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Abstract: In this paper, we introduce the notion of the fuzzy normal partial group, discussing its key properties. Subsequently, the
notion of the fuzzy quotient partial group is constructed, where the quotient is over a fuzzy normal partial group, and the fuzzy kernel
of the fuzzy partial group homomorphism is then formulated. Finally, we present the isomorphism theorems of fuzzy topological partial

groups using this new framework, as our central result.
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1 Introduction

The fuzzy set theory [1] has been widely applied to
generalize various topological [2—4] and algebraic [5-7]
structures. In [8], the fuzzy topological partial group was
introduced, building on the definition of topological
partial groups established by Abd-Allah et al [9]-that is, a
partial group acquiring a topology under which the partial
group operations are continuous.

The quotient fuzzy topological partial group was
presented in [8], where the underlying set is the quotient
of a fuzzy partial group & in a partial group X, over a
crisp normal partial group N. The quotient, £/N, is a
fuzzy partial group of the quotient partial group X /N,
whose elements are the cosets xN. However, this
approach relies on classical normal partial groups, which
does not align with the central theme of the fuzzy theory,
where classical structures are generally replaced by fuzzy
structures.

In this paper, we introduce a novel approach by
defining the quotient fuzzy partial group as the quotient of
a fuzzy partial group over a fuzzy normal partial group.
This new notion of the fuzzy normal partial group acts as
the foundational concept of this paper.

The fuzzy normal group was defined in [10-13], with
these definitions essentially sharing a common condition
of normality, which is xyx~! and y having the same

membership degree in the fuzzy group. We follow the
approach of [13], generalizing the normality property of
fuzzy groups to fuzzy partial groups. We begin by
investigating the basic properties of fuzzy cosets of a
fuzzy partial group. We then define the fuzzy normal
partial group, providing examples and establishing its
main properties. The newly defined notion of the fuzzy
normal partial group is then used to redefine the fuzzy
quotient partial group.

We also study the fuzzy kernel of fuzzy partial group
homomorphisms, thereby fuzzifying the classical kernel.
Finally, we prove the isomorphism theorems in fuzzy
partial groups and fuzzy topological partial groups,
replacing the crisp kernel used in [8] with the fuzzy
kernel. Furthermore, we establish an isomorphism
involving the product fuzzy topological partial group.

2 Preliminaries

We provide basic definitions, used notations and
necessary results utilised throughout the paper. We
consider I = [0, 1].

Definition 2.1 [1] Let X be a set and a : X — I be a
mapping. We call a a fuzzy set, that associates a
membership degree o(x) to every element x € X .
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Definition 2.2 [4] Let X be a set and 0 be a collection
of fuzzy subsets of X. We call (X,8) a fuzzy topological
space if:

1. I. € 6,Yc € I, where I, is a constant fuzzy set,
2.Ifu,veJ, then unNv €6,
3.Ifu;€8VjeU, then | Ju;€d.
jes
We refer to the elements of & as fuzzy open sets, and the
Juzzy topological space will be called FTS for short.

Definition 2.3 [3] Let {(X;,0;),j € J} be a collection
of FTS’s, X = HX i, and let & be the smallest topology on
j€J
X such that the projection maps P; are fuzzy continuous,
Vj € J. Then, we call (X, 8) the product FTS.

Definition 2.4 [6] Let (X,0) be an FTS, and let & be a
fuzzy subset of X. Then, 6q = {uNa: u € 8} is called the
induced fuzzy topology on o, and we call (a,0q) a fuzzy
subspace of (X, 0).

Proposition 2.1 [6] Let {(X;,5;),i = 1,2,...,n}, be a
collection of FTS’s, and let (X,8) be their product FTS.
Let @; be a fuzzy subset of X;, and O, be the induced fuzzy
topology on 0;,¥i = 1,2,....n. Then, the product of the
fuzzy subspaces {(04,0q,),i = 1,2,...,n}, is a fuzzy
subspace of (X, 9).

Definition 2.5 [6] Let f : X — Y, where (X,0) is an
FTS. The fuzzy image topology f[8] ={u €Y : f'u] e
O} is the largest fuzzy topology on Y such that f is fuzzy
continuous.

Definition 2.6 [5] Let v be a fuzzy subset of X, where X
is a group. We call 'y a fuzzy group if:

1. y(xy) = min{y(x),y(y)}, Vx,y € X;
2. 7(x N > y(x), Vx € X.

Definition 2.7 [13] Let 'y be a fuzzy group in a group X.
y is called fuzzy normal if Y(xyx~1) = y(y), Vx,y € X.

Definition 2.8 [5] Let y be a fuzzy group in a group X
and @ be a mapping on X. Then, 7 is called @-invariant if
Vx1,x2 € X such that @(x1) = @(x2), then y(x1) = y(x2).

Proposition 2.2 [5] Let ¢ : X — Y be a group
homomorphism and let y be a fuzzy group in X. Then,
o[y is a fuzzy group in Y provided that y is @-invariant.

Definition 2.9 [6] Let y be a fuzzy group in a group X,
and let a € X. Then, the two mappings R, : Y — ¥;x —
xa and Ly : Y — ;. x —> ax, are the right transformation
and the left transformation, respectively.

Definition 2.10 /9] Let X be a semigroup. Then, we call
X a partial group if:

1. For all x € X there exists a partial identity ey,
2. For all x € X there exists a partial inverse x~ .

3. The mapping ex : X — X;x —> ex is a
homomorphism.

4. The mapping ox : X — X;x — x~
antihomomorphism.

Let EX)={ex:xeX}, Xy ={x€X ex=e4}.

Proposition 2.3 [9] Let X be a partial group. Then, the
set E(X) is central and commutative.

Us an

Proposition 2.4 [9] Let X be a partial group and let
a,b € X. Then,

1. X, is a group with identity e,,
2. X, and X, are either equal or disjoint.

Proposition 2.5 [9] A partial group is a disjoint union
of a collection of groups X, indexed by a semilattice Y of
the identities e; of these groups, where e; > ej,i,j €Y if
eiej=e;j.

Definition 2.11 [9] Let N be a subsemigroup of a
partial group X. Then, N is a subpartial group of X if
x~ e, €N, VxeN.

Definition 2.12 [9] A subpartial group N of a partial
group X is called normal if E(X) C N and xyx~' € N, Vx €
X,yeN.

Definition 2.13 /9] Let f : X — Y be a homomorphism
of partial groups. Then, ker f = {x € X : f(x) = €fx) }.

Proposition 2.6 [9] The kernel of a partial group
homomorphism is normal.

Definition 2.14 /9] Let f : X — Y be a
homomorphism of partial groups. Then, f is said to be
idempotent separating if f(ex) = f(ey) implies that ex =
ey, ¥x,y € X.

Definition 2.15 [8] Let X be a partial group, and & be
a fuzzy subset of X. We call & a fuzzy partial group in X if
Vx,y e X,

1.8 (xy) = min{§(x),&(v)};
2.5( ) =& ()

3. E(ex) =k, where k is a constant.

The third condition can be stated differently by saying that
& is constant on E(X), moreover, it implies that & (e;) =
supé (x), Vx € X.

xeX
Proposition 2.7 [8] Let {X;,i = 1,2,...,n} be a
n

collection of partial groups and X = HX,- be the product
i=1

n
partial group. Let & = Hé,-, where &; is a fuzzy partial
i=1
group in X;,Vi = 1,2,....n. Then, & is a fuzzy partial
group in X.
Definition 2.16 /8] Let (X,3) be an FTS, and (§,6¢)
be the fuzzy subspace. Then, we call & a fuzzy topological

partial group (FTPG for short) if the following mappings
are fuzzy continuous:
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L B : Ex & — & (x,y) — xy.
2.0:: & —Ex—xl,
e —Eixr—en

Proposition 2.8 [8] Let ¢ : X — Y be a partial group
homomorphism, and let (X,0), (Y,®) be two FTS’s, such
that @ = @8], and @ is fuzzy open. Let & be an FTPG in X.
Then, ¢[E] is an FTPG inY provided that £ is @-invariant.

Proposition 2.9 [8] Let (X;,8;) be an FTS and &; be a
fuzzy partial group in partial group X;, ¥Yi=1,2,....n

Let X = HX”!; H&l have respective product fuzzy

topologles 6 and &¢. IfVl =1,2,...,n & is an FTPG in
Xi, then the product fuzzy partlal group & is an FTPG in
X.

3 Fuzzy Normal Partial Groups

In the current section, we present the concept of the fuzzy
normal partial group and examine the fundamental
properties of this new concept.

From now on throughout the paper, X denotes a partial
group.

Definition 3.1 Let 1 be a fuzzy set in X, let a € X and
let R;,L, be the right and the left transformation maps,
respectively. We call an a fuzzy left coset, which is defined
as Ly[n] and na a fuzzy right coset, defined as R,[n],

sup 1(z) ifLa () #9
where an(y) = { L)
0 Lo () =
sup n(z) iR () #¢
and na(y) = { @R )
0 ifR (y) =9

Proposition 3.1 Let 1 be a fuzzy set in X and let x,y €
supn(z) ifex>ey
X. Then, nx(y) = ¢ &=
0 ifex <ey
where ey, e, € E(X). Similarly for xn ().

¢

Proof Let R,”'(y) # ¢. Then, nx(y) = sup n(z) =
ZER ()
sup 1(z). Let cx =y for some ¢ € X. We have two cases:
x=y

1.If ey < e, then cx =y € X,, and hence e, = e,.

2. If e, > e, then cx =y € X, and hence e, > ey.

Now, let R,~!(y) = ¢. Then, $z € X that satisfies zx = y.
Which implies that e, < ey.

Definition 3.2 Let 1 be a fuzzy partial group in X. Then,
n is called fuzzy normal if n(xyx~') = n(y), Vx,y € X.

n will denote a fuzzy normal partial group in X from now
on.

Example 3.1 Let X = {p,q,r,s,t} be a partial group
with the multiplication table shown, such that X = X, U
X,, where X, and X, are isomorphic to the groups Z and
Z3, respectively, such that e, < e,. Let | =
{P0.8,903,%0.8,50.8,%0.8}- Then, it can be verified easily
that M is indeed a fuzzy normal partial group in X.

lp g r s 1

p|\p g9 p p P

919 P 49 9 4

rip q r s t

s|p q s t r

tlp q t r s
Proposition 3.2 The following properties are true

Vx,y,z € X.

Ln(xy) =), .
2.m(y) =n0x ), nx(y) =n(x"y) ifex > ey,
3.xn =nx,
4. xnx’l =nNife;>ey YweX,

5.xyM(z) =xm(zy™")
6. x1(x) =yn(y) =
7.yn(xy) = n(x),
8. n(xey) =n(x),
9.em(y)=em(y ™),
10. xn(y) = yn(x) if ex = ey, and either xn(y) =0 or
yn(x) =0ifex #ey.

Proof.

1. 1 (xy) = n(xery) = n(xyex) = n(xyxx— 1) = n(yx).
2. xn(y) = supn(z) = supnlxzx ') = nix ).

Xz=y xz=y

Similarly, nx(y) = n(x~'y).

:yn(xilz) ifexaey > ey
k, where k is a constant,

3.am(y) =n(x") =n(xly) = nx(y) if ex > ey. Also,
xn()’) = Tlx()’) =0ife, < €y.
4.xnx” ! (v) = supnx™ ! (z) = sup  (xz) =N ().
xz=y xz=y
5. 0m@E) = supn(w) = sup nowy ') =
Xyw=z xywy 1 =zy~1
sup n(m) = xn(zy~!). Similarly, xyn(z) =
xm=zy’1
ynx'z).

6. xn(x) = n(xx') = n(ex) = nley) = Oy
yn(y) = constant.

7.yn(xy) = n(xyy ') =n(y~"'xy) = n(x).
8. n(xey) =n(xy~ly) =n(y ) =n(x).
9. exn(y) = nlyex) = n(y) =) =l 'er) =

exn(y™1) if ey > ey. Also, if e, < ey, then e,n(y) =

exTI(y*l) =0.
10. Let e; = ey. Then, xn(y) =n(yx~ ') =n(Ox ")) =
Ny~ =yn(x).

Now, if e, > ey, then yn(x) =0, and if e, < ey, then
xn(y) =

Proposition 3.3 Vx,y € X, we have the following:

1. If xn = yn, then e, = ey,
2. Ifxn =yn, then xy~'n = ey,

© 2026 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

0 S

H. M. Yehia et al.: A New Approach on Isomorphism Theorems in FTPGs

3. Ifxn = yn, then n(x) = n(y),

4.1(x) = (ex) if and only if xn = exn,
S5 Ifn(x) = n(ex), then yn(x) = yn (ex).
Proof.
1. If ex > ey, then yn (x) = 0. Since xn (x) = n(ex), then
yn 7 x1.
2. Let xn = yn. Then, xn(z) = yn(z), Vz € X. We have
two cases:

(a) If ey, ey > e, then xy~'1(z) = x1(zy)
n(z) = eyn(2),
(b) If ey, ey < e, then xy~'1(z) = eyn(z) =0,

3. If an = yn, then n(x) = yn(xy) = xn(w) =
neox') =n().
4. Let n(x) = n(ey). If z € X, then:
(a) If e; > e, then e, (z) = N(zex) = N(zx 'x) >
min{ﬂ(zx_l),n(x)} = nx” N o= ) =
= 1N(2) = exn(z),

><
N~

n(zx") > min{n(z),n(x"")}

and so it is proved that e,1(z) = xn

(b) If e, < e, then e,1(z) = xn (z) =0.

Conversely, if xn) = ex1, then n(x) = n
5.Let n(x) = n(eyx). Then:

(@ If e, > e, then yn(e,) = nM(exy™)

(2)

nx o™ > min{nx)nx)} =
nwy™) = wmx = ') >
min{n(x),n(")} = nO") = nile) =

y1n (ex), which implies that yn (e,) = yn(x).

(b) If e, < ey, then yn(e,) =yn(x) =

Remark 3.1 The converse for 1, 2, 3 and 5 in
not necessarily true. This is

Proposition 3.3 is
demonstrated in the next example.

Example 3.2 Let X = {p,q,r,5,t,u,v} be a partial
group with the multiplication table shown, such that X =
X, UX, with e, < ep,, where X, is the trivial group of one
element, and X, = {q,r,s,t,u,v} is the permutation group
S3. Let 1 = {p0.9,40.9,70.7,50.7, 0.5, 40.5, V0.5 }. Then, 1 is
a fuzzy normal partial group in X.

S NS R
=R T YRS
=T R Y YRR
T TSR wm oy Ny
BT~ ISy
RN
N9 v < % oTT

ESEECEE IS T

We find that rn = {po,40.7,70.9,50.7,%0.5, 0.5, V0.5 } and
sn = {p0,40.7,70.7,50.9,%0.5, 0.5, V0.5 }, and hence rn #
s1n, but we note that e, = e; and 1 (r) = N (s), which are

the conditions in 1 and 3 respectively. For the converse of

2, we have that pq~'n = qn and eq,N = qmn, and hence
they are equal whereas pn # gn. Lastly for 5, we notice

that rn (s) = rn(es) while n(s) # 1(es).

=yn(zy) =

(ey) from (iii).

4 Fuzzy Quotient Partial Group

Throughout this section, we study the quotient of a fuzzy
partial group over a fuzzy normal partial group. From now
on, we consider & a fuzzy partial group in X.

Definition 4.1 Let X /1 be the set of all fuzzy cosets of
X with respect to 1. The set X /1 is called the quotient of
X over n.

Proposition 4.1 X /1 is a partial group with respect to
the operation X /1 x X /1 — X /n; (xn,yn) — xyn.

Proof. We first show that it is a semigroup. Let
X1,%2,¥1,y2 € X such that (x;1,y11) = (x21,y27n). Then,
x1M = x21M and y11 = y,n. Now, x1y11(z) =

xan(zy ) =xnn ) =n@n 'n )=

Nz ) =yin(n'z) = yan(xn'z) = xnyn(z),
where ey, , ey, > e;. Also, if e,; < e, or ey, <e, thenitis
obvious that x;y;1(z) = x2y21(z) = 0. This proves that
the operation is well defined. Associativity is
straightforward. Now, we show that it is a partial group.

1. To show e, 1 is the partial identity of x7n7, we note
that:
(a) xnexn = xe,n = xn and similarly, e,nxn = x1n.
(b) Let en € X /1 be such that enxn = xn,xnen =
x1. Then, exn = xn, and so exx™'n = ¢,M, and
hence ee, ) = e,mn. That means that ene,n = e,n.
Similarly, we can show that e,nen = exn.
2. The proof that x~'7 is the partial inverse of x7 is
straightforward.
3. We have e,nyn = exneyn.

4. Finally, we have that (xnyn) ™

=y 'nxn.

Definition 4.2 Let p : X — X/1n;x —— x1n be the
quotient map. Then, the map p : & — p|&] is called the
fuzzy quotient map, and p|€], denoted by £ /1, is called
the fuzzy quotient of & over 1.

Remark 4.1 It is clear from the definition that

(&/m)(m) = sup &(z) = sup §(z) =& (x).

zep~1(xn) n=xn
Proposition 4.2 £ /1 is a fuzzy partial group in X /1.

Proof.

1. Let x,X,,¥,Y0 € X be such that (§/1) (xn) = &(x,)
and (§/1) (yn) = § (o), where xo1 = x1,y,1m = yn.

Since x,y,M = xyn, we have that

(&/n)(om) = sup &(z)
zn=xyn

Zg(xo}’o)
>min{&(x,),&(vo)}
=min{(&/n)(xn),(&/n) bn)}

2. (&/m@m) = sup &(x) =  sup &(x7) =

n=xn Z—ln:x—ln
(&/n)(x"'n)
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3.(&/n)(exn) = sup &(z)=

n=exn
k, where k= sup (z1).
nex/n

sup - §(2) =G (er) =

n(z)=n(ex)

& /n will be called the quotient fuzzy partial group.

Remark 4.2 We note that & /1) is not necessarily a fuzzy
normal partial group in X /1. This is shown in the next
example.

Example 4.1 With reference to Example 3.2, let & =
{P0.9,90.9,70.3,503,10.3,10.3,v0.8} be a fuzzy partial group
in X. We can see that E/n =
{PN0.9,9M0.9,7M0.3,5M0.3,¢M0.3, U0 3,VNo.8 }, Which is not
Jfuzzy mormal since (&/1) (tvi-) % (& /1) (v1).

Proposition 4.3 &/n is fuzzy normal if & is fuzzy
normal.

Proof. (§/1) (yn) = sup &(2)

mn=yn

= sup Eha )
xz,x’l T]:xyx’1 n

= (&/m) (ox"'n)

5 Isomorphism Theorems

Throughout this section, f : X — Y is a homomorphism
of partial groups, and &,{ are fuzzy partial groups in
X,Y, respectively. The map f: & — { will be called a
fuzzy partial group homomorphism. In this section, we
discuss the fundamental theorems of isomorphism, based
on a new definition of the fuzzy kernel of fuzzy partial
group homomorphism.

Definition 5.1 The fuzzy kernel of f : & — {, denoted
by xy, is defined by
Eler) ifxekers
Kr(x) = .
0 ifx¢kerf

Proposition 5.1 The fuzzy kernel Ky is a fuzzy partial
group in X.

Proof.

1. Let x,y € X, where either x or y ¢ ker f. So, either
Kr(x) = 0 or x7(y) = 0, which implies that ky(xy) >
min{ky(x),ks(y)}. If both x and y € ker f, then it is
trivial.

2.If x e ker f, then x~ ! € ker f. Hence, k7(x) = kr(x~ 1),
Vx e X.

3. Since e, € kerf, Vx € X, then xr(ey) = E(ex) is
constant.

Remark 5.1 The fuzzy kernel Ky is not necessarily fuzzy
normal, as seen in the next example.

Example 5.1 With reference to Example 3.1, let f :
X — X be the identity map and let & = Iys. Then, f :
& — & is a fuzzy partial group homomorphism and its
fuzzy kernel is xy = {pos,q0,70.5,50,%0}. It follows that

Ky is not fuzzy normal since (ky) (gsq~") = (x7) (p) #

(Kf) (S)

Let N, = {x € X : n(x) = n(ey)}. Clearly, 7, is a
normal partial group in X.

Definition 5.2 We say that the map [ : X — Y is fuzzy
kernel normalizing if ker f = 1n,. 1 is said to be the fuzzy
normalizer of f.

Proposition 5.2 The fuzzy kernel Ky is fuzzy normal if
the map f: X — Y is fuzzy kernel normalizing.

Proof. Take x,y € X. First, if y € ker f, then kf(xyx~!) =
k7(y) since xyx~! € ker f. Whereas if y ¢ ker f, given that
7 is the fuzzy normalizer of f, then y ¢ 7.. And so we have
n(y) # 1 (ey), but we know that 17(y) = 1 (xyx~!). Hence,
we get (xyx~!) £ n(ey) = 1 (€4y,-1), which implies that
xyx~' ¢ n, =ker f. So, in both cases, we can conclude that
(o) = Kr (y).

Remark 5.2 The kernel of the quotient map p : X —
X/n, is kerp = {xeX:xn=emn} =
{xeX:nx) =n(e)} = ne.

Proposition 5.3 The quotient map p : X — X /1 is
fuzzy kernel normalizing.

Proof. Direct from the previous remark.

Remark 5.3 The fuzzy kernel of the fuzzy quotient map

Slex) ifxeme
e — is defined as x,(x) = : .
pi& s gim i dened as w0 = {0 0TS
From Proposition 5.2, we can see that K, is a fuzzy normal
partial group.

Definition 5.3 Let f : X — Y be fuzzy kernel
normalizing. Let Ky be a fuzzy set in X defined as

_ _[m ifxekerf
G ={y e Ele)

Remark 5.4 K¢ is a fuzzy subset of Ky. Obviously, Ky is
a fuzzy normal partial group in X.

By using the newly defined notion of the fuzzy kernel,
the isomorphism theorems of fuzzy partial groups follow
next. From now on, we will denote the fuzzy kernel of
a fuzzy kernel normalizing map f by 7, where 1 is the
fuzzy normalizer of f.

Theorem 5.1 Let ¢ : X — Y be an idempotent
separating, fuzzy kernel normalizing homomorphism of
partial groups and let v = Ky Then, 3 a unique fuzzy
partial group monomorphism v : & /v — .
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Proof. We need to prove first that 3 a unique partial group
monomorphism y : X/v — Y. We first show that y is
well defined. Let x,y € X such that xv = yv. Then, e, =
ey and xy~'v = e,v. It follows that v(xy™!') = v(e,),
which implies that xy~!' € ker¢. So, @(xy~!) = €p(y-1)s

o(x)p(y ) = @(erey), multiplying both sides by ¢(y),
we get @(x)@(ey) = @(exy), @(x) = @(y). Hence,
y(xv) = y(yv). It is easy to show that y is a unique
partial group homomorphism, we will only prove that it is
injective. Let w(xv) = y(yv). Then, ¢(x) = ¢(y), which
implies that e, = e,. Take z € X such that e, > e,. Then,
xv(z) = v(zx™ ). Now, if zx~! € kere, then xv(z) =
yV(z) = constant, since zx~! € ker ¢ if and only if zy~! €
ker @. And if zx~! ¢ ker @, then xv(z) = yv(z) = 0. Also,
in case ex < e;, we get xv(z) = yv(z) = 0. We arrive at
the conclusion that xv = yv, which proves that y is a
monomorphism. Since &/v and { are fuzzy partial
groups in X /v and Y respectively, then y: & /v — {isa
fuzzy partial group monomorphism.

Theorem 5.2 Let @, B be fuzzy normal partial groups in
X, where o0 C B¢, and a is constant on B,. Then, 3 a fuzzy

partial group isomorphism y : (§ /o) / (B/a), — &/PB.

Proof. The quotient map pg : X — X /B is idempotent
separating, since pg(ey) = pp(ey) implies that e, = e, 3,
and so e, = ey. Since fB is the fuzzy kernel of pg, then a
is precisely fcpﬁ. From Theorem 5.1, since pg is a fuzzy
kernel normalizing partial group homomorphism that is
also surjective, then ¢ : X/oo — X /B is a unique partial
group isomorphism. Let @(exa) = @(ey), then e, =
ey, so e, = e, and hence e, = ey, which shows that ¢
is idempotent separating. Since
kero={xacX/o: p(xa)=eB}

={xaecX/a:xp =epP}

— {rae X/a: B(x) = Bler))

={xaeX/a:xepB,}

=p./a=(B/a),
then B/ is the fuzzy normalizer of @, and so ¢ is fuzzy
kernel normalizing, which implies that its fuzzy kernel

(B/a), is a fuzzy normal partial group in X/a. From
Theorem 5.1, 3 a unique fuzzy partial group isomorphism

v:(6/a)/(B/a)e — &/B.

Now, we proceed with the isomorphism theorems in
FTPGs, but we first define the quotient FTPG.

Definition 5.4 Ler o, 3 by fuzzy sets in X. o is said to
be constant on B if B(x) = B(y) implies that o.(x) = a(y)
Vx,y € X.

Proposition5.4 Ler p : & — &/n. Then, & is
p-invariant if € is constant on 1.

Proof. If p(x) = p(y), then n(x) = N(y). Since & is
constant on 1, then & (x) = &(y).

Assume that 6 is a fuzzy topology on X and & is an
FTGP with the induced fuzzy topology &g. Then, from
Proposition 2.8, &/n is also an FTPG with the induced
fuzzy topology p[8]e /, provided that § is constant on 7,
where p[0] is the fuzzy image topology which we call the
quotient fuzzy topology. We call & /7 the quotient FTPG.
Let { be an FTPGinY.

Theorem 5.3 Let ¢ : X — Y be an idempotent
separating, fuzzy kernel normalizing, continuous partial
group homomorphism and let & be constant on v, where
V = Ky. Then, 3 a unique fuzzy continuous partial group
monomorphism v : /v — (.

Proof. From Theorem 5.1, 3 a partial group
monomorphism y : X/v — Y. Clearly, £/v with the
induced fuzzy quotient topology is the quotient FTPG,
and so, Y : £ /v — { is a fuzzy continuous partial group
monomorphism.

Theorem 5.4 Let o, be fuzzy normal partial groups
in X, where a C B¢ and o is constant on B,. Let & be
constant on . Then, 3 a unique fuzzy homeomorphism

v:(s/a)/(B/a)e — G/B.

Proof. First, it is clear that the fuzzy quotient partial
groups &/a,&/B and (§/a)/(B/a), are FTPGs with
the respective induced fuzzy quotient topologies, since &
is constant on both o and f, (§/a) is constant on
(B/@),. Secondly, pg : X — X/B is an idempotent
separating, fuzzy kernel normalizing, continuous partial
group homomorphism that is fuzzy open and surjective,
hence, from Theorem 5.3, 3 a fuzzy homeomorphism ¢ :
&/a — &/B. Finally, since ¢ : X/a — X/B is an
idempotent separating, fuzzy kernel normalizing,
homeomorphism, then 3 a unique fuzzy homeomorphism

v:(s/a)/(B/a)e — G/B.

We now study the isomorphism of product of FTPGs.
But we first need to discuss the product of fuzzy normal
partial groups. Let n; be a fuzzy normal partial group in
partial group X;, Vi = 1,2,...,n. Let X be the product of X;
and 1 be the product of 7;,i = 1,2,...,n, defined by
() = min{n(x)),m(x2), ()}, Where x —
(x1,%2,...,%p) €X.

n
Proposition 5.5 n = Hni is a fuzzy normal partial
i=1

n
group in X = HX,‘.
i=1

=

Proof. 1t is already known from Proposition 2.7 that 17 is a
fuzzy partial group in X. Let x,y € X. Then,

N eoyx~") =min{ni (xyix ), ma(vayaxa ™),
Nn (Xnyzxn_l)}
:min{nl ()’1)7712(}’2)7 "'ann(yn)} = 77()’)
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Let X; have the fuzzy topology &;, Vi = 1,2,...,n, and let
HXi have the product fuzzy topology 6. Let &; with the

i=1
induced fuzzy topology be an FTPG in X;, Vi =1,2,...,n.
From Proposition 2.9, the product fuzzy partial group
n

=

n
FTPG in [ [ X:.
i=1

& with the product induced fuzzy topology O¢ is an
1

Proposition 5.6 Let & be constant on m;, Vi =
n n n

1,2,...,n. Then, 6 : Héi/Hni — H(éi/ni) is a fuzzy
i=1 i=1 i=1

homeomorphism.

Proof. Similar to Proposition 6.3 in [8].

6 Conclusions

The fuzzy normal partial group was defined and it was
shown that it acquires some important properties.
Moreover, we demonstrated a new suitable approach to
the concept of the fuzzy quotient partial group,
incorporating the fuzzy aspect of the fuzzy normal partial
group. Also, the definition of the fuzzy kernel was
presented, and it was proved that the fuzzy kernel, while
not generally normal, is normal under a specific
condition, hence ensuring the normality of the kernel of
the fuzzy quotient map. Consequently as key results, the
isomorphism theorems of fuzzy partial groups and FTPGs
are established, and also it was proved that the product of
the quotient is homeomorphic to the quotient of product.
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