Appl. Math. Inf. Sci.12, No. 1, 89-99 (2018) %N =S¥\ 89

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/120108

Modeling and Analyzing Neural Networks Using
Reproducing Kernel Hilbert Space Algorithm

Zainah Momarti, Mohammad Al Shridah Omar Abu ArquB*, Mohammad Al-Momadiand Shaher Momafhp

1 Department of Computer Science, King Abdullah Il School mfbimation Technology, The University of Jordan, Amman 44,9
Jordan

2 Department of Mathematics, Faculty of Science, Al-Balgaligl University, Salt 19117, Jordan

3 Department of Management Information Systems, FacultycofhBmics and Administrative Sciences, Zarga Universitygz 13132,
Jordan

4 Department of Mathmatics, The University of Jordan, Amma84R2, Jordan

5 Nonlinear Analysis and Applied Mathematics (NAAM) Reséaf@roup, Faculty of Science, King Abdulaziz University, daH,
21589, Kingdom of Saudi Arabia

Received: 26 Sep. 2017, Revised: 2 Nov. 2017, Accepted: 7 2047
Published online: 1 Jan. 2018

Abstract: In this paper, we present a new method for solving some oetdieierential systems in the artificial neural networksdiel
The analytic and approximate solutions are given with sefigem in the spaces W[a,b] and H[a,b]. The method used intkigsis
has several advantages; first, it is of global nature in tartise solutions obtained as well as its ability to solve otinathematical,
physical, and engineering problems; second, it is accunated less effort to achieve the results, and is developeetesly for the
nonlinear cases; third, in the proposed method, it is plessilpick any point in the interval of integration and as wk# approximate
solutions will be applicable; fourth, the method does nguiee discretization of the variables, and it is not effddby computation
round off errors and one is not faced with necessity of lagyeputer memory and time. Results presented in this thesisgbtentiality,
generality, and superiority of our method as compared wig¢hRange Kutta method.
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1 Introduction human brain. The human brain has a millions of the
connected nerve cells, the ANN able to allow human

Artificial neural networks (ANN) are consisting of group mental activities like:

from the virtual neurons thats designed by computerized

programs which use a various of mathematical fractional - ) )

equations. These equations put in the hidden layers to 1.The ability of store the information.

process the data that comes from the neurons. The ANN 2.The ability to sense, hearing, taste and smell.

we can call it also simulated neural networks SNN 3.Learning many things.

because the ANN simulate the mechanism of the 4.Distinguish between the things and decision making.
biological neural networks, its consist of nodes may be 5.The possibility of remembering the shapes, colors, the
processing elements or neurons. Every connection Pictures, and people.

between the nodes has a weight and by these weights of

connections we can define the produced values of each

node by calculate the weights values that of each For example,to learn specific type of smart phones we
connection that comes to the specific node. By briefwill save in our mind the shape of phone its features, its
words the ANN is a programmed attempt to simulate thecolor, its type, and its size. This is an allowed activity of
way the human brain work and the appendages of nervaeural networks and we can remember all of these features
bound the nerve cells to build the neural networks in theby also ANN.
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1.1 Components of the artificial neurons 1.4 Network Topologies

Every neuron consists of three elements: 1.After we became familiar with the nerve cell
combination, here we will give an overview about the
famous topologies of the neural networks.to construct
neural network that consists of the previous
components we will firstly decide what will be the
based topology of the network that we will describe it
with its map on diagram to enable the reader
understanding the features and its approach on the
neural networks.

2.In the Hinton diagram the dotted weights expressed as
a gray field, the solid weights are expressed as a dark
gray field. the input and output arrows added to
identify the sent neuron by put its name as a line and
the destination neuron will be as a column number or
column name.

1.Weights: each neuron has a weight expressed as a real
number and according to these weights of each neuron
we can determine the strength of neurons contribution.

2.Weighted Sum: its a summation of all the income
weights to the specific neuron thats come from other
neurons. In ANN this factor will help in trying to
gather a best set of the income weights values for each
neuron to know which the neuron has real and useful
values that comes from specific action issued by the
neurons.

3.Activation Factor: when the neuron gives some action
for another one. The issued neuron for this action will
send it by signal to the activation factor which would
express this signal as an exponential relation to process
this signal to get the final result.

The human brain able to process the inputsor givens 5 learning procedures by input training

so that every part of the brain has a specific function an

implement some task. Its called plasticity to simulate thePatterns

computer thats consists of multiprocessor and each of the )

will execute task which called parallel computing. The purpose of the neural networks to predict to make the
input patterns as a common form by training procedure
which called generalization. Here in this section we will

1.2 The weights and the weighted matrix in ANNPropose some of'the Iearmng.procedures and give some
of the basic principles to learning procedures approaches

As we said the technical neural network consist of many[1]. Firstly, we will preview the operations that the neural

connected neurons or processing units that associate with€tWorks can do them such as:

each other to exchange the information by connections. 1 The neural networks can develop a new connections
Each of these connections has a weight, and its called oy create them between the neurons and as we said its
connection weight. For example, we have two connected 5|led weighted connection. Later on we will explain
neurons the connection weight of them will be expressed pow we can set the weight value to reduce the
asW;. We can represent the weight in weight matrix orin gjtference value between the desired outputs and the
weight vector;the number of rows in the matrix weight current outputs to give a good result.
determines the cell that carried out the connection to the 2 The neural network can delete an exist connection
target cells or to the desired cells to receive information  petween the neurons by put the connected weight
that is sent. In other words, from the row number we can  yajye in the weighted matrix between the connected
identify from any neuron the connection begins between  eyurons as we learned zero value to cancel the
two neurons, and by the column number determines gnnection.
receptor neurons to the information or signgls. In case of 3 The neural network can change the connected weight
the column number was equal zero this means no ajye by specific rules they will be explained later on.
connection exist, this matrix also called Hin-ton 4 The neural network able to change the threshold value
diagrams. of the neurons.

5.The neurons in the neural network able to implement

a main task (propagation function, activation function

1.3 Mechanism of Artificial Neural Networks and output function).

6.The neural network can add or delete neurons.
In this section,summed up the work of the mechanism of ) ) .
ANN in data processing across three stages and eachhe neural netwprk form gharactenzed by their ability to
stage outputs are input to the next stage, respectively, angredict the solu'glons that fit t_h_e problem_ln accurate form.
we will show this on example form. Stages of information 70" €xample, in the medicine domain by input the

processing are as follows: symptoms of the disease and then. by'proces.sing the
. ] information by the neural networks it will predict the
1.Propagation function stage disease or diagnosis of the disease. Another example
2.Activation function stage when give the neural network input patterns we will
3.Output function stage predict of it to give the desired pattern or desired output.
(@© 2018 NSP
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This could be executed by the training of the network by X2(0) = ag,
using an input pattern training to train the network give
the desired output by learning algorithms:

1.6 Hopfield Neural Networks

This type of the wide domain of artificial neural networks Xn(0) = o

:Zesimgtlgheea or tt'hF Ho;;ﬂetid !’;eutraél f.‘etwork Ct(')mc? fror.nover the long interval T=[a,b]. In fact, the above system

particies which situated in magnetc domainy, , i< of several cases on the Hopfield neural network.
and each of these particles is connect via the magnetiC
force with all the particles in the domain in completely
linked or in other words in fully connected form. So we ) )
will apply the previous topology of the neural network 2 Reproducing Kernel Hilbert Spaces
which means completely linked topology. We can say M ethod

about the particle is neuron and these particles when they

connect as a fully connected with each other to try t0The theory of reproducing kernel was used for the first

become their activation states are suitable and we cafme gt the beginning of the 20th century as a novel solver
know the minimum activation of the neurons or particles o, the boundary value problems of harmonic and

by themselves. When the Hopfield network neurons will yiharmonic functions types. This theory, which is

be in rotating state they will encourage each other to spifepresentative in the reproducing kerel Hilbert spaces
this idea the rotation of the particles is to process the(RKHS) method, has been successfully applied to various
information which means they will be in the activation important  application in  numerical  analysis,
case. For example, if we have a two particles are incompytational mathematics, image processing, machine
rotating state to process the information this called in thelearning, probability and statistics, and finance8[9,
Hopfield neural networks is binary activatia®j [ 10]. The RKHS method is a useful framework for
constructing numerical solutions of great interest to
applied sciences. In the recent years, based on this theory,
1.7 Problem Statement extensive work has been proposed and discussed for the
numerical solutions of several integral and differential
Let us consider the following theorem that summarize ourgperators side by side with their theories. The reader is
work: kindly requested to go throughl,12,1314,15/16,17,
. 18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,
;I;]r;ﬁ‘rehr?;).l_.[ﬁé?,ﬁ]zlfl_tme;e EXSI:t”afgggﬁ) esrl’lzzoes l&%h 35] in order to know more details about the RKHS

and the numbet € | is sufficiently small, then there exists Method. including its modification and  scientific
a neighborhood N of the orbitally stable limit cycle of the appll_catlons,d|tshcharacter|st|cs and symmetric_kernel
equation U= —Du+Wg(u) such that the solutions of the functions, and others.

equation U= —Du-+Wg(u) + gh(x(t)) which start inside

N behave chaotically around the limit cycle, that is the .

solutions are sensitive and there are infinitely many2-1 Multistep Approach

unstable periodic solutions.

, .. The major aim of this work is to find the approximate
Toillustrate the result of the above theorem, let us comside g tions over along interval. In this section, we utilize
the following general HNN: the multistep RKHS procedure. To do so, we consider the
nonlinear differential equations of Egs. (2.1) and (2.2).
Indeed, lefT = [a,b] be the interval over which we want
, to find the solution. Assume that the interval T is divided
X = fa(t, X1, %2, %), T €, into M subintervald™ 1, M, m= 1,2, ,M of equal step

sizeh = f, by using the node™ = mhFirstly, we

apply the RKHS method over the intervé, 1], to
obtain the approximate solution. For > 2 and at each
subinterval[3™, ™), we will use the initial conditions

X/l = fl(t7X17X27"'?Xn)’T €t

X = fa(t, X, X2, ... %), T €, obtained over[a, 3], then apply the RKHS technique
subject to the following initial conditions: directly. The process is repeated and generates a sequence
of approximate solutions ovefa, %],[8,8% , and
x1(0) = an, (B, BM].
@© 2018 NSP
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2.2 Computational RKHS Algorithm

3 Numerical Simulation

Software packages have great capabilities for solvingm order to solve the given ANN problems numerically on

mathematical, physical, and engineering problems. Th

@ computer, the equation is approximated by a discrete

aim of the next algorithm is to implement a procedure to ©"€: Continuous functions are approximated by finite
solve system od differmtial equations in numeric form in &1ays of values. Algorithms are then sought which
terms of their grid nodes based on the use of RKHsapPproximately solve the mathematical problem efficiently

method.

Algorithm 1 To approximate the solutior?(t) of x(t),
we do the following steps:

Input: The endpoints of[a,b], the unit truth interval

[0,1], the integers n and m, the kernel functions

Gi(s)andH(s), the differential operatol,, the initial
conditiona,, and the functiorf,.
Output: Approximate solution(t) of X, (t).
Step i. Fixedt in [a,b] and ses € [a,b];
If s<t,set

1
Gi(s) = 5(5_ a)(2a? —s*+ 6t +3st—a(6+s+3t));
else szet1
Gi(s) = é(t—a)(2a2—t2+3s(2+t)—a(6+3s+t));
Fori=1,2,..nh=212..m andj =12 n, do the
following:

i—1
Setti = m, Setw” (t) = Ls[Gt (S)]kti;
Output: the orthogonal function systeg; (t).
Step ii. For | = 2,3...,n and k = 1,2....1, do the
following:
If k # | then set

— 3 oWk (), T (t)>w3|iojk
VI Iy — 524 ), 5 (0)%,

ij_
k =

else set
ij 1
Kk =
VIt I = 555 (0. 95 (0%

else set
j_ 1 .
B gallw

Output: the orthogonalization coefficienﬁ%{.

Step iii. Forl =2,3...,n—1andk =1,2....1 — 1, do the
following: _ _ B

SetW; (t) = Si_1 Tk B Uk (t);

Output: the orthonormal function systeg; (t).

Step iv. Setx), (t1) = xn) (t2) = 0;

SetBij = 3}_1 3y B flti. X H(1));

Setx (t)(t) = ¥y 371 B P (1) ;

Output: the approximate solutiox!! (t) of x(t).
Step v. Stop.

and accurately. To show behavior, properties, efficiency,
and applicability of the present RKHS technique, five
problems will be solved numerically in this chapter.

In this section, we have five nonlinear numerical
examples thats solved by using the RKHS method and the
RK method of order 4, in order to show the accuracy and
the ability of these methods for solving such systems.
Here, we give the accuracy results especially for the
RKHS method. After we obtained the current results or in
other words the periodical solutions we compare them
between the two presented algorithms. In the process of
computation, all the symbolic and numerical
computations are performed by using MATHEMATICA 9
software package.

Example 3.1
Consider the following nonlinear Hopfield neural network:
x'1 = —Xp + 34tanh(x;) — 1.6tanh(xz) + 0.7tanh(xs),

x/2 = —Xp+ 2.5tanh(x;) 4+ 0.95tanh(x3),
Xg = —X3 — 3.5tanh(x;) 4 0.5tanh(xy),
subject to initial conditions:

x1(0) = —0.109,%(0) = —0.832 x3(0) = 1.721,

where the period equak [0,250

This is Hopfield neural network equation system with
initial conditions that we need to use it in our algorithm to
enable us get the results and the periodical solutions from
zero to 250. Here, we selected this long period to enable
the RKHS draw the results in utmost precision. Thus, and
according to this accuracy result we can judge or decide
how to act or behavior of the system. So, we will solve
the equations foxs, x, andxs, then we will solve pairs of
these equation by RKHS method. After applying the
previous steps, we will repeat the same approach on the
same system and initial condition but by using the RK
method of order 4. Finally, we will compare the produced
numerical solutions.

According to the numerical solutions in Figure 1 that
produced by using the RKHS kernel method,we can
conclude that these solutions are not chaotic, which
means that, the form of the function behaviour was not
chaotic. Anyhow, to make it chaotic system we added
some values to be chaotic and this is existing in Example
3.3. So, in general the RKHS method gave solutions to

(@© 2018 NSP
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this system and can solve it. In Figure 2, the numerical
solutions are not chaotic also, and they take the sam
behavior of the solutions using the RKHS method. So,
from these results we can conclude the solution betweel
the RKHS and RK methods are agreement.

In Figure3, we note in image (a) the result roughly equal
and the same case in image (c). There is small differenc
in image (b) but also its agree with the other images so we
can say that the RKHS able to solve the equations syster
of the Hopfield neural network in very efficiency and
accuracy.
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Fig. 1. Some numerical results of Example3.1 using the RKHS
kernel method.

Example 3.2

Consider the following non-linear Hopfield Neural
Network:

X; = —X1 + 2tanh(x;) — 1.2tan(xy),

x/z = —Xp+ 2.5tanh(x1) + 1.71tanh(xp) + 1.15tanh(x3),

Xg = —Xg — 4.75tanh(x;) + 1.1tanh(xa),
subject to initial conditions:

x1(0)

= —0.109 %,(0) = —0.832,x3(0) = 1.721,

(d)

Fig. 22 Some numerical results of Example3.1 using the RK
kernel method.

®)

©
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Fig. 3: The solution of the equations system of the Hopfield
neural network in Example3.1 using RKHS method

where the period equak [0,250.
We solved this system by using the RKHS method and
the RK method of order 4, to show the difference of the
results between these two systems, and to show the
performance of them to enable us decide which one the
efficient method. After applying the two presented
method, as in figure 4 , we solved(t),xy(t), andxa(t)
equation each one alone by using the RKHS method,
thats shown in images (a) , (b) , and (c) to compare these
results with the results of the RK method of order 4 that
will solve the same equations. We obtained the results
thats appear in Figure 4.

In this second part of the example as shown in figure
5, we resolved this system by using the RK method of
order 4. As a one time we resolved by it the equatigns
with X, and the result was in image (a). In the second

(@© 2018 NSP
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step, we also resolved the equation®ith x3 to obtain a
chaotic periodical solution for these equations as in image
(b), in image (c) we applied the RK method to solve
equationsx; with x3 and the periodical solutions is also
chaotic. Image (d) illustrates the group of solutions to the
X1,% andxs which means we could have resolved each
one separately by the RK method, but in this image we
collected the three periodical results in one image to give
chaotic form which means we are solving an chaotic
Hopfield neural network equations system. In image (e)
we showed you the result of solving equatiqrby using

the RKHS method and the RK method to display how
each method solved this equation, and how was the
performance of it, so we repeated this step also inFig. 5. The results of using RK4 method for the system in
equationsx; andxz. To compare between them by their Example3.2 and after obtained these results we compared the
results and their performance, and then decide if they camwith the RKHS algorithm results for the same system.

solve the Hopfield neural network equations system and

in efficiently form. Virtually the results in image (e), (f),

and (g) are approximately symmetric.

Example 3.3

Making use of the solution of Example 3.2 as external
inputs for Example 3.1, we set up the following Hopfield
neural network:

X, = —y1 + 3.4tanh(xy) — 1.6tanh(y,) + 0.7tanh(ys)+
0.013@anh(x;) —0.0018anh(xp) + 0.0025anh(x3),

X, = —Xp + 2.5tanh(x) + 0.95tanh(ys)+

0.0004anh(x;) +0.0212anh(x) — 0.0008anh(x3),

Xg = —X — 3.5tanh(xy) + 0.5tanh(xp) +

0.0012Zanh(x;) + 0.0023anh(xz) + 0.015anh(xs),

subject to initial conditions:

1 = —0.645%, = 0.243 x3 = —0.628,

where the period equak [0,250. The following step we
will solve the previous numerical Hopfield neural
network system and calculatg,xz,x3 sequentially by
using the RKHS method. The goal of these steps and
computations to prove the ability of the RKHS method in
solving the Hopfield neural network systems, and in
efficiency form in addition to compare the numerical
solutions of using RKHS method with the most famous
mathematical method which means The Rang Kutta
method of order 4, to show for the reader the results after
the computations for the two methods are agreement. So
after applying the RKHS as we see in figure 6 the
e previous results calculated by the RKHS method with a
specific initial conditions and on the specific period thats
equal 250. For example in image (a) the equakphave

Fig. 4. The RKHS method solved the pairs of equation in : T . .
Example3.2 likex, with x, in image (d)x, with % like image a chaotic periodical solution from [0,250] period, also the

(e) to compare the same pair of this equations in the secontzame case in; andx equations thats shown in (b) and

method, and the same case in image (f) when we solved by th C). Images. T.hen we solved by the RKHS method the

RKHS method the equations pair with xs. pairs of equation !|ke<1 andxp, X1 and X3, %o andxs, and
they are shown in (e), (f), (g) images sequentially to
watch their results thats produced by the RKHS method
then compare them with RK method in the same cases
and the same pairs of the equations .

(@© 2018 NSP
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Fig. 7. The equations pairg; and xp,x; and x3,x, and x3
resolved by the RK method as its clear in (a), (b), (c) and (d)
images but in the last image we resolved the HNN equation
system in Example3.3 thats consistxafx, and x3 firstly by
separate form then we collect the results in this image. by RK
method we obtained these periodical solutions.

(e}

Fig. 6: The result of using RKHS algorithm for the HNN
equation system in Example3.3 by two steps; the first one is -
solving it as one equation and the second is taking the systen
equation as pairs.

Example 3.4 ) "
Consider the following non-linear Hopfield Neural =

Network: [l
x/l = —X1 + 2tanh(x;) — tan(xz),

x'2 = —Xp+ L.7tanh(x;) + 1.71tanh(uz) + 1.1tanh(xs),

Xg = —X3 — 4.75tanh(xy) + 1.1tanh(xy),

subject to initial conditions:

X1 = —0.109:%, = —0.832:x3 = 1.721

Fig. 8 The images (a), (b) and (c) illustrates each equation

. which means«g,x, andks resolved by rang kutta 4 method and
approaches we will apply RKHS method &n x, andxs y RKHS method to show you their results and to prove our

to get the desired result and apply them also RK methoqseq aigorithm which means RKHS is able to solve these HNN
to compare the current result and judge are theyeqations system in Example3.3. We can understand frore thes

agreement or not. So we will begin with applying RKHS eriodical solutions almost the results were symmetric.
method on this numerical system firstly. See Figures 9

and 10.

where the period equal € [0,250. As the previous

(@© 2018 NSP
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0]

Fig. 10: These previous periodical solutions are chaotic in this
i€) Hopfield neural network equations system and they resolyed b
using the RK method inimages a, b, ¢, d ,e ,fand g. Butin the las
three images we also collect the results of solving the éopst

Fig. 9: The system equation in Example3.4 has solved by RKHS X2 andxg thats solved previously by the RKHS method to

method to show and compare these solutions with the othe}Udge_iS the our mathematical algorithm able to deal with HNN
mathematical method we have which means RK method. equations system and solve them.

numerical system firstly by RKHS method then we will
resolve it by RK method as we did in the previous
examples but this time with different initial conditions.
See Figures 11,12 and 13.

Example 3.5

Consider the following non-linear Hopfield Neural

Network [7]:
X, = —x1 + 3.4tanh(x) — 1.6tanh(xz) + 0.7tanh(x3) +
0.02tanh(x) 4 0.03%anh(x3), 4 Conclusions

X, = —Xg + 2.5tanh(x) + 0.95tanh(xz) + 0.02Fanh(xy),

Xg = —X3 — 3.5tanh(x;) + 0.5tanh(x,) -+ 0.004anh(x;) —
0.01tanh(xz) + 0.05tanh(xs), We were able to prove thatthe RKHS method able to

solve any numerical equations systems of the Hopfield

subject to initial conditions: X :
neural network equations systems in accuracy and

x1(0) = —0.236,%(0) = 0.543 x3(0) = —0.745 efficiency form according to the obtained results that we
compared them with the numerical results which solved
where the period equak [0,25(0. by using the other famous mathematical method RK

The following step we will solve the previous numerical method of order 4, and from this point we can decide or
system and calculate;,x, and x3 by using reproducing judge the numerical results that solved by these two
kernel Hilbert space method then so we will find the methods are agreement so these agreement results
numerical solutions to make sure of the reproducingencourage our invention. Finally, we can employ the
kernel Hilbert space method able to solve this hop fieldreproducing kernel Hilbert space method in solving the
neural network chaotic system. Let us begin solve thisHopfield neural networks equations systems as we saw.

(@© 2018 NSP
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a1
@ (d]

Fig. 12: We solved by RK 4 method the equatiops y»,and
y3 then put the produced solutions in one image which means
image a. Then we began solve the pairs of equations system lik

the previous pairs of the equations system that solved by RKH
method to facilitate the comparison operation between them

(e} [

Fig. 11. As we saw, these numerical solutions are produced by
applying the RKHS method in HNN equation system that the |
RKHS could solve and give accuracy solutions for one eqoatio
like y1 or to the pairs of equations system like with xp,X»
with x3 andx; with x3. We can conclude as a final image the
reproducing kernel Hilbert space has a good efficiency imesol
HNN equation system.
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