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Abstract: Mathematical modeling are the key for understanding the diseases transmission within a society. The developed article
utilizes the Caputo fractal-fractional operator to examine the dynamics of a mathematical model for viral conjunctivitis infection in the
eyes. We presents the existence and uniqueness of the solution for the model under consideration using fixed-point theory. To evaluate
the stability of the said system, we uses the Ulam-Hyers (UH) technique. Additionally, we have obtained a numerical solution for the
model using fractional Adams-Bashforth iterative methods having predictor and corrector approach. By using the actual numerical
values, we examine several options to limit the fractal dimension ξ and the fractional order λ , allowing for an approximation of the
model. The application of fractal-fractional calculus has proven effective rule in managing the pandemic and understanding real-world
problems. Numerical simulations demonstrate the significance of arbitrary derivative orders, revealing that fractional-fractal orders
provide greater insights into the complex dynamics of the proposed conjunctivitis virus model. To illustrate the model dynamics at
various fractional orders, several graphical displays are provided. Moreover, a machine learning framework was employed to further
assess the effectiveness of the proposed approach in form of neural networking. The obtained results were systematically compared
with those generated by the learning model, highlighting both qualitative and quantitative aspects of performance. This comparative
analysis revealed that the present method not only provides more accurate and stable solutions having very small small absolute, mean
and root mean square errors but also demonstrates improved reliability, thereby confirming its superiority over the machine learning
baseline.
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1 Introduction, Motivation and Preliminaries

In the early years of the 13th century, Fibonacci introduced the Fibonacci series for population growth, making it one
of the earliest instances of mathematics being used to study biological or social phenomena. Later on, Daniel Bernoulli
used mathematical principles to analyze how forces affect the shape of microscopic organisms. In 1901, Johannes Reinke
coined the term ”bio math”, thus establishing mathematical biology as a distinct field. Biomathematics essentially explores
the fundamental concepts that govern the structure and functions of biological systems through mathematical models. Over
the past few decades, there has been a significant increase in the biological sciences and this trend is expected to continue
due to major technological advancements. Mathematics has always been a valuable science for society, aiding natural and
biological studies [1]. By using mathematical models, we can better understand the complex nature of biology and their
biological evaluation.
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The development of computer algebra systems has made it easier to solve complex mathematical problems, allowing
researchers to focus on understanding mathematical biology instead of spending time solving puzzles [2]. There is a
growing interest in using mathematical models to simulate various biological, physical, and epidemiological phenomena,
primarily because these models can incorporate intricate underlying factors. Many individuals are becoming interested
in mathematically simulating biological, physical, and epidemiological phenomena. Increasing interest in mathematical
models is largely attributed to their ability to incorporate intricate underlying factors. There has been significant interest
in mathematical biology from scholars, particularly in areas such as infectious disease modeling, human anatomy growth
modeling, body fluid dynamics, and other related fields. Mathematical models have enhanced our comprehension of
biological processes and provided fundamental frameworks. Mathematical modeling is crucial for identifying threshold
parameters, elucidating transmission dynamics and establishing effective control mechanisms in the context of infectious
diseases [3]. Mathematical modeling has been highly effective in the field of infectious diseases, providing practical
therapeutic strategies for both treating and preventing viral infections. It serves as an additional tool in combating viral
diseases [4].

Red or swollen eyes, also known as conjunctivitis, is a highly infectious disease caused by the inflammation of the
conjunctiva. This inflammation can result from bacterial, viral, or allergic infections. Conjunctivitis occurs in different
types, with allergic conjunctivitis being common during the pollen season or due to exposure to dust mites, animal dander,
or misuse of contact lenses [5,6]. The disease spreads through contact with an affected person who has the infection. This
is usually done by coming into contact with discharge from the patient’s conjunctiva or upper respiratory tract, or by
interacting with objects that have been contaminated by the discharge. Some of the symptoms include redness, watering
of the eyes, extreme sensitivity to light, a sore throat, as well as eyelid swelling or pus production. A susceptible person
can become infected when they come into contact with an infected carrier. This can happen through contact with discharge
from the eyes or upper respiratory secretions of the affected person, or by touching objects that have been contaminated
by the hands and then touching the eyes. There is also a risk of direct transmission from mother to baby, especially
with chlamydial or gonococcal infections. This discussion will focus on acute hemorrhagic conjunctivitis (AHC), which
has an incubation period of 1 to 3 days. Symptoms usually include redness of the eyes, tearing, sensitivity to light, and
sometimes a sore throat, along with swollen eyelids or discharge [7]. The illness is more prevalent during the rainy season,
as the humidity helps the virus to thrive. Tropical countries such as Thailand see a higher incidence of this illness [8,?].
To prevent the spread of the disease, affected individuals should be quarantined. Allowing employees to isolate at home
when sick not only speeds up recovery but also reduces the likelihood and duration of spreading the illness to others.

In the context of mathematical modelling, fractional order differential equations offer distinct advantages over
ordinary derivatives. A fractional-order model, in conjunction with a delay differential equation model, has been
developed for the treatment of the hepatitis C virus using interferon-α (IFN α). This approach is instrumental in
elucidating the dynamics of the hepatitis C virus (HCV). It has been empirically demonstrated that the long-term
immunological memory, which is crucial for intermediate-range cellular responses, can be effectively represented by a
fractional-order derivative [10]. The discrete time delay, denoted as τ , represents the intracellular latency period
following an HCV infection before new virions are produced. Time retardation, “t”, is used as a bifurcation parameter in
the stability analysis of both uninfected and infected states. To further investigate the kinetics of HCV replication in the
presence of IFN-α treatment, the authors propose a fractional differential mathematical model that incorporates a
uniform non-integer order derivative. The intracellular latency and the interactions between cells inherent to the viral life
cycle are thought to reflect fractional-order dynamics [11]. This study examines the dynamical behaviour of hepatitis B
during different phases of infection and across multiple transmission events. The authors approach the epidemic issue
based on the unique characteristics of the disease [12]. They present a mathematical framework that outlines the
effectiveness of tumour vaccination within the context of immunotherapy. The proposed model is governed by
fractional-order delay differential equations that include a control variable [13].

Fractional calculus enables the use of derivatives and integrals of non-integer orders, making it highly applicable
in various scientific fields, including systems biology. Fractional derivatives and integrals have unique characteristics
due to their non-local properties. In the field of epidemiology, diseases such as dysentery are studied using stability
theory within the framework of differential equations, which evaluate modeling solutions alongside a combination of
control measures. To elucidate the complex issues related to infectious diseases, fractal-fractional mathematical modelling
is a crucial component for the study of epidemiology. Among the operators employed in this field are the Atangana-
Baleanu and Caputo-Fabrizio derivatives, which are non-local. The Caputo derivative utilises a power-law kernel, while
the Caputo-Fabrizio derivative is based on the Mittag-Leffler function of exponential types. Fractional calculus, which
finds applications across various disciplines, including physics and engineering, is particularly useful because fractional-
order models can effectively capture two significant aspects: genetic dynamics and memory over time [14,?].The Mittag-
Leffler kernel is used to operationalize a fractal-fractional model of lung cancer growth. This approach enables both
qualitative and quantitative analysis of how fractional-order derivatives influence the spread of cancer cells within the
human population [14]. A similar development has been made for the coronavirus discovered in 2019: Ahmad et al.
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utilize fractional operators to create a model of this virus. They demonstrate the existence and uniqueness of its solutions,
as well as the general local stability of the model [15].

To enhance clarity, the authors of the research adopt a three-compartment model to evaluate the effectiveness of
vaccines during the ongoing COVID-19 pandemic. This model categorizes individuals into three groups: susceptible,
infected, and vaccinated (SIV). They present several graphical representations to illustrate the dynamics of the model,
providing context for the space-time variations. Additionally, the analysis employs piecewise equations based on
nonsingular Bernoulli convolution using the ABC kernel function [16].The current research examines the poverty
outcomes that emerged after the COVID-19 pandemic. To achieve this objective, the authors propose a coupled system
of fractional hybrid delay differential equations (FHDDEs) and analyze it using the theory of hybrid fixed points to
demonstrate the existence of at least one solution. Their findings indicate that the proposed framework is capable of
addressing the factors that worsen the processes of poverty [17]. The current article examines a broad range of sequential
fractional differential equations defined using both the Caputo and Atangana-Baleanu definitions of derivatives [18].
Specifically, the authors investigate the necessary conditions and requirements that guarantee the existence of solutions
for modified ABC-fractional differential equations (mAB-FDEs) influenced by p-Laplacian nonlinearity [19]. In the
fractal-fractional (FF) development of the derivative in individuals with diabetes, the author examines a COVID-19
model [20]. To describe the process of COVID-19 transmission, the author proposes a new mathematical model that
incorporates environmental white noise [21].

Additionally, the author presents a stochastic model for the MERS-CoV epidemic [22]. The study also explores two
types of operators within an arbitrary nonlinear system of functional differential equations [23]. To explore the dynamics
of inadequate testing and diagnosis in models of infectious illnesses, the author substitutes the integer-order derivative
with the Caputo operator, utilizing the fractional-order Atangana-Baleanu operator [24]. The author analyzes a discrete
Leslie-Gower model that includes a harvesting effect, as well as a Leslie-Gower model featuring a Holling type-IV
functional response. This study specifically addresses the interactions within a prey-predator relationship [25]. The
author utilizes analysis and statistical methods to investigate resonances and bifurcations within a discrete-time model of
prey-predator dynamics [26]. Additionally, the author examines a predator-harvesting predator-prey model in discrete
time [27]. Furthermore, the author explores the complex dynamics of a discrete hypothesis regarding the Holling type II
functional response in a prey refuge-predator model [28]. The condition is primarily observed during the rainy season,
when increased humidity in the air promotes the growth of the virus [29]. It is particularly common in tropical regions
[30,?], such as Thailand. To prevent the disease from spreading further, it is recommended to isolate those who are
affected. Taking sick leave to stay at home and undergo isolation not only leads to a quicker recovery but also minimizes
interactions that could be harmful to others [32].

Furthermore, to prevent direct contact among classmates and slow the rapid spread of infections, the American
Academy of Pediatrics recommends that adolescents isolate themselves by staying home from school (Davide et al.,
2015). Our understanding of conjunctivitis infections has improved due to the development and analysis of mathematical
models. Notable studies include those by Chowell et al. (2006) [32], Suksawat and Naowarat (2014) [33], Unyong and
Naowarat (2014) [34], and Sangthongjeen et al. (2015) [35]. Additionally, Kulachi et al. (2024) [36] examine
non-pharmaceutical approaches for the vaccination, treatment, and early diagnosis of conjunctivitis (eye infection). We
studied how conjunctivitis viruses reproduce and infect human eyes, and we developed a new strategy to effectively
manage these infections, particularly among both infected and immune populations. The main goal of this document is to
create a new mathematical model that includes early detection methods and countermeasures for the conjunctivitis virus,
taking into account the effects of treatment or the absence of it.

2 SEVIR model development

Here, the existing model for studying conjunctivitis disease, given in [37], inspires the creation of a new model that
incorporates the Caputo fractional operator. To provide a strong historical context, related research types are analyzed
and incorporated into the literature. To the best of our knowledge, all previous studies have examined individuals without
weakened immune systems, therapy, or vaccinations. We present a novel approach to reducing pink eye infections that
combines preventive measures with vaccinations to support immune-compromised patients. To achieve these goals, we
have developed a new mathematical model for the conjunctivitis virus. This model includes a sub-population of individuals
who are susceptible to conjunctivitis (denoted as S(t)) and those who are exposed to the virus (represented by E(t)),
which is thought to be asymptomatic. The vaccinated individuals who are being monitored for both viral infections and
allergic irritants causing pink eye inflammation are indicated by V (t). Additionally, I(t) represents individuals infected
with the viral conjunctivitis virus, which spreads throughout the community due to tearing eyes and can be exacerbated
by irritants or allergens, often transmitted through hand contamination. Lastly, R(t) stands for individuals who have
recovered from both types of conjunctivitis viruses. The parameters involved in the developed system are defined as
follows: n represents the total population considered in a specific region. βn indicates the birth rate relative to the existing
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population. µn signifies the natural death rate, which applies regardless of infection status. β denotes the transmission rate
of the acute hemorrhagic conjunctivitis virus from person to person, particularly when individuals are asymptomatic. Ψ

represents the incubation rate during the acute stage, at which point symptoms appear in individuals even after vaccination.
α + γ symbolizes the incidence rate for recovery, which is influenced by vaccination efforts and robust immune systems.
This revised version clarifies the definitions for better understanding. Based on the previously mentioned generalized
hypothesis, the model is represented as follows, exhibiting the effect using the novel fractional derivative of order ξ and
fractal dimension λ , where 0 < ξ ≤ 1

FF Dξ ,λ
t S(t) = nβn −β IS−µnS,

FF Dξ ,λ
t E(t) = β IS−φE−µnE,

FF Dξ ,λ
t V(t) = φE−κV−µnV,

FF Dξ ,λ
t I(t) = κV− (α + γ +µn)I,

FF Dξ ,λ
t R(t) = (α + γ)I−µnR.

(1)

The model is evaluated under the following initial conditions:
S(0) = S0, E(0) = E0, I(0) = I0, R(0) = Ri − I0.
The rest of the article we organized is as follows: In Section 1, the formulation of a given mathematical model in the
context of fractional calculus has been presented. Section 3 is related to basic definitions and notion of FF derivative.
By using fixed point theorems, we show some suitable results for the uniqueness and existence presented in the Section
4. In Section 5, we solve the given model quantitatively using the Adams-Bashforth numerical approach; the numerical
findings are also shown and discussed there. Finally, we conclude our work in ??.

Table 1: All Quantities and Parameters symbolization

.

Symbols Abbreviations
S(t) Susceptible to conjunctivitis
E(t) Exposed to conjunctivitis
V(t) Vaccinated individuals for both viral and allergic infections
I(t) Infected with the viral conjunctivitis virus
R(t) Recovered from both types of conjunctivitis viruses

n Total population in specific region
βn Birth rate relative to the existing population
µn Natural death rate
β Transmission rate of the acute hemorrhagic conjunctivitis virus
Ψ Incubation rate during the acute stage

α + γ incidence rates for recovery

3 Preliminaries

Definition 1.[38] Let U (t) on a < t < b, be a continuous and differentiable function with fractional order ξ and fractal
dimension λ , then the FF order derivative can be defined as

FFDξ ,λ
t (U (t)) =

1
(p−ξ )

d
dtλ

∫ t

0
(t − y)p−ξ−1U (y)dy, (2)

along-with p−1 < ξ , λ ≤ p, where p ∈ N and dU (y)
dyλ

= limt→0
U (t)−U (y)

tλ−yλ

Definition 2.[38] Let U (t) be continuous on a < t < b then the FF order integral of U (t) with fractional order ξ and
fractal dimension λ is defined as

FFIξ U (t) =
λ

Γ (ξ )

∫ t

0
(t − y)ξ−1yλ−1U (y)dy. (3)

Definition 3.The system (1) is UH stable if ∃ any real number Bξ ,λ ≥ 0 such that ∀ ε > 0 and all the solutions Ω ∈
C1(X ,R), the inequality can be defined as

|FFDξ ,λ
Ω(t)−Φ(t,Ω(t))| ≤ ε, t ∈ X ,
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Y ∈C1(X ,R) is the unique solution for the considered model (1), such that

|Ω(t)−Y (t)| ≤ Bξ ,λ , t ∈ X ,

Note:. In order to conduct a thorough qualitative analysis, we will construct a Banach space. U = X×X×X×X×X
where X = B(X ) with norm: ∥Ω∥= ∥S,E,V,I,R∥= maxt∈[0,T ]{|S(t)|+ |E(t)|+ |V(t)|+ |I(t)|+ |R(t)|}.

3.1 Positivity and boundedness of solutions

Here, we demonstrate the positivity and boundedness of the constructed system. Let Ξ(t) = {S,E,V,I,R} ∈ R5
+. We need

the following theorem to prove the positivity of the solution:

Theorem 31The region R5
+ is positively invariant, and the remaining solution remains bounded throughout this region.

Proof.The results of the system presented in equation (1) are shown below, highlighting the positive solution:

FF Dξ ,λS(t)
∣∣
S=0 = nβn ⩾ 0,

FF Dξ ,λE(t)
∣∣
V=0 = β I⩾ 0,

FF Dξ ,λV(t)
∣∣
I=0 = φE⩾ 0,

FF Dξ ,λ I(t)
∣∣
R=0 = κV⩾ 0,

FF Dξ ,λR(t)
∣∣
M=0 = (α + γ)I⩾ 0.

(4)

According to the aforementioned system, R5
+ presents the model solution for t ⩾ 0. By summing all equations in (1), and

assuming that X = S+E+V, we obtain

FF Dξ ,λ X = nβn −κV −µn(S+E+V),

= nβn −κV −µnX .

Λ
1
ν =

{
S,E,V ∈ R3

+

∣∣ S+V≤ X
}
, ∀t ≥ 0

and If we consider Xν = I+R. Therefore, we have developed

FF Dξ ,λ Xν(t) = κV −µn(I+R),

= κV −µnXν .

Taking t → ∞, and after solving, we get:

Xν ≤ κV
µn

.

Thus,

Λ
1
ν =

{
I,R ∈ R2

+ | Xν ≤ κV
µn

}
, ∀t ≥ 0.

Consequently, the feasible region of the system (1) can be defined as

Λ
1 =

{
S+E+V+ I+R ∈ R5

+

∣∣∣∣ S+V ≤ X , Xν ≤ κV
µn

}
, ∀t ≥ 0

.
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4 Existence of a solution for the fractional order Eye infection conjunctivitis virus model

The analytical framework (4) exhibits both nonlinear properties and nonlocal characteristics. The mathematical model
requires exact solutions that no particular procedures or methods can discover. Solution existence demonstrates that
specific conditions enable researchers to discover exact solutions. Here we explore whether solutions exist in the
proposed model by applying fixed-point theorem analysis. Since the given integral is differentiable, so we can express
the RHS of the model (4) as fallows

RL DξS(t) = λ tλ−1W1(S,E,V,I,R, t) = nβn −β IS−µnS,
RL DξE(t) = λ tλ−1W2(S,E,V,I,R, t) = β IS−φE−µnE,
RL DξV(t) = λ tλ−1W3(S,E,V,I,R, t) = φE−κV−µnV,
RL DξR(t) = λ tλ−1W5(S,E,V,I,R, t) = κV− (α + γ +µn)I,
RL Dξ I(t) = λ tλ−1W6(S,E,V,I,R, t) = (α + γ)I−µnR.

(5)

The development methodology for the advanced model at (5) uses the following structure to evaluate t ∈ X .
RL Dξ

Ω(t) = λ tλ−1
Φ(t,Ω(t)), 0 < ξ ,λ ≤ 1,

Ω(0) = Ω0, (6)

we will solve equation (6) by replacing RL Dξ ,λ with C Dξ ,λ while using Riemann-Liouville integration:

Ω(t) = Ω0(t)+
η

Γ (ξ )

∫ t

0
yη−1(t − y)ξ−1

Φ(y,Ω(y))dy, (7)

where 
Ω(t) = (S(t),E(t),V(t),I(t),R(t))T ,

Ω0(t) = (S(0),E(0),V(0),I(0),R(0))T ,

Φ(t,Ω(t)) = (Wi(S,E,V,I,R, t))T , i = 1,2, ...5.

(8)

We will now define the operator and transform Eq. (4) into a fixed point problem. T : Q → Q

T (Ω)(t) = Ω0(t)+
η

Γ (ξ )

∫ t

0
yη−1(t − y)ξ−1

Φ(y,Ω(y))dy. (9)

The outcomes demonstrating the existence of the model are based on the theorem presented in reference [39].

Theorem 41Consider the operator T : Q → Q. A fully continuous mapping can therefore be described as follows:

J (T ) = {Ω ∈ Q : Ω = τT (Ω),τ ∈ [0,1]},

is bounded then the operator T possesses at least one fixed point within the Q.

Proof.The proof is given in the next theorem.

In the below theorem the fractal fractional integration is mostly converted to beta function B(ξ ,λ )

Theorem 42The operator T is considered ”compact”, if the operator Φ : D ×Q → R preserves continuity.

Proof.The mathematical transformation T : Q → Q, as defined by equation (9), will be demonstrated to be continuous.
The set P , which belongs to Q, demonstrates boundedness. This condition necessitates the existence of a constant CΨ > 0
for each element Ω ∈ P such that |Φ(t,Ω(t))| ≤ CΨ holds simultaneously. Moreover, for all Ω ∈ P , we have

∥T (Ω)∥ ≤ ηCΦ

Γ (ξ )
max

t∈[0,T ]

∣∣∣∣∫ t

0
(τ − y)ξ−1yη−1dy

∣∣∣∣
≤ ηCΦ

Γ (ξ )
max

t∈[0,T ]

∫ t

0
(1− z)λ−1zξ−1tξ+λ−1dz

≤ ηCΦ T ξ+λ−1

Γ (ξ )
B(ξ ,λ ), (10)
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the operator T exhibits uniform boundedness as stated in Eq. (10), which involves the Beta function B(ξ ,λ ). Additionally,
the operator T demonstrates the property of equi-continuity for t1, t2 ∈ D and Ω ∈ P described as

∥T (Ω(t1))−T (Ω(t2))∥ ≤ ηCΦ

Γ (ξ )
max

t∈[0,T ]

∣∣∣∣∫ t1

0
(t1 − y)ξ−1yλ−1dy−

∫ t2

0
(t2 − y)ξ−1yλ−1dy

∣∣∣∣
≤ ηCΦ B(ξ ,λ )

Γ (ξ )
(tξ+λ−1

1 − tξ+λ−1
2 )→ 0 as t1 → t2.

Consequently, the operator T is characterized by equi-continuity. The application of the Arzelà-Ascoli theorem confirms
that T is bounded, due to its continuity as well as its properties of complete continuity and compactness.

Furthermore, we are operating under the following hypothesis:

(i)∃ constants AΦ > 0 ∋ for each Ω , Ω̄ ∈ f we have

|Φ(t,Ω)−Φ(t,Ω̄)| ≤ AΦ |Ω |− |Ω̄ |.

The proof regarding the existence and uniqueness of solutions is derived using the fixed point method as described by
Granas et al. [39].

Theorem 43The model presented in equation (4) exhibits a unique solution under the conditions specified in hypothesis
(i), provided that the parameter λ is less than 1 is given by

λ =
λAΦ Tξ+λ−1

Γ (ξ )
B(ξ ,λ ) (11)

Proof.Let us assume, maxt∈[0,T ] |Φ(t,0)|= KΦ < ∞, such that

r ≥ ηTξ+λ−1B(ξ ,λ )KΦ

Γ (ξ )−λTξ+λ−1B(ξ ,λ )AΦ

. (12)

It has been proven T (Pr)⊂ Pr, where Pr = {Ω ∈ f : ∥Ω∥ ≤ r} and Ω ∈ Pr, we have

∥T (Ω)∥ ≤ η

Γ (ξ )
max

t∈[0,T ]

∫ t

0
yη−1(t − y)ξ−1(|Φ(t,Ω(t))−Φ(t,0)|+ |Φ(t,0)|

)
dy

≤ ηTβ+λ−1B(β ,λ )(AΦ∥Ω∥+KΦ)

Γ (β )
,

≤ ηTβ+η−1B(β ,λ )(AΦ r+KΦ)

Γ (β )
,

≤ r.

Assume that the operator T : Q → Q is given by equation (9). Under the assumption that C exists, we obtain t ∈ D , Ω ,
and W ∈D for each instance. Suppose the operator T : Q → Q is defined as in (9). Using the assumption C and for every
t ∈ D , Ω , W ∈ D , we obtain

∥T (Ω)−T (W )∥ ≤ η

Γ (ξ )
max

t∈[0,T ]

∣∣∣∣∫ t

0
yλ−1(t − y)β−1

Φ(y,Ω(y))dy−
∫ t

0
yλ−1(t − y)ξ−1

Φ(y,Ω(y))dy
∣∣∣∣,

≤ ξ∥Ω − W̄ ∥ (13)

Equation (13) is used to make the operator T a contraction. Since there is only one solution to equation (7), our model
(4) must also have a unique solution.

In addressing the system outlined by (4), it is essential to establish UH stability by considering φ ∈C(D) and examining
the solution where φ(0) = 0. Subsequently,

–|ψ(t)| ≤ ε, for ε > 0;
–FFDξ ,λ

t Ω(t) = Φ((t),Ω(t))+ψ(t).
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Lemma 1.The solution of perturbed equation

FFDξ ,λ
Ω(t) = Φ(t,Ω((t))+ψ(t),
Ω(0) = Ω0 (14)

satisfies the given relationship∣∣∣∣Ω(t)−
(

Ω0(t)+
λ

Γ (ξ )

∫ t

0
yλ−1(t − y)ξ−1

Φ(y,Ω(y))
)∣∣∣∣ ≤ (

λTξ+λ−1B(ξ ,λ )
Γ (ξ )

)
ε

= Cξ ,λ ε. (15)

Theorem 44It has been established that the integral solution of (4) is UH stable according to (C) and (15). Therefore, if
η < 1, as defined in (11), the model’s analytical conclusions remain UH stable.

Proof.Assuming that Z ∈ Q represents the unique solution to equation (7), and Ω ∈ Q denotes any solution to the same
equation, we can derive equation (2) through the application of fractal-fractional integration

|Ω(t)−Z(t)| =
∣∣∣∣Ω(t)−

(
Z0(t)+

λ

Γ (ξ )

∫ t

0
(t − y)ξ−1yλ−1

Φ(y,Z(y))dy
)∣∣∣∣,

≤
∣∣∣∣Ω(t)−

(
Ω0(t)+

λ

Γ (ξ )

∫ t

0
(t − y)ξ−1yλ−1

Φ(y,Ω(y))dy
)∣∣∣∣,

+

∣∣∣∣(Ω0(t)+
η

Γ (β )

∫ t

0
(t − y)β−1yη−1

Φ(y,ω(y))dy
)

−
(

Z0(t)+
η

Γ (β )

∫ t

0
(t − y)β−1yη−1

Φ(y,Z(y))dy
)∣∣∣∣,

≤ Cβ ,η ε +
ηTβ+η−1Lω

Γ (β )
B(β ,η)∥ω −Z∥,

≤ Cβ ,η +η∥ω −Z∥.

Which we have

∥Ω −Z∥ ≤ Cξ ,λ +η∥ω −Z∥, (16)

referring to equation (16), we can express it as

∥Ω −Z∥ ≤
(

Cξ ,λ

1−λ

)
ε. (17)

Thus, we conclude that the solution of (7) is UH stable according to Equation (17). Consequently, the solution of (4) in
the proposed model is also UH stable.

5 Numerical Scheme

In this section of the manuscript, we will outline a numerical approach to simulate the system under consideration. We
will numerically simulate Equation (7) using the fractional Adams-Bashforth technique [40]. The method applied the
predictor corrector approach. Our analysis will focus on the system defined by (4).

FF Dξ ,λ
t S(t) = G1(S, t) = nβn −β IS−µnS,

FF Dξ ,λ
t E(t) = G2(E, t) = β IS−φE−µnE,

FF Dξ ,λ
t V(t) = G3(V, t) = φE−κV−µnV,

FF Dξ ,λ
t I(t) = G4(I, t) = κV− (α + γ +µn)I,

FF Dξ ,λ
t R(t) = G5(R, t) = (α + γ)I−µnR.

(18)
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Applying the definitions of fractal fractional integration as given in equation 7 yields the following relationship:

S(t) = S(0)+
λ

Γ (ξ )

∫ t

0
xλ−1(t − y)ξ−1G1(S,y)dy,

E(t) = E(0)+
λ

Γ (ξ )

∫ t

0
xλ−1(t − y)ξ−1G2(E,y)dy,

V(t) = V(0)+
λ

Γ (ξ )

∫ t

0
xλ−1(t − y)ξ−1G3(V,y)dy,

I(t) = I(0)+
λ

Γ (ξ )

∫ t

0
xλ−1(t − y)ξ−1G4(I,y)dy,

R(t) = R(0)+
λ

Γ (ξ )

∫ t

0
xλ−1(t − y)ξ−1G5(R,y)dy.

(19)

We will now utilize the newly discovered tk+1 technique to numerically solve equation (19). Thus, the initial equation
of the system is:

S(k+1) = S(0)+
λ

Γ (ξ )

∫ tk+1

0
y−1(tk+1 − y)ξ−1G1(S,y)dy

Over the infinite interval [tτ , tτ+1], the function G1(S,y), expressed in terms of Lagrange interpolation polynomials,
along with = tτ − tτ−1, can be represented as follows:

S(k) ≈
1
[
(t − tτ−1)tλ−1

τ G1(S(τ), tτ)− (t − tτ)tλ−1
τ−1 G1(S(τ−1), tτ−1)

]
, (20)

After changing (20) to (20), we can rewrite (20) as

S(k+1) = S(0)+
λ

Γ (ξ )

k

∑
j=0

∫ t j+1

t j

yλ−1(tk+1 − y)ξ−1Skdy. (21)

The numerical iterative findings for the S class, as stated in (4), are obtained by employing the FF derivatives in the Caputo
form to simplify the integrals on the right side of (21):

S(k+1) = S(0)+
λ ξ

Γ (ξ +2)

k

∑
τ=0

[
tλ−1
τ G1(S(τ), tτ)

×
(
(k+1− τ)λ (k− τ +2+λ )− (k− τ)λ (k− τ +2+2λ )

)
−tλ−1

τ−1 G1(S(τ−1), tτ−1)

(
(k+1− τ)λ +1− (k− τ)λ (k− τ +1+λ )

)]
, (22)

Similarly, the remaining terms could be written as

E(k+1) = E(0)+
λ ξ

Γ (ξ +2)

k

∑
τ=0

[
tλ−1
τ G2(E(τ), tτ)

×
(
(k+1− τ)λ (k− τ +2+λ )− (k− τ)λ (k− τ +2+2λ )

)
−tλ−1

τ−1 G2(E(τ−1), tτ−1)

(
(k+1− τ)λ +1− (k− τ)λ (k− τ +1+λ )

)]
, (23)

V(k+1) = V(0)+
λ ξ

Γ (ξ +2)

k

∑
τ=0

[
tλ−1
τ G3(V(τ), tτ)

×
(
(k+1− τ)λ (k− τ +2+λ )− (k− τ)λ (k− τ +2+2λ )

)
−tλ−1

τ−1 G3(V(τ−1), tτ−1)

(
(k+1− τ)λ +1− (k− τ)λ (k− τ +1+λ )

)]
, (24)
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Fig. 1: Combined dynamics of all five compartments on three different fractal dimensions and fractional orders.

I(k+1) = I(0)+
λ ξ

Γ (ξ +2)

k

∑
τ=0

[
tλ−1
τ G4(I(τ), tτ)

×
(
(k+1− τ)λ (k− τ +2+λ )− (k− τ)λ (k− τ +2+2λ )

)
−tλ−1

τ−1 G4(I(τ−1), tτ−1)

(
(k+1− τ)λ +1− (k− τ)λ (k− τ +1+λ )

)]
, (25)

R(k+1) = R(0)+
λ ξ

Γ (ξ +2)

k

∑
τ=0

[
tλ−1
τ G5(R(τ), tτ)

×
(
(k+1− τ)λ (k− τ +2+λ )− (k− τ)λ (k− τ +2+2λ )

)
−tλ−1

τ−1 G5(R(τ−1), tτ−1)

(
(k+1− τ)λ +1− (k− τ)λ (k− τ +1+λ )

)]
, (26)

5.1 Numerical simulation and Discussion

In this section we simulate the said fractal fractional model by using the technique of Adams-bashforth scheme using
the data taken from [41]. The initial conditions for all classes in the form of populations are S0 = 50,E0 = 10,V0 =
30,I0 = 5,R0 = 5, along with fractal dimension ξ = 0.6,0.8,1 and fractional order λ = 0.6,0.8,1 respectively. The used
parameters are n = 100,βn = 0.00004215,µn = 0.00004215,β = 0.004,α = 0.08,γ = 0.33,φ = 0.01,κ = 0.04.

The graphical representation of all five compartments are given in Figures 1 and 2 by using the algorithm of Adams-
Bahforth technique on fractal (ξ ) fractional (λ ) orders and integer order respectively. The number of susceptible peoples
are slightly declines when they are exposed to the eye infection but with inclusion of vaccination the expose and infected
class recovered and will shift to the normal healthy class. The complex geometry of the eye allergy model are described
best by the fractal and fractional concept with different fractional orders lying between 0 and 1. The recovery from the
infection are achieved quickly on small fractal dimensions and fractional orders. The integer dynamics with slow recovery
is shown in figure 2 on fractal fractional order of 1.
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Fig. 2: Combined dynamics of all five compartments on three different fractal dimensions and fractional orders.

5.2 Neural Network dynamics

In this section the used data are examined by neural network (NN) analysis composed of convolution of different hidden
layers like stochastic form for 1000 iterations. The comparison with exact solution through Adams–Bashforth–Moulton
technique to the simulated solution through neural network is given in figure ??. Both are overlapped on each other
showing with small errors in all compartments. Further, the fractal dimensions and fractional analysis gives more
information related to the said dynamics with extra data of ξ ,λ for complex geometry. The Plot ?? represents the
absolute error for all agents of the fractal fractional order eye infection dynamical model.

Figure ?? shows the examination of all data for the given model in fractal-fractional format by deep NN with 1
coefficient of regression being fitted well. The mean square error (MSE) is 7.8× 10−06 and the root mean square error
(RMSE) is 2.7×10−03. The mean and variance errors are −6.2×10−05 and 2.7×10−03 in histogram format. The small
error implies correctness of the obtained scheme. Figure ?? tested train data in fractal-fractional form for the said model
with regression 1, the MSE is 8.2× 10−06and RMSE is 2.8× 10−03 while the mean error is 1.02× 10−06 and variance
error is 2.8×10−03 in the histogram plot. Figure ?? showsthe graphical representation for valid data in fractal-fractional
form for the said model with regression is 1, the MSE is 6× 10−06and RMSE is 2.4× 10−03 while the mean error is
−1.1×10−04 and variance error is 2.4×10−03 in the histogram plot. Figure ?? shows test data in fractal-fractional format
for the given model with regression is 1, the MSE is 7.7× 10−06 and RMSE is 2.7× 10−03 while the mean error is
−3.0×10−03 and variance error is 2.7×10−03 in the histogram plot showing best accuracy.

Furthermore the graphical representations of the performance for train, valid and test data for all five compartments
in fractal fractional formate on 1000 epoch is 2.9974×10−08 shown in figure ??. Next the error of all compartments for
20 bins of train, valid and test data are given in figure ??. The target for regression of data and fitting in the form of output
=Target+×+2.4×10e−07 for train data, output =Target +×+2.7×10e−05 for valid data, output =Target+×+9.5×
10e−06 for All data are are shown in figure ??.The comparison of target and output with error is shown in figure ??.

Figure ?? shows the examination of all data for the given model in integer format by deep NN with 1 coefficient
of regression being fitted well. The mean square error (MSE) is 2.6× 10−09 and the root mean square error (RMSE) is
4.4×10−05. The mean and variance errors are 7.1×10−07 and 4.48×10−05 in histogram format. The small error implies
correctness of the obtained scheme. Figure ?? tested train data in integer form for the said model with regression 1, the
MSE is 1.6× 10−09 and RMSE is 4.2× 10−05 while the mean error is −1.02× 10−07 and variance error is 4.2× 10−05

in the histogram plot. Figure ?? shows the graphical representation for valid data in integer form for the said model with
regression is 1, the MSE is 2.8×10−09 and RMSE is 5.3×10−05 while the mean error is 3.3×10−06 and variance error is
5.3×10−05 in the histogram plot. Figure ?? shows test data in fractal-fractional format for the given model with regression
is 1, the MSE is 2×10−09 and RMSE is 4.5×10−05 while the mean error is 2.0×10−06 and variance error is 4.5×10−05

in the histogram plot showing best accuracy.
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Fig. 3: Neural network dynamics of all the five compartments for (a) All data, (b) Train data, (c) Valid data, (d) Test data,
(e) Comparison of ABM with NN, (f) Absolute error on three different fractal fractional orders.
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Fig. 4: Neural network performance of all the five compartments in (a) Histogram error in (b) regression for all data in (c)
Curve Fitting of target and output with error in (d).

Furthermore the graphical representations of the performance for train, valid and test data for all five compartments
in fractal integer format on 483 epoch is 9.43333×10−12 shown in figure ??. Next the error of all compartments for 20
bins of train, valid and test data are given in figure ??. The target for regression of data and fitting in the form of output
=Target+×+3.7×10e−08 for train data, output =Target +×+9.5×10e−07 for valid data, output =Target+×+3.6×
10e−07 for All data are are shown in figure ??. The comparison of target and output with error is shown in figure ??. In
about all cases they show very small error.

6 Conclusions

In this article, we adopted the framework of the fractal fractional-order derivatives of Caputo to investigate a complex
geometrical model of a conjunctivitis virus for eyes infection having fractal dimension and fractional order. We conducted
a theoretical analysis that includes stability results and existence theorems. Fixed point theory has been employed for
qualitative analysis to ensure that the problem has at least one solution. We also explore the stability of the model using
the Ulam-Hyers approach. Additionally, we developed an algorithm based on the fractional Adams-Bashforth method
to provide numerical solutions having the parameters for fractal and fractional order for the extra choice of selection
of numerical values lying between 0 and 1. The said dynamics are plotted against time 150 days with the inclusion of
vaccination class, the eye infection is recovered and controlled very quickly. The recovery is achieved quickly and high
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Fig. 5: Neural network dynamics of all the five compartments for (a) All data, (b) Train data, (c) Valid data, (d) Test data,
(e) Comparison of ABM with NN, (f) Absolute error on three different fractal fractional orders.

on small fractal fractional orders and with low infection. The required dynamics are also tested in real stochastic format
of neural network of hidden layers for all, train, valid and test data showing very less error of ranges 10−09 −10−07 which
pointed to the correctness of the obtained scheme. All the error including means square, root mean square, absolute,
target vs output and ABS vs NN are drawn with very less values. Such kind of analysis may also be used for the future
predictions of eye infections in the society and well be very helpful for the policy makers for this disease.
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Fig. 6: Neural network performance of all the five compartments in (a) Histogram error in (b) regression for all data in (c)
Curve Fitting of target and output with error in (d).
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