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1 Introduction

In this paper, we define generalized Tetranacci
quaternions in the next section and give some properties
of them and Tetranacci and Tetranacci-Lucas quaternions
as special cases. First, we present some background about
quaternions and generalized Tetranacci numbers.

A quaternion is a hyper-complex number and is
defined by

q = ao+iay + jay + kas = (ag,ar,az,a3)

where ag,aj,a, and az are real numbers or scalers and
1,i,j,k are the standard orthonormal basis in R*. The set
of all quaternions are denoted by H. Note that we can
write

qg=aop+tp

where p = ia; + jay + kas. ap and p are called the scalar
part and the vector part of the quaternion ¢, respectively.
The ag,aj,ar,as are called the components of the
quaternion q.

Addition of quaternions is defined as componentwise
and the quaternion multiplication is defined as follows:

P=P=K=ijk=—1. (1)
Note that from (1), we have
ij=k=—ji, jk=i=—kj, ki=j=—ik. (2)

So, multiplication on H is not commutative.

The product of two quaternions g = ag + ia; + jar +
kas and p = by + iby + jby + kb3 is

gp = (aobo — aiby — azby — azbs)
+i(aoby + a1by + arbs — azby)
+j(apby — a1bz + arbo + azby)
+k(apbs + a1by — axby + asby).

The conjugate of the quaternion ¢ is defined by
q" = (ap+ia + ja, +kaz)* = ag —ia; — ja, — kas.
For two quaternions p, g we have
@) =q (p+a)" =p"+4", (pg)"=q"p" and (p*q)" =4"p.
The norm of a quaternion ¢ is defined by
N(q) = llgll := aq" = ag + a; + a3 + 3.
The norm is multiplicative:

N(pq) =N(p)N(q).

Division is uniquely defined (except by zero), thus
quaternions form a division algebra. For two quaternions
p,q € H, we have
-1 -1 —1
(pa)" =q 'p -
The inverse (reciprocal) of a nonzero quaternion ¢ is given
by
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A generalized Tetranacci sequence
{Vn}nzo = {Vn(V(), Vi, Vo, V3)}n20 is defined by the
fourth-order recurrence relations

V= anl + Vrz72 + Vn73 + Vrz74 (3)

with the initial values Vo = ¢o, V) = c¢1,Vo = ¢, V3 = ¢3 not
all being zero.

This sequence has been studied by many authors and
more detail can be found in the extensive literature
dedicated to these sequences, see for example
[11,16,17,19,27,28].

The sequence {V,},>0 can be extended to negative
subscripts by defining

Von==V_(n-1)—

Vo2 = Vo3 +Vo(n-a

forn =1,2,3,....
integer n.

The first few generalized Tetranacci numbers with
positive subscript and negative subscript are given in the
following Table 1.

Therefore, recurrence (3) holds for all

Table 1. A few generalized Tetranacci numbers

n V. V_,

0 co Co

1 c1 c3—Cy—C1—Cp
2 Cc 262 —C3

3 C3 26] —C2

4 co+c1+er+c3 2co — ¢

5 co+2c1+2cr+2c3 2¢3—2cy —2c1 — 3¢
6 2co+3c1 +4cr+4c3 co+c1+5¢—3¢3
7 dcog+6¢1 + Tep+ 8cs dci —4der+c3

8 8co+12c;+ 14cp+ 15¢3 dcog—4ci+ e

If we consider Vy = 0,V] = 1,V, = 1,V3 = 2, then
{V,,} is the well-known Tetranacci sequence and if we
take Vo = 4,V; = 1,V, = 3,V3 = 7 then {V,} is the
well-known Tetranacci-Lucas sequence. In other words,
Tetranacci sequence {M,},>0 and Tetranacci-Lucas
sequence {R,},>0 are defined by the fourth-order
recurrence relations

Mn = Mnfl +Mn72 +Mn73 +Mn747

My=0,M =1,My=1,M3=2 4)
and

Ry =Ry—1+Ry—2+Ry—3+ R4,
Ro=4,Ri=1,R,=3,R3 =T1. 5)

The sequences {M,},>0 and {R,},>0 can be extended to
negative subscripts by defining

for n =1,2,3,... respectively. So, recurrences (4) and (5)
hold for all integer n. Now, we present the first few values
of the Tetranacci and Tetranacci-Lucas numbers with
positive and negative subscripts:

n 01 2 3 4 5 6 7 8 9 10 11 ..
M, 01 1 2 4 8 1529 56 108 208 401 ...
M,00 0 1 -1002-31 0 4 ..
R, 4 1 3 7 1526 51 99 191 367 708 1365 ...
R,4-1-1-17 -6-1-115-19 4 -1 ..

For all integers n, wusual Tetranaci and

Tetranacci-Lucas numbers can be expressed using Binet’s
formulas

a2 ﬁn+2
M= @ Ba—n@-5)  B-awB-1NB-0)
},n+2 5n+2

- p-9

(see for example [11 or 30]) or

(6—a)(6—P)(E6—7)

o—1 , 4+ B-1_ y—1 ., o—1 ,_
M, = o 1 n—1 1 5" 1
" 508 +5B78B +5y78yn ’

(see for example [7]) and
R,=a"+B"+7'+d"

respectively, where o, 3,7 and 8 are the roots of the cubic

equation x* — x> —x?> — x — 1 = 0. Furthermore,

/1 13

a—1+1w+ 0>+ —o!
17292V 79
111

— _ 0 — — _ 2 71

p=gt+30 2\/4 @ )
11

— _ _ _ . 27_ 1

T=3739 2\/4 @ @
111 13

=2 lo 1 /0 Dy
1 2% 2V7 79

where

1/3 1/3
P L (- NV CER R B
o 54 108 54 108 '

We give Binet’s formula of the generalized Tetranacci
sequence.

Mp=-M (n1)=M (n2) =M _(n3)t M_(n4 Corollary 1.The Binet’s formula of the generalized
Tetranacci sequence {V, } is given as
and
Roy=-R (1)~ R_(n2)=R_(n-3)tR_(h_4), V,=Aa" °+BB"°+Cy'°+D§"°
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where
A:m:§w¢+%+w+mw+m+%m+m,
B:£;;Wmﬁu%+w+wwhww+%m+WL
C:%i%mf+ﬂhwmﬂwf+m+ﬁw+%%

ngi%wﬁﬂww+w+ww%ww+ww+wd

Proof. For a proof see [21, Corollary 1.3.].

In fact, Corollary 1 is a special case of a result in [1,
Remark 2.3.].

Recall that the Binet form of a sequence satisfying (3)
for non-negative integers is valid for all integers n, for a
proof of this result see [13]. This result of Howard and
Saidak [13] is even true in the case of higher-order
recurrence relations.

Next, we present the ordinary generating function

=)

Y a,x" of the sequence V,,.
n=0

Lemma 1.Suppose that fy,(x) = Y, a,x" is the ordinary
n=0

generating function of the ggneralized Tetranacci
sequence {V, },>0. Then, fy,(x) is given by
UAC)
N Vo + (V] — V()))C-f- (V2 -V - V()))Cz + (V3 —-V,-V, - V())X3
N I—x—x2—x3—x*

(D

Proof. Using (3) and some calculation, we have

Fva (%) = xfy, (x) = X fi, (x) = X fy, (x) = x* fy, (x)
=Vo+ (Vi = Vo)x+ (Vo= Vi = V)
+(V3=Va—Vi = Vo)x®

which gives (7).

The previous Lemma gives the following results as
particular examples: generating function of the Tetranacci
sequence M, is

=

X

S () = ZMnx”: 1 —x—x2—x3—x*

n=0

and generating function of the Tetranacci-Lucas sequence
R, is

2 Generalized Tetranacci Quaternions and
their Generating Functions and Binet’s
Formulas

In this section, we present generalized Tetranacci
quaternions and give generating functions and Binet

formulas for them. First, we give some information about
quaternion sequences from the literature.

There are various types of quaternion sequences
which have been studied by many researchers. Horadam
[12] introduced nth Fibonacci and nth Lucas quaternions
as

3
On=Fi+Fie1+Foer+Fses =) Friges
s=0
and
3
Ry =L+ Lyy1er +Lyyoea+ Lyyzes = Z Ly ses
s=0

respectively, where F,, and L, are the nth Fibonacci and
Lucas numbers respectively. He also gave generalized
Fibonacci quaternion as

3
Py =Hy+Hy 61+ Hyoeo + Hy3e3 = Z Hy e
s=0

where H,, is the nth generalized Fibonacci number (which
is now called Horadam number) by the recursive relation
Hy =p, Hp=p+q, H,=H, | +H, > (p and q are
arbitrary integers). Halici [8] gave the generating
functions and Binet formulas for the Fibonacci and Lucas
quaternions. We can list a few references of quaternion
sequences. We list the references of a few second order
quaternion sequences as

[4,9,18,23,25]

and we list the references of a few third order quaternion
sequences as
[3,6,24,26].

Soykan  [22] introduced the Tetranacci and
Tetranacci-Lucas quaternions as fourth order quaternion
sequences.

We now give generalized Tetranacci quaternions over
the quaternion algebra H. The nth generalized Tetranacci
quaternion is

‘7n =V, + iVn+1 + jVn+2 + kVn+3- (8)

As special cases, the nth Tetranacci quaternion and the nth
Tetranacci-Lucas quaternion are defined as

Mn =M, + iMn+l + jMn+2 + an+3

and

o~

Ry =Ry + iRnJrl + jRn+2 + kRn+3

respectively. One can see that
Vn = anl + Vn72 + Vn73 + ‘7n74- ()

The sequence {V,},>0 can be extended to negative
subscripts by defining

~ ~ -~

Vo= =V_tnoty = Vetn-2) = Vo(n-3) T V- (n-4)-

© 2023 NSP
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for n = 1,2,3,... respectively. Therefore, recurrence (9)
holds for all integer n.

The conjugate of V, is given by
Vi = Vi Va1 = Va2 = KV,

Now, we will present Binet’s formula for the
generalized Tetranacci quaternions and in the rest of the
paper, we fix the following notations:
a=1+io+jo? ko,

B =1+iB+jB>+kB,

7= 1+iy+ )7y +k7,

§=1+i5+j8%+k5°.

Theorem 1.(Binet’s Formula) For any integer n, the nth
generalized Tetranacci quaternion is

V, =Ada" S +BBB "0 +CyyY 0 +D8S"C  (10)

where A,B,C and D are as in Corollary 1.

Proof. Using Binet’s formula of the generalized
Tetranacci numbers, we have

~

Vi =Vat Va1 + jVar2 +kViis3
= A"+ BB+ Cy 0+ D56
+i(Ad" >+ BB +CY I+ D)
+j(Aa" 4+ BB+ Cy* + DS )
k(Ao 3+ BB 4+ Y3 + DS
— AGa" ®+BBB" O+ Cyy 0+ D5 .
This proves (10).

As special cases, for any integer n, the Binet’s Formula
of nth Tetranacci quaternion is

B—1 -

—~ a—1

_ ~ n—1 n—1
My =35 —g%" +55gPh
’y_]’\ —1 o—1 2 n—1
£ - 11
+5y78W +567856 (1)

and the Binet’s Formula of nth Tetranacci-Lucas

quaternion is

Ry=00a"+BB"+ 7y + 85" (12)
Now, we give generating function.

Theorem 2.The generating function for the generalized
Tetranacci quaternions is

- AO (Al Ao)x (Az Al Ao)xz A,1x3
E VXt = —— )
= 1—x—x2—x3—x4
n=0

(13)

Proof. Let
glx) = Z Vo,
n=0

be generating function of generalized Tetranacci
quaternions. Then, using the definition of the generalized
Tetranacci quaternions, and substracting xg(x), x*g(x),
x*g(x) and x*g(x) from g(x), we obtain (note the shift in
the index 7 in the third line)

2 -2’ —a)g(x)

= i V" —xi Vo — x2 i V"
n=0 n=0 n=0

(I—x—x

n=0

_ i Voo i Pt i TAaE)
n=0 n=0 n=0

- Z ‘7nxn+3 _ Z ann+4
n=0 n=0
= Z ann - Z ‘7,,71)(” - Z A,,fzxn
n=0 n=1 n=2
=Y Vi = Y Vo
n=3 n=4
= (Vo+ Vix+ Vax® 4+ Vax®)
—(Vox+ Via® +Vox)
— (Voxz + ‘71)(3) — Vox3
+ Z (Vn - vnfl - Vn72 - Vn73 - vn74)xn
n=4
=Vo+ (Vl — Vo)er (Vz —Vi— \70))(2
+(V3 - ‘72 - \71 - Vo)xS.
Note _that we used the recurrence relation

Vo = Voot + Vo + Vi3 + V4. Rearranging above
equation, we get

. \70 + (\71 — ‘//\o)x-‘r (\72 — ‘//\1 — ‘//\o)xz + (\73 — \72 — X71 — v())x3

8 l—x—x2—x3—x*

or

_ Vot+ (Vi = Vo)x+ (Va = Vi = Vo) + V1
g(x) = g A ,

since ?3 = Vz + ‘71 + Vo + ‘7,1.
As special cases, the generating functions for the
Tetranacci and Tetranacci-Lucas quaternions are

M, x"

s

n=0
(i+j+2k) + (14 j+2K)x+ (j + 262>+ (j +k)°

B I—x—x2—x3—x4 (14)

© 2023 NSP
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and

Zﬁnx”

n=0
 (4+i43j4+Tk)+ (=3 +2i+4)+8k)x
N Il—x—x2—x3—x*

(=2+43i+5)+4k)x>+ (=1 +4i+ j+ 3k)x>
+ 2 3
—x3—xt

5)

1—x—x

respectively.
Next, we obtain the formula which give the summation
of the first n generalized Tetranacci numbers.

Theorem 3.For n > 1, we have
n
Z (Var2 +2Va+ Vo1 =Vo+Vi—=V3).  (16)

Proof. This is a Theorem in Soykan [21, Theorem 2.6].
Note that from above theorem, we have

n n
Y Vo=Vo+ )V,
p=0 p=1

1
= Vo+§(v,,+2+zv,,+vn,, —Vo+Vi—V3)

1

g(Vn+2+2Vn+Vn7| +2Vo+ V) —V3). a7
Note that, as special cases, for every integer n > 0, we

have

n
1
Y My =~ (Myi2+2M,+ M, — 1)
=0 3
p
and

n
1
Z Rp = g(Rn+2+2Rn+Rn71 +2)

Next, we have the formulas which give the summation
of the first n generalized Tetranacci quaternions.

Theorem 4.The summation formula for generalized
Tetranacci quaternions is

Zf/ Vi + 2V + Vo1 +¢) (18)
p=0
where
c=2Vo+V; —V3+i(—V0+V1 —V3)
+j(—V() -2V — V3) +k(—V0 —2V1 =3V, — V3).

Proof. Using (17), we obtain

n

n n
Z Z +lZVn+1+JZVn+2+kZVn+3
p=0 =0 p=0 =

p=0
=WVo+..+V)+iVi+...+ V1)
+i(Va+ o+ Vo) Hh(Va+ ..+ Vi),

and so,
n ~
3y V,=(
p=0
Fi(Vass + 2V + Vo +2Vo + Vi — V3 = 3V)
+Jj(Vara +2Vai2 + Va1 +2V
+Vi=V3=3(Vo+ V1))
Fhk(Vigs +2Vii3 + Va2 +2V
+Vi=V3=3(Vo+Vi+W2))
= An+2+2?n+‘7n71 +c
where
c=2Vo+V—
+j2Vo+Vi— V53—
+k(2Vo+Vi = V3 =3(Vy+ Vi +V2))
=2Vo+ Vi —V3+i(—Vo+ Vi —V3) + j(—Vp — 2V — V3)
+k(=Vo—2V; =3V, —V3).
Hence

Vai2 + 2V, + V1 42V + V) — V3)

V3 +i(2V0 +V,=V;— 3V0)
3(Vo+W1))

n
Z (V2 +2Va+ Vi1 + ).

This proves (18).
As special cases we obtain the following summation
formula for Tetranacci and Tetranacci-Lucas quaternions:

n
}: (Mo +2My+ M, — (1 +i+4j+7k))

(19)
and

n
2:13 (Rps2+ 2R, + Ry + (2 —10i — 13 — 22k)).
(20)
respectively.
Next, we present the formulas which give the
summation of odd and even generalized Tetranacci
numbers.

Theorem S.For n > 1, we have the following formulas:
(a)¥p—1 Vop+1

= %(2V2n+2 +Vo,—
(b)ZZ:] VZp

= %(2V2n+l +Van1 — Vap—a+ Vo — Vi + 3V — 2V3).

Proof. This is a Theorem in Soykan [21, Theorem 2.6].
Recall that from above theorem, we obtain

n
Z Vapti
p=0

n
=Vi+ Z Vap+i

Vo1 —2Vp—V; — 3V2—|—V3).

p=1
1
=Vi+ §(2V2n+2 + Vo = Vo1 =2Vo =V = 3V2+ V3)
1
= 5(2V2n+2+v2n —Vouo1 —2Vo+ 2V =3V, +V3) (21)

© 2023 NSP
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and Corollary 2.For n > 0, we have the following formulas:
noo . _ _
LV (@) £ By = § @0+ By = B+ (1= 2025~
p:
~ k)).
=V + Z Vap 5n ))A PN _ .
p=l (b) ZOsz = 3(2Map1 + Moy 1 — Moy 20— (2—i+2j+
1 p:
=Vo+ 5(2V2n+] +Vouo1 = Voo +Vo— Vi +3V, —2V3) 2k>>

1
= 5(2V2n+1 +Von 1 = Va2 +4Vo = Vi +3V2 —2V3).  (22)

Note that, as special cases, for every integer n > 0, we

h Corollary 3.For n > 0, we have the following formulas:
ave

n

no ~ ~ ~ ~
Y Mapii (a) ):,ORZPH =1(2Ry2+Roy — Roy1 — (8 +2i+ 11+
— p=
”1*0 11k)).
no ~ ~ ~ ~
= §(2M2n+2+M2n — M, | —2My+2M, — 3M2+M3)a (b)Y Rzp = %(2R2n+[ + Ry 1 —Rop2+ (107 8i—2j—
p=0

n

Zsz 11k))..

p=0

1
=3 (2Moni1 + Moy — Moy +4Mo — My +3My —2M3) 3 Matrices related with Generalized
Tetranacci Quaternions

and
n
Z Ropyi Let the square matrix B of order 4 as:
p=0
1 1111
= §(2R2n+2+R2n_R2n71_2R0+2R1_3R2+R3)a g | 1000
10100
0010

n
Z Rap
p=0
1 such that detB = —1.
= 2 (2Rop11+Ron—1 — Rp2+4Ro — Ry + 3Ry — 2R3). Consider the sequence {U,} which is defined by the

3 .
fourth-order recurrence relation

Theorem 6.For n > 0, we have the following formulas:
Up=Up1+Us2+ Uy 3+ Uy,

(a) ) ] Up=U =0,U,=Uz=1.
1;0‘72n+1 =3 (2‘72n+2 + Vo —Von1 + d) The numbers U, can be expressed using Binet’s formula
where U, = o + p
d = (—2Vo+2V; =3Vo+V3) +i(Vo — Vi + 3V, — 2V3) =Pl }/z}/)(a —0 Pral (;n}/)(ﬁ 0
FI2Vo = Vi = 3Vat V3) Fk(Vo — Vi —2V5), -9 G-a)E-FE-7
(b) Induction proof may be used to establish

Uiz Uy 1 TUn+Up1 U1 +Un Upy

n
~ 1 ~ ~ ~
Y Vo, = 3 (2Vani1 +Vap—1 = Vapa te)
p=0
B = Unt1 Up+Up—1 +Un—2 Up+Uy—y Un

where | U Ut 4+ Uz +Up 3 Uyt + Upz Upy |
Uy i Uyn+Uy 3+Uy g Uyn+U, 3 U,
e = (4Vo—Vi+3V2—2V3) + (=2Vp +2V; — 3Va + V3)i P En=2 =3 g Unm2 7 On3 e
+(Vo—Vi 43V, =2V3)j+ (=2Vy — V| = 3Vh + V3)k. and (the matrix formulation of V,,)

Proof. The proof can be easily obtained by using (21) Vs 1111\" /W
and (22), so we omit it. Viso 1000 V,

As special cases, we have the following two Vaer | {0100 Vi 24)
corollaries. V, 0010 Vo
© 2023 NSP
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Now, we define the matrices By as Thus, (25) holds for all non-negative integers 7.
KS V4 + V3 + VZ V4 + V3 V4 Corollary 4.For n > 0, the following holds:
By — Vy V3 +V2+V1 V3 +Vz V3
V3 Vz + V1 + Vo Vz + V1 Vz Virz =VaUpio+ (Vo +Vi+ Vo) U1 + (Vi + Vo) Uy +VaU, 1.

Vz V1 +V()+V 1 V1 +V() V1
. . . . . Proof. The proof can be seen by the coefficient of the
This rpatrlce B‘./ is called generahzed Tetranacq matrix By and (23).
quaternion matrix. As special cases, Tetranacci
quaternion matrix and Tetranacci-Lucas quaternion

matrix are

4 Conflict of Interest
M5 M4 +M3 +M2 M4—|—M3 M4

By = M4 M3 + M2 +M < M3 T Mz M3 The authors declare that they have no conflict of interest.
M3 Mz +M1 +M0 Mz +M1 Mz

My My + Mo+ M_, My + My M,

Rs §4 + §3 + ﬁz §4 + 1% §4 Acknowledgement

~

Ry R3+R2+R1 R3 +Rz R3

and B = R3 R2 + R1 + R0 R2 + R1 R2 ’ The authors would like to express sincere gratitude to the
R, Ry +Ry+R_| R +Ry R, reviewers and editor for his/her valuable suggestions.
respectively.
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