒ 1− µα(y)≤ max{1− µα(x∗ y),1− µα(x)}

⇒ (µα)c(y)≤ max{(µα)c(x∗ y),(µα)c(x)} (3)

Also, sinceµ is β -AFF of X, we have

(iii )µβ (1) ≤ µβ (x) (4)

(iv)µβ (y) ≤ max{µβ (x∗ y),µβ (x)} ∀x,y∈ X,α ∈ [0,1].(5)

Now
(v)µ(α,β ) (1) = max{(µα )c(1),µβ (1)}

≤ max{(µα )c(x),µβ (x)} By Eqn(1)and(4)

= µ(α,β )(x)

(vi)µ(α,β )(y) = max{(µα )c(x),µβ (x)}

≤ max{max{(µα )c(x∗ y), (µα )c(x)},max{µβ (x∗ y),µβ (x)}} By Eqn(3)and(5)

= max{max{(µα )c(x∗ y),µβ (x∗ y)},max{(µα )c(x),µβ (x)}}

= max{µ(α,β )(x∗ y),µ(α,β )(x)}.

Therefore from (v) and (vi)µ is (α,β )-AFF of X.

Theorem 3.11If µ be a FF of X, thenµ is also (α,β )-
AFF of X.

Proof Sinceµ is FF of X, we can see thatµ is α-FF andβ -
AFF of X by Proposition2.10. Hence by above Theorem
µ is (α,β )-AFF of X.

Remark 3.12The converse of above theorem need not be
true i.e., a fuzzy setµ of X can be(α,β )-AFF without
being FF of X.

Example 3.13Consider a CI-algebra X= {1,a,b} with
the following cayley table:

Table 3: Example of(α,β )-AFF of CI-algebra X.
* 1 a b
1 1 a b
a 1 1 1
b 1 1 1

Define a fuzzy set µ by
µ(1) = 0.5,µ(a) = 0.6,µ(b) = 0.4 take
α = 0.5,β = 0.6. Now we have µα ,β (x) =
max{(µα)c(x),µβ (x)} = max{1 − (µα)(x),µβ (x)}
= max{1−min(µ(x),α),max(µ(x),1−β )}, Therefore
µ(0.5,0.6)(1) = max{1 −
min(µ(1),0.5),max(µ(1),0.4)}= max{0.5,0.5}= 0.5
µ(0.5,0.6)(a) = max{1 −

min(µ(a),0.5),max(µ(a),0.4)}= max{0.5,0.6}= 0.6
µ(0.5,0.6)(b) = max{1 −
min(µ(b),0.5),max(µ(b),0.4)}= max{0.6,0.4}= 0.6
one can be easily verify thatµ is (0.5,0.6)-AFF of X but
µ is not a FF of X.

Proposition 3.14Let µ be a fuzzy subset of X,α ≤ p and
β ≤ 1 − q where p= in f{µ(x) : ∀x ∈ X} and
q= sup{µ(x) : ∀x∈ X.} Thenµ is an(α,β )-AFF of X.
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Proof Here α ≤ p and
β ≤ 1− q,α + β ≤ p+ 1− q ≤ q+ 1− q = 1. Also,
p= in f{µ(x) : ∀x∈ X} ≥ α ⇒ µ(x)≥ α ∀x∈ X.
Thereforeµα(x) = min{µ(x),α}= α
Similarly, we can showµβ (x) = 1−β ,
Now
µ(α ,β )(x) = max{(µα)c(x),µβ (x)}= max{1−α,1−β}
Hence both µ(α ,β )(1) ≤ µ(α ,β )(x) and µ(α ,β )(y) ≤

max{µ(α ,β )(x ∗ y),µ(α ,β )(x)} ∀x,y ∈ X,α ∈ [0,1]
satisfied.
Henceµ is (α,β )-AFF of X.

Proposition 3.15Let µ be an(α,β )-AFF of X, then the
following hold
(i) If x ≤ y, thenµ(α ,β )(y)≤ µ(α ,β )(x)
(ii) If x ∗ y ≥ z, then
µ(α ,β )(y)≤ max{µ(α ,β )(x),µ(α ,β )(z)}.

Proof
(i) Let x≤ y. Then(x∗ y) = 1

µ(α,β )(y) ≤ max{µ(α,β ) (x∗ y),µ(α,β )(x)}

= max{µ(α,β ) (1),µ(α,β )(x)}

= max{µ(α,β ) (x)} [ Sinceµ(α,β ) (1)≤ µ(α,β ) (x), ∀x∈ X. ]

(ii) Sincex∗ y≥ z, we havez∗ (x∗ y) = 1, Now

µ(α,β )(x∗ y) ≤ max{µ(α,β ) (z∗ (x∗ y)),µ(α,β )(z)}

= max{µ(α,β ) (1),µ(α,β )(z)}

= max{µ(α,β ) (z) [ Sinceµ(α,β )(1)≤ µ(α,β )(x), ∀x∈ X. ]

Now µ(α,β )(y) ≤ max{µ(α,β ) (x∗ y),µ(α,β )(x)}

= max{µ(α,β ) (z),µ(α,β )(x)}.

Theorem 3.16If µ is (α,β )-AFF of X, then the set Xµ =
{x∈ X |µ(α ,β )(x) = µ(α ,β )(1)} is a filter.

Proof Clearly 1∈ Xµ . Let x∗ y,x∈ Xµ . Then
⇒ µ(α ,β )(x∗ y) = µ(α ,β )(x) = µ(α ,β )(1)
Now

µ(α ,β )(y) ≤ max{µ(α ,β )(x∗ y),µ(α ,β )(x)}

= max{µ(α ,β )(1),µ(α ,β )(1)}

= µ(α ,β )(1)

Therefore⇒ µ(α ,β )(y) ≤ µ(α ,β )(1)

Also, µ(α ,β )(1) ≤ µ(α ,β )(y)

Hence,µ(α ,β )(y) = µ(α ,β )(1)⇒ y∈ Xµ

ThereforeXµ is a filter.

Definition 3.17Let µ be a(α,β )-anti fuzzy set of X ( with
respect to fuzzy setµ ), thenµ is called(α,β )-fuzzy filter
((α,β )-FF) of X if the following condition holds:

(i) µ(α,β ) (1) ≥ µ(α,β )(x)

(ii ) µ(α,β )(y) ≥ min{µ(α,β )(x∗ y),µ(α,β )(x)} ∀x,y∈ X,α ∈ [0,1].

Theorem 3.18A fuzzy setµ is (α,β )-AFF of X, iff its
complementµc

α ,β is a fuzzy filter of X.

Proof Sinceµ is (α,β )-AFF of X, we have
(i)µ(α,β )(1) ≤ µ(α,β )(x)

(ii )µ(α,β )(y) ≤ max{µ(α,β )(x∗ y),µ(α,β )(x)} ∀x,y∈ X,α ∈ [0,1]

Now (i) implies

µ(α ,β )(1)≤ µ(α ,β )(x),

Hence, 1− µ(α ,β )(1)≥ 1− µ(α ,β )(x).

Therefore, µc
(α ,β )(1)≥ µc

(α ,β )(x)

Now (ii) implies
µ(α,β )(y) ≤ max{µ(α,β ) (x∗ y),µ(α,β )(x)}.

Hence, ⇒ 1−µ(α,β )(y) ≥ 1−max{µ(α,β )(x∗ y),µ(α,β )(x)} and so,

1−µ(α,β )(y) ≥ min{1−µ(α,β )(x∗ y),1−µ(α,β )(x)}

Therefore, µc
(α,β )(y) ≥ min{µc

(α,β )(x∗ y),µc
(α,β )(x)}.

Remark 3.19Note thatµc
(α ,β )(x) = min{µα(x),µc

β (x)}.

Theorem 3.20If µ andν are two(α,β )-AFFs of X, then
µ ∪ν,µ ∩ν are also(α,β )-AFF of X.

Proof Let x,y∈ X. Now we have
(i) (µ ∪ν)(α,β )(1) = max{µ(α,β ) (1),ν(α,β )(1)}

≤ max{µ(α,β ) (x),ν(α,β )(x)}

= (µ ∪ν)(α,β )(x)

Hence, (µ ∪ν)(α,β )(1) ≤ (µ ∪ν)(α,β )(x)

(ii ) (µ ∪ν)(α,β )(y) = max{µ(α,β ) (y),ν(α,β )(y)}

≤ max{max{µ(α,β ) (x∗ y),µ(α,β )(x)},max{ν(α,β )(x∗ y),ν(α,β )(x)}}

= max{max{µ(α,β ) (x∗ y),ν(α,β )(x∗ y)},max{µ(α,β )(x),ν(α,β )(x)}}

= max{(µ ∪ν)(α,β )(x∗ y), (µ ∪ν)(α,β )(y)}

Hence, (µ ∪ν)(α,β )(y) ≤ max{(µ ∪ν)(α,β )(x∗ y), (µ ∪ν)(α,β )(x)}.

Thereforeµ ∪ν is (α,β )-AFF of X.
Again letx,y∈ X. Now we have

(i) (µ ∩ν)(α,β )(1) = min{µ(α,β )(1),ν(α,β )(1)}

≤ min{µ(α,β )(x),ν(α,β )(x)}

= (µ ∩ν)(α,β )(x)

Hence, (µ ∩ν)(α,β )(1) ≤ (µ ∩ν)(α,β )(x)

(ii ) (µ ∩ν)(α,β )(y) = min{µ(α,β )(y),ν(α,β )(y)}

≤ min{max{µ(α,β )(x∗ y),µ(α,β )(x)},max{ν(α,β )(x∗ y),ν(α,β )(x)}}

= min{max{µ(α,β )(x∗ y),ν(α,β )(x∗ y)},max{µ(α,β )(x),ν(α,β )(x)}}

= min{(µ ∩ν)(α,β ) (x∗ y), (µ ∩ν)(α,β )(y)}

Hence, (µ ∩ν)(α,β )(y) ≤ max{(µ ∩ν)(α,β )(x∗ y), (µ ∩ν)(α,β )(x)}.

Thereforeµ ∩ν is (α,β )-AFF of X.

Theorem 3.21A fuzzy subsetµ of X is a (α,β )-AFF iff
for every t∈ (01],µ t

(α ,β ) is a filter of X, whenµ t
(α ,β ) 6= φ .

Proof Let x,y ∈ X,α ∈ [0,1] and µ be a (α,β )-AFF.
Therefore we have µ(α ,β )(1) ≤ µ(α ,β )(x) and
µ(α ,β )(y) ≤ max{µ(α ,β )(x ∗ y),µ(α ,β )(x)}. Also let
x ∈ µ t

(α ,β ) hence µ(α ,β )(x) ≤ t. Now
µ(α ,β )(1)≤ µ(α ,β )(x)≤ t which impliesµ(α ,β )(1)≤ t and
so 1 ∈ µ t

(α ,β ). Again let x ∗ y,x ∈ µ t
(α ,β ). Hence

µ(α ,β )(x ∗ y) ≤ t and µ(α ,β )(x) ≤ t. Now
µ(α ,β )(y) ≤ max{µ(α ,β )(x ∗ y),µ(α ,β )(x)} implies
µ(α ,β )(y) ≤ t. Which impliesy∈ µ t

(α ,β ). Thereforeµ t
(α ,β )
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is a filter of X.
Conversely,
Assumeµ t

(α ,β ) is a filter of X, to proveµ is (α,β )-AFF,
if µ is not a (α,β )-AFF, then at least one of
µ(α ,β )(1) > µ(α ,β )(x) and
µ(α ,β )(y)> max{µ(α ,β )(x∗ y),µ(α ,β )(x)} must hold for at
least somex,y ∈ X. Supposeµ(α ,β )(1) > µ(α ,β )(x) holds
for x = x′. Then choose
t = {µ(α ,β )(1)+ µ(α ,β )(x

′)}/2∈ (0,1].

Henceµ(α ,β )(1)> t > µ(α ,β )(x
′) (6)

Now (6)⇒ µ(α ,β )(x
′)< t which impliesx′ ∈ µ t

(α ,β ), Since

µ t
(α ,β ) is a filter of X, we have 1∈ µ t

(α ,β ). Hence
µ(α ,β )(1) < t which contradicts (6). Again if
µ(α ,β )(y) > max{µ(α ,β )(x∗ y),µ(α ,β )(x)} for somex′,y′,
then choose
t = {µ(α ,β )(y

′) + max{µ(α ,β )(x
′ ∗ y′),µ(α ,β )(x

′)}}/2 ∈
(0,1]. Hence

µ(α ,β )(y
′)> t > max{µ(α ,β )(x

′ ∗ y′),µ(α ,β )(x
′)} (7)

Now (7)⇒ µ(α ,β )(x
′ ∗ y′),µ(α ,β )(x

′) < t which implies
x′ ∗ y′,x′ ∈ µ t

(α ,β ). Sinceµ t
(α ,β ) is a filter of X, we have

y′ ∈ µ t
(α ,β ). Then µ(α ,β )(y

′) < t which contradicts (7).

Thereforeµ is a(α,β )-AFF of X.

4 Homomorphism of (α,β )-anti Fuzzy
Filters

In this section, we investigate the image and the pre-image
of (α,β )-AFF of aCI-algebra under homomorphism.

Definition 4.1 Let f be a mapping defined on a set X. Ifµ
is a fuzzy set in X, then the fuzzy setν in f (X) defined by

ν(y) = inf
x∈ f−1(y)

µ(x)

for all y ∈ f (X) is called the doubt image ofµ under f. If
ν is a fuzzy set in f(X) then the fuzzy setµ = νo f in X (
i.e., the fuzzy set defined byµ(x) = ν( f (x)), for all x ∈ X
) is called pre image ofν under f.

Lemma 4.2[13] Let f : X −→ Y be a mapping andµ ,ν
be two fuzzy subsets of X and Y repectively, then
(i) f−1(ν(α ,β )) = ( f−1(ν))(α ,β )
(ii) f (µ(α ,β )) = ( f (µ))(α ,β )

Definition 4.3 A mapping f : X −→ Y is said to be
homomorphism if f(x∗ y) = f (x)∗ f (y), ∀x,y∈ X.

Theorem 4.4 If f : X −→ Y be a homomorphism, then
f (1) = 1′

Proof We havef (1) = f (x∗ x) = f (x)∗ f (x) = 1′.

Theorem 4.5Let f : X −→Y be an onto homomorphism.
If ν be an(α,β )-AFF of Y, then the pre image ofν under
f is also a AFF of X.

Proof Let µ be the pre image ofν under f. Then
µ(x) = ν( f (x)), for all x ∈ X. Sinceν is an(α,β )-AFF
of Y. We haveν(α ,β )( f (1)) ≤ ν(α ,β )( f (x)) = µ(α ,β )(x).
Also ν(α ,β )( f (1)) = ν(α ,β )( f (1)) = µ(α ,β )(1) and so
µ(α ,β )(1)≤ µ(α ,β )(x) for all x∈ X. Also

µ(α,β )(y) = f−1(ν(α,β ))(y)

= ν(α,β )( f (y))

≤ max{ν(α,β )(( f (x)∗ f (y)),ν(α,β )( f (x)}

= max{ν(α,β )( f (x∗ y)),ν(α,β )( f (x)}

= max{ f−1(ν(α,β ))(x∗ y), f−1(ν(α,β ))(x)}

= max{( f−1(ν))(α,β ) (x∗ y), ( f−1(ν))(α,β ) (x)}

= max{µ(α,β )(x∗ y),µ(α,β )(x)}.

Therefore µ(α,β )(y) ≤ max{µ(α,β )(x∗ y),µ(α,β )(x)}.

Since f (y) ∈ Y is arbitrary and f is onto,y ∈ X is also,
therefore
µ(α ,β )(y) ≤ max{µ(α ,β )(x ∗ y),µ(α ,β )(x)} is true for all
x,y∈ X.
Henceµ = f−1(ν) is (α,β )-AFF of X.

Definition 4.6 A fuzzy setµ of X has inf property if for
any subset T of X, there exists t0 ∈ T such that

µ(t0) = inf
t∈T

µ(t)

Theorem 4.7Let f : X −→Y be an onto homomorphism.
If µ be an(α,β )-AFF of X with inf property, then f(µ) is
an (α,β )-AFF of Y.

Proof Let µ be an(α,β )-AFF of X with inf property and
y∈Y. Since f is onto, there existsx∈ X such thaty= f (x),
now

( f (µ))(α ,β )( f (1)) = inf
t∈ f−1(1′)

µ(α ,β )(t)

= µ(α ,β )(1)

≤ µ(α ,β )(x)

= inf
t∈ f−1(x)

µ(α ,β )(t)

= f (µ(α ,β ))( f (x))

Therefore( f (µ))(α ,β )( f (1)) ≤ f (µ(α ,β ))( f (x))

Again letx′,y′ ∈ Y, let x0 ∈ f−1(x′),y0 ∈ f−1(y′) be such
that

(µ(α,β ))(x0) = inf
t∈ f−1(x′)

(µ(α,β ))(t), (µ(α,β ))(y0) = inf
t∈ f−1(y′)

(µ(α,β ))(t)

(µ(α,β ))(x0 ∗ y0) = inf
t∈ f−1(x′∗y′)

(µ(α,β ) )(t)

Now
( f (µ))(α,β )(y

′) = inf
t∈ f−1(x′)

(µ(α,β ))(t)

= (µ(α,β ))(x0)

≤ max{(µ(α,β ))(x0 ∗y0),(µ(α,β ))(x0)}

= max{ inf
t∈ f−1(x′∗y′)

(µ(α,β ))(t), inf
t∈ f−1(x′)

(µ(α,β ))(t)}

= max{( f (µ(α,β )))(x
′ ∗y′),µ(α,β )(x

′)}

Thereforef (µ) is an(α,β )-AFF of Y.
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5 Doubt Cartesian Product of(α,β )-anti
Fuzzy Filters

Definition 5.1 Let µ and ν be two(α,β )-anti fuzzy sets
in a set X. Then their doubt cartesian productµ ×ν : X×
X −→ [0,1] is defined by(µ×ν)(x,y)=max{µ(x),ν(x)},
for all x,y∈ X.

Theorem 5.2If µ andν are two(α,β )-anti fuzzy filters of
X, thenµ ×ν is also an(α,β )-anti fuzzy filters of X×X.

Proof Let x,y∈ X. Now we have
(i) (µ ×ν)(α,β )(1) = max{µ(α,β )(1),ν(α,β )(1)}

≤ max{µ(α,β )(x),ν(α,β )(x)}

= (µ ×ν)(α,β ) (x).

Hence (µ ×ν)(α,β )(1) ≤ (µ ×ν)(α,β ) (x).

(ii ) (µ ×ν)(α,β ) (y) = max{µ(α,β )(y),ν(α,β )(y)}

≤ max{max{µ(α,β )(x∗ y),µ(α,β )(x)},max{ν(α,β )(x∗ y),ν(α,β )(x)}}

= max{max{µ(α,β )(x∗ y),ν(α,β )(x∗ y)},max{µ(α,β )(x),ν(α,β )(x)}}

= max{(µ ×ν)(α,β ) (x∗ y), (µ ×ν)(α,β ) (x)}.

Hence (µ ×ν)(α,β ) (y) ≤ max{(µ ×ν)(α,β ) (x∗ y), (µ ×ν)(α,β ) (x)}.

Therefore(µ ×ν) is a(α,β )-AFF of X×X.

Theorem 5.3If µ andν be two(α,β )-anti fuzzy subsets
of X such thatµ ×ν is a (α,β )-anti fuzzy filters of X×X,
then
(i) either µ(α ,β )(x) ≥ µ(α ,β )(1) or ν(α ,β )(x) ≥ ν(α ,β )(1),
for all x ∈ X.
(ii) if µ(α ,β )(x) ≥ µ(α ,β )(1) for all x ∈ X, then either
µ(α ,β )(x)≥ ν(α ,β )(1) or ν(α ,β )(x)≥ ν(α ,β )(1).
(iii) if ν(α ,β )(x) ≥ ν(α ,β )(1) for all x ∈ X, then either
µ(α ,β )(x)≥ µ(α ,β )(1) or ν(α ,β )(x)≥ µ(α ,β )(1).

Proof (i) Suppose that µ(α ,β )(x) < µ(α ,β )(1) and
ν(α ,β )(x)< ν(α ,β )(1) for somex,y∈ X. Then

(µ ×ν)(α ,β )(1) = max{µ(α ,β )(1),ν(α ,β )(1)}

≥ max{µ(α ,β )(x),ν(α ,β )(x)}

= (µ ×ν)(α ,β )(x).

Which contradicts the fact thatµ ×ν is a(α,β )-anti fuzzy
filter of X×X.
(ii) Assume that there existsx,y∈ X such thatµ(α ,β )(x)<
ν(α ,β )(1) andν(α ,β )(x)< ν(α ,β )(1). Then

(µ ×ν)(α,β ) (1) = max{µ(α,β )(1),ν(α,β )(1)}= ν(α,β )(1).And

(µ ×ν)(α,β ) (x) = max{µ(α,β )(x),ν(α,β )(x)}

< max{ν(α,β )(1),ν(α,β )(1)}

= ν(α,β )(1) = (µ ×ν)(α,β ) (1).

Therefore (µ ×ν)(α,β ) (x) < (µ ×ν)(α,β ) (1).

Which contradicts the fact thatµ ×ν is a(α,β )-anti fuzzy
filter of X×X. Hence (ii) holds.
(iii) Similar to proof of (ii).

Theorem 5.4If µ andν be two(α,β )-anti fuzzy subsets
of X such thatµ ×ν is a (α,β )-anti fuzzy filter of X×X,
then eitherµ or ν is an(α,β )-anti fuzzy filter of X.

Proof Straightforward.

6 Application

We can apply(α,β )-anti fuzzy filters ofCI-algebras in
artificial intelligence, computer science, medicine, control
engineering, decision theory, expert systems, operations
research, pattern recognition, and robotics and many more
fields.

7 Conclusions and future work

In this paper, we have introduced the concept of
(α,β )-anti fuzzy filters ofCI-algebras and investigated
some of their useful properties. In my opinion, these
definitions and results can be extended to other algebraic
systems like BCK/BCI/BF/BH/BCH-algebras. In [4,6,8]
Huang et al. defined fuzzy ideal of BCK-algebras in some
different way, now this ideal some author called as doubt
fuzzy ideal and some other called as anti fuzzy ideal i.e.,
doubt fuzzy and anti fuzzy are same meaning. But the
(α,β )-anti fuzzy ideal is little different from anti fuzzy
ideal. In the future, the following studies may be carried
out:
(1) (α,β )-anti fuzzy BCI-positive implicative ideals of
BCI-algebra
(2) (α,β )-anti fuzzy maximal ideals of BCK-algebras.
(3) (α,β )-intuitionistic anti fuzzy ideals of BCK-algebra.
(4) An application of (α,β )-anti fuzzy filters of
CI-algebras in medical diagnosis.
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