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1 Introduction and preliminaries First, we recall the necessary definitions and results
which will be useful for the rest of the paper.

The notion ofG-metric space was introduced by Mustafa Dgfinition 1[11] Let X be a ‘honempty  set and let
and Sims 10, [11] as a generalization of metric spaces. G X~ — [0,%) be a function satisfying:
Afterwards Mustafa and Simsl®] proved fixed point (G1)G(X,Y,2) =0 if x=y=2

theorems for mappings satisfying different contractiveg,)o < G(x,x,y), for all x,y € X, with X,
conditions in this space. (Ga)G(x,xy) < G(x,Y,2), %y, Z€ X, with 2,

The notion of coupled fixed point was introduced by(G4)G(x,y,2) = G(x,zy) = G(y,zx) =
Guo and Lakshmikanthan®] in 1987. In a recent paper, ...,(symmetry in all three variables)
Gnana-Bhaskar and Lakshmikantha8h introduced the (Gs)G(x,y,z) < G(x,a,a) + G(ay,2),Vx,y,za €
concept of mixed monotone property for contractive X, (rectangle inequality)
operators of the formF : X x X — X, where X is a
partially ordered metric space, and then established som
coupled fixed point theorems. They also illustrated thesd @'l
resul_ts by proving_ th_e existence and uniqueness of thEbefinition 2[11] Let (X,G) be a G-metric space, a
solutlon_for a periodic b'o_qr,]dary value problem. Later, sequencéx,) is said to be
Lakshmikantham and Ciric [8] proved coupled
coincidence and coupled common fixed point results for (i)G-convergent if for every > 0O, there exists an x X,
nonlinear mappings satisfying certain contractive  and ke N such that for all mn > k, G(X, Xn, Xm) < €.
conditions in partially ordered complete metric spaces. (i)G-Cauchy if for everye > O, there exists an k N
After that many results appeared on coupled fixed point ~ such that for all mn, p > Kk, G(Xm, X, Xp) < €, that is
theory in different contexts (see e.dl,[[4], [7], [8], [9], G(Xm, Xn,Xp) — 0a@s mn, p — co.

[13]-[16]). Recently, Ding and Karapnab] extend some (iii)A space (X,G) is said to be G-complete if every G-
recent coupled fixed point theorems in the context of Cauchy sequence {{X,G) is G-convergent.
G-metric space.

The aim of this paper is to study common coupled
fixed point theorem for three pairs of mappings in
G-metric spaces. Our result generalize the results of Ding (i)(x,) is convergent to X,
and Karapnarq]. (i) G (Xn, X, X) — 0 @s n— oo,

ghen the function G is called a G-metric on 2nd the
ir (X,G) is called a G-metric space.

Lemma 1[11] Let (X,G) be a G-metric space. Then the
following are equivalent:
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(iii)G (Xn, X, X) — 0 @s n— oo,
(IV)G(Xn, Xm, X) — 0as nm-— oo,

Lemma 2[11] Let (X,G) be a G-metric space. Then the

following are equivalent:

() The sequenceéx,) is G-Cauchy,
(iDfor every € > 0, there exists ke N such that
G(Xn, Xm, Xm) < € for mn > k.

Lemma 3[11] Let (X,G) be a G-metric space. Then the

function GXx,y,z) is jointly continuous in all three of its
variables.

Definition 3.[11] A G metric space X is symmetric if

G(x,y,y) = G(y,x,x) for all x,y € X.

Proposition 1[11] Every G-metric space(X,G) will
define a metric spaceX,dg) by

X,y € X.

dG(Xv y) = G(Xv Y, y) + G(yv X, X)a

Proposition 2[11] Let (X,G) be a G-metric space. Then

for any xy,z, and ac X, it follows that

()if G(x,y,z) =0thenx=y=1z
(NG (x,y,2) < G(x,xy) +G(x X 2),
(il)G (x,Y.y) < 2G(x,X,Y),
(V)G(x.Y.2) < G(x,a,2) + G(a,y.2),
(VG(x.2) < §(G(xY,a) +G(x,a.2) +G(a.y,2)),
(V)G(x.y,2) < G(x.a,a) + G(y.a.a) + G(z.2.a),

Definition 4.[3] An element(x,y) € X x X is called a
coupled fixed point of a mapping FX x X — X if
- F(Xay) and y: F(y,X)

Definition 5.[8] An elementx,y) € X x X is called

(Da coupled coincident point of mappings K x X — X
and f: X — X if fx=F(x,y) and fy=F(y,x),

(ii)a common coupled fixed point of mappings K x
X—=Xand f: X — X if x=fx=F(xy) and y=
fy: F(yvx)'

Definition 6.[2] The mappings F: X x X — X and
f : X = X are called w-compatible if
f(F(xy)) = F(fx, fy) whenever fx) = F(x,y) and
f(y) = F(¥,x).

2 Main Results

Theorem 1Let (X,G) be a G-metric space. Let B R:

X x X — X and f,g,h: X — X be mappings satisfying the

following condition

G(S(x,y), T(u,v),R(w,2)) + G(S(y,x), T
< k(G(fx,gu,hw) + G(fy,gv,hz)),

(L u),R(zw))

@)

for all x,y,u,v,w,z € X, where ke [0,1). Suppose that

R(X x X) C f(X),

())S(X x X) Cg(X), T(XxX) Ch(X),
) or h(X) is a G-complete subspace

(ieither f(X) , g(X
of X.
(iii)the pairs (f,S), (g, T) and (h,R) are w-compatible.

Then the pairs(f,S),(g,T) and (h,R) have the same
unigue common coupled fixed point of the farmw) in
X x X.

ProofLet Xg, Yo € X. SinceS(X x X) C g(X), T(X x X) C
h(X), R(X x X) C f(X), we can construct sequences },
{¥n} {Wn}, and{z,} in X such that

Wan = S(Xan,Yan) = OXans1, Zan = SYan,Xan) =
Wani1 =T (Xan+1,Yan1) = NXani2, Zenp1 =T

Wani2 = R(Xan:2,Yant2) = fXani3, Zni2 =

Let

9¥an+1,
<Y3n+1,>%n-1) =
R(Yant2,Xans2) =

hyan2, and

fyan3, forn>0.

Map = G(Wan, Wan41, Wani2) +G(Zan, Zans1,Z3n42), N>0.

Then from @), for all n > 0, we have

Mz, = G(Wan, Wani1,Wany2) + G(Z3n, Zan+1, Zns2)
= G(S(Xan,Yan), T (Xan+1,Y3n+1), R(Xant2, Yani2)
+G(S(Yan,Xan); T (Yant1,Xan+1), R(Yani2, Xan+2))
< K(G(fxXan, g%an+1,Xen+2) + G(yan, 9¥an+1, NYan2))
= KG(W3n-1,Ws3n,Wan11) 4+ G(Zan-1,23n,Zan+1)
= KMgn-1.

Similarly, we conclude that

Mzn < kMg 1 < kK?Mgn_2 < --- < k3"M.
Therefore
Mn < k™™g Vn>D0. @)

Now, for alll,m,nwith | > m > n, by usingGs and (L) we
get

G(Wh, Win, W) + G(2n,Zm, 7)

< G(Wn, Wnt1, Wnt1) + G(Wing1, Wna2, W) + -+ - + G(Wi—1, W _1, W)
+G(z,2011,Z041) + G(Z011, 2012, Z012) + - +G(Z-1,2-1,2)

< G(Wn, Wnt 1, Wni2) + G(Wn 1, Wni2,Wny3) 4+ G(W_2, W _1,W)
+G(zn,2011,Z012) + G(Z011,Z012,Z013) + -+ G(Z-2,2-1,2)
<My+Mpp1+--+M_2

< (kn + kn+1+ e kI—Z)MO

n
<

1Mo
Also, if | = m> nandl > m= nwe obtain
n

M
1-k

Consequently G(wn,Wm, W) + G(z1,Zn,z2) — 0 as
n,m,| — c. Therefore {w,} and {z,} are G-Cauchy
sequences. Suppose thdX) is a G-complete subspace
of X, then there exists points,z € f(X) such that
{Wani2} and {z,.p} are convergent tow and z
respectively as — . Moreover, we can find,y € f(X)
such thatfx = w and fy = z Also, since{w,} and{z}
areG-Cauchy sequences thﬁ'ﬂw'm = wandn[)rpozn =z

G(Wn7Wm7W| ) + G(Znazm,zl) S
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We claim thatfw = S(w,z) =wandfz= S(zw) =z
Since

G(S(X,Y), Wan11,Want2) + G(S(Y, X), Zen+1,Z3n+2)

= G(S(x,¥), T (Xan+1,Y3n+1), R(Xan+2,Y3n+2))
+G(S(Y,X), T (Yan+1,Xan+1), R(Yan+2, Xan12))
<K(G(fX,9%n+1, xan+2) + G(FY, 9¥an+1, hyani2))
= KG(W, Wan, Wan+1) + G(Z Zan, Zan+1).-

Lettingn — o we have

G(S(Xv y)7VV7W) + G(S<y7 X)727 Z) =0.

HenceS(x,y) = fx=wandS(y,x) = fy =z Since(f,9)
is w-compatible S(w,z) = fw andS(z,w) = fz. From (1)
we get

G(S(W, 2), Wan+1,Wan+2) + G(S(Z,W), Zan+1, Zan+2)

= G(fW, T (X3n+1; Yan+1); R(Xan+2, Yan+2)) + G(fZ T (Yant1, Xan+1), R(Yan+2, Xan+2))
< K(G(fw,g%anr1,hXans2) + G(fZ gyans1,hyani2))

= k(G( W, W3n, Wan+1) + G(fZ Zan, Z3n+1)).-

Lettingn — o we have
G(fwww) +G(fz,2,2) <K(G(fwww)+G(fz232)).

HenceG(fw,w,w) + G(fz zz) = 0. Therefore fw = w
andfz=z So

fw=8Swz=w and fz=Szw)=z (3)
We prove thatgw = T(w,z) = w andgz= T(z,w) = z
Since S(X x X) C g(X), there existsu,v € X such that
gu = Sw,z) =w and gv= S(zw) = z From (1) we
obtain

G(W, T (u,V),Wani2) +G(z, T(V,U),Z3n+2)

= G(S(Wv Z),T(U,V), R(X3n+27 y3n+2)) + G(S(L W)aT(Vv U), R(y3n+27 X3n+2))
< k(G(fw.gu, hxen2) +G(fz gv hysny2))

= k(G(W,W,Wan11) + G(2,Z,Z3041)).

Lettingn — oo we haveG(w, T (u,v),w)+G(z, T (v,u),z) =
0, which gives thaf (u,v) = gu=wandT (,u) =gv=2z
Since(g, T) is w-compatible,T (w,z) = gwandT (z,w) =
gz From (1) we get

@

(W, T(W,2),Wans2) + G(z,T(z,W), Z3n+2)

G(S(W,2), T(W,2),R(Xan+2,Yant2)) + G(S(z,w), T(z,W), R(Yans 2, X3n+2))
K(G( T, gw X 2) + G( 12,62 NYan:2))

K(G(W, gw Wan11) +G(2,02 Zan+1))-

Al

Letting n — o we have
G(w,gww) +G(z,9z2) < k(G(w,gww) +G(z,92,2)).
HenceG(w, gw,w) + G(z,gz z) = 0. Therefore
gw=T(w,z)=w and gz=T(zw)=z (4)

We show thabw = R(w,z) = w andhz= R(zw) =z
SinceT (X x X) C h(X), there exists,t € X such thahs=

w,z) = w andht = T(z,w) = z By (1) we obtain

T(

G(w,w,R(s;t)) +G(z,z, R(t,s))

G(SW.2), T(W 2),R(S.1))) + G(Sz W), T(z W), R(t,9))
k(G(fw,gw hs) +G(fz gz ht))

K(G(w,w,w) +G(z,22)) =0.

IA

So we haveG(w,w,R(s,t)) = G(z,z,R(t,s)) = 0, which
gives thatR(s,t) = hs= w and R(t,s) = ht = z Since
(h,R) is w-compatible,R(w,z) = hw and R(z,w) = hz
From (1) we conclude that

G(w,w, hw) + G(z,z h2)

= G(Sw,2), T(w.2),RW,2))) + G(S(z W), T(z,w), R(z,w))
< K(G(fw,gw hw) + G(fz,gzhz))

= k(G(w,w,hw) + G(z,z,h2)).

ThusG(w,w, hw) + G(z z hz) = 0. So, we get
hw=Rw,z)=w and hz=R(zw)=2z (5)

Hence from 8), (4) and 6) we conclude thafw, z) is the
same common coupled fixed point of the pairs
(£.5),(g.T) and(h,R).

Now, we prove the uniqueness. assume {wét z*)
is another same common coupled fixed point of the pairs
(.5),(g.T) and(h,R). By (1) we get

G(Sw,2), T(w,2),RW",Z")) + G(S(zw), T(z w),R(Z",w"))
< k(G(fw,gwhw') +G(fz gzhz')),

which yields that
G(w,w,w*) + G(z2Z") < k(G(w,w,w*) + G(z,2,2")),

Hencew = w* andz = z*.
Now, we show thatv = z. From (1) ones obtain

G(Sw,2), T(W,2),R(z,w)) + G(S(z,W), T(z,w),R(W,2))
< k(G(fw,gw hz) +G(fz,gz hw)).

Then
G(w,w, z) + G(z,z,w) < k(G(w,w,2) + G(z,Z,w)).

Hence w = z Therefore (w,w) is the same unique
common coupled fixed point of the pait§,S), (g, T) and
(h,R). The proof is similar if g(X) or h(X) is a
G-complete subspace .

If we put f =g=h=1 (wherel is the identity mapping)
we have the following corollary.

Corollary 1.Let (X, G) be a complete G-metric space. Let
ST,R: X x X — X be mappings satisfying the following
condition

G(S(x.y), T(u,v), R(W, 2)) + G(S(y; x), T (v, u),R(z,w))
< k(G(x,u,w) + G(y, V. 2)),
for all x,y,u,v,w,z € X, where ke [0,1). Then ST and

R have a a unique common coupled of the féwyw) in
X x X.
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If we putS=T = Randf = g = h we have the following
corollary.

Corollary 2.Let (X,G) be a G-metric space. Let:X x
X — X and f: X — X be mappings satisfying the following
condition

G(SxY), S(u,v), S(W,2)) + G(S(y, ), v, u), (z,W))
<K(G(fx, fu, fw)+G(fy, fv,f2)),

for all x,y,u,v,w,z € X, where ke [0,1). Suppose that

(HS(X x X) € £(X),
(i) f (X) is a G-complete subspace of X
(iii)the pair (f,S) is w-compatible.

[2] M. Abbas, M. A. khan, S. Radenovic, Common coupled
fixed point theorems in cone metric spacesviecompatible
mappings, Applied Mathematics and Computat@iti/, 195—
202 (2010).

[3] T. G. Bhaskar, V. Lakshmikantham, Fixed point theorems in
partially ordered metric spaces and applications, Nonlinear
Anal., 65, 1379-1393 (2006).

[4] B.S. Choudhury, P. Maity, Coupled fixed point results in
generalized metric spaces, Math. Comput. Modell&#g 73—

79 (2011).

[5] H-S. Ding, E. Karapnar, A note on some coupled fixed-point
theorems onG-metric spaces, Journal of Inequalities and
Appl., 2012 170 (2012).

[6] D. Guo, V. Lakshmikantham, Coupled fixed points of
nonlinear operators with applications, Nonlinear Anall,

Then f and S have a unique common coupled fixed point 623-632 (1987).

of the form(w,w) in X x X.

Now, we give an example to justify the hypotheses of

Theoreml.
Example 1Let X = [0,1]. DefineG: X x X x X — X by

G(X,y,Z) = max{|x—y\,|y—z|, |Z*X|}.
LetST,R: X x X — X andf,g,h: X — X be defined by

_ X+3y _ X+3y _ X+3y
S(Xv y) - 12 ) T(Xa y) - 16 9 R(Xv y) - 14
2X X 4x
fng, gX: E, hX: 7

We see tha§(X x X) =[0,1] C g(X) =[0,3], T(X x X) =

[0.3] € h(X) = [0, 7], RX x X) = [0, 3] C f(X) =10, 5].

Also, the pairgf,S),(g,T) and(h,R) arew-compatible.
Now, for all x,y,u,v,w,z € X we obtain

G(S(xY), T(u,v),RW,2)) + G(S(y,X), T (v, u), R(z, W)

i e N L LA )

pma PV vz 2wy,

<max(| 25— |~ Tl 15— o5y +max| S - S~ 1 22 - )y
B B O [ M B N
—amax{| 26— 1l |36~ 1al1a ~ 29l +4madl D — 1l |3~ ol lag — agl}
e = NN R} B S SR TN M NE e 1))

< g(G(fx,gu, hw) +G(fy,gv hz)).

The hypotheses of Theoretrare holds with constamt=
;31. Also, (0,0) is the same unique common coupled fixed
point of the pair{ f,S), (g, T) and(h,R).
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