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Abstract: In this article, I establish recurrence relations for moment generating function and moments based on progressive first
failure censoring. Characterization for Gompertz distribution using recurrence relations of moment generating function and single and
product moments of progressive first failure censoring are obtained. Further, the results are specialized to the progressively type-II right

censored (PTIIRCOS).
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1 Introduction

Suppose that n independent groups with k items within
each group are put on a life test. Ry groups and the group
in which the first failure is observed are randomly
removed from the test as soon as the first failure

X,Llill’ﬁzk’""R’”) is observed, the remaining groups R, are

re(rlrelolxeled R) from tl(llgz o R )test. Then
1,1825--588m 108255 0Nm

Xl:m:n k < < Xm:m:n,k are called

progressively first-failure censored order statistics with
the progressive censored scheme, where n = m+ Y/ | R;.
If the failure times of the n X k items originally in the test
are from a continuous population with cdf and pdf, the
jOint pdf fOr X(RlsRZr-me) X(RlaR?s~~~sRm)

L:m:n,k [EREE) is defined as
follows:

m
le:m:n7-~-7Xm:m:n (xl 3 X2, X35+ -3 Xm—1 axm) = K(n,m—l)k

m
[T F ) 0 <x < <xs <.
i=1

<Xl <X <o, (1)

where,

K(n,m—l) = n(n 7R1 — 1)(117R1 7R2 — 2) e (nle —
Ro—R3---—Ru_1—Ruy—m+1).

Aggarwala and Balakrishnan [1] derived recurrence
relations (RR) for single and product moments of

PTIHRCOS from exponential distribution. Mohie El-Din
et al. [6,7,8,9,?] derived RR of moments of the extended
power Lindley, generalized Pareto, Gompertz, linear
failure rate and Marshall-Olkin extended Burr XII
distributions based on general PTIIRCOS and
characterization. Sadek et al. [10] derived characterization
for generalized power function distribution using RR
based on general PTIIRCOS. Marwa Mohie El-Din and
Sharawy [?,5] derived RR for the extension of
exponential and generalized exponential distributions
based on general PTIIRCOS. Kotb et al. [4] derived
E-Bayesian estimation for Kumaraswamy distribution
using progressive first failure censoring (PFFC).

Through out this paper, I introduce RR of moment
generating function (MGF) based on PFFC. Also
characterization for exponential distribution using RR of
MGEF based on PFFC, are obtained.

I introduce the RR of MGF for Gompertz distribution
(GD) based on PFFC. The pdf is

Br—G (ePr—1)

flx,0,B) = ae :
and the cdf given by

a>0,>0 x>0 (2)

% (fr_
foaB)=1—e BV 4>0B>0 x>0 (3)

The GD was introduced by Benjamin Gompertz [2].
It may be noticed that from (2) and (3) the relation
between pdf and cdf is given by,

f(x) = aePF(x). 4)
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For any continuous distribution, we shall denote the ith
single moment of the PFFC in view of (1) as

(kR, +k71,kR2+k71,...,kRm+k71)<')
q:m:n.k

(kR +k—1,kRy+k—1,.... kR +k— 1
E[Xq m:n,k

][

/ x;kmf<xl>[F<x1>}kR'+"-1 < fx)
0<x] < o <y <00

[F (ea) R0 f (o) [F ()R ey o, ()
the i and j"" product moments as

(kRy+k—1,... kRyy+k—1)07)

‘u'q,s min,k -
(kRy+k—1,... kRy+k—1)" o (kRy+k—1,... kRy+k—1)"
E[Xq:m:n,k s:m:n,k ]

:K(n,mfl)//"'/o< ey o xf]xgkmf(xl)
X< <A e

[F (o) [R5 f () [F () [0 f (o)
[F(xm)]kRm+k_1dx1 . dxy, (6)

the single MGF of the PFFC in view of (1) as

M(kR]Jrkk Lo kR +k=1) _
q:m:n,

tx, v (kR +k—1,... .kRy+k— 1
E[ qumnk

o[-

/ k" f (1) [F (o) R f ()
0<xy < o <oy <00

[F (xc)[FRR=1 () [F (o) SR 5y L dx, (7)

and product MGF

(kRy+k—1,....kRy+k— 1)
q,s:m:n.k

K(n.m—l)//"'/ e(l1Xg+12%s) pm X f(x1)
’ 0<x) <o <Xy <00

[F (et )RR (o) [F ()R ey . (8)

2 RR of Moments and MGF

In this section, we introduce the RR for single and product
moments based on PFFC.

In the next theorem we introduce the RR for single
moments based on PFFC.

Theorem 1.For2 < g<m—1, m < n then

(kRy+k—1,.
q:m:n.k

kR Ak—1)( - af’

; Wi4j+1 ){ Ry +1)
KRy +k—1,... kRyp+k—1)0+i+1)
;ml;1+/< 1) —(n—R1—---—Rq_1—q+1)

u(kR1+k 1. kR +kRg+2k—1 kR y 1 +hk—1,....kRpy-+k—1)0H+1)
q—1:m—1:nk

+(n—Ri—--—R;—q)
(KR +k—1,... kRg+kRpy 4 1 +2k—1 kR -+k—1,....kRyy+k—1)H/+D) )
qg:m—1:nk '
)

Proof.From Eq. (4) and Eq. (5), we get

£k

/ch(xqflaqu)km X f(xl)[}':(xl)wdeﬁki1 .. ~f(xq*1)

[F(xqfl)}qu7'+k71f(xq+1)[F(xqﬂ)}kR‘”ﬁkil X oo f(xm)

[F ()R ey L dxy—1dg i1 - dX,  (10)

(kRy+k—1,....kRyp+k— 1)<>
q:m:n.k

where c =0 < x| <--- <xgo1 <Xgp1 < -0 <Xy < 00,
and

M T (o YIRR

0151t = [ PR G)e ay.an
Xg—1

Now, integrating by parts gives

Ql (xqflaqurl) =
i+j+11 7 + i+11 7
S GCTRRY) e AR CTRY)
i+j+1

kR, +k Ygrl s _ -~
) [ s PR . (12)

Substituting by Eq. (12) in Eq. (10) and simplifying, yields
Eq. 9).
This completes the proof.

Special case
1- Theorem 1 will be valid for the PTIIRCOS when

=)

(R1,R2,..e, /
+1
fon JZ%,J'1+1+1 {R+1)
Ry ,Ra,...,Ry)iHith)

“‘4(7"1"2 ) —(n=Ri—+—Rg-1—q+1)
(R1,Ry iRy 1 +Rg+1,Ry g 1 yersRig) HIH)
qfll:nffl:nq b ! +(n—Rl_..._R _l])

(R1,Ry,..., Rq+Rq+1+l Rq+27 7Rm)(H’J*l)

q:m—1:n

In the next two theorems, I introduce RR for product
moments based on PFFC.
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Theorem 2.For 1 < g <s<m—1, m <nthen

(KRy k1o skRyy+k—1)(E7) xS apB’ LR
ST +1
q,s:m:n,k ; l—|—]+ ){ ( )
KRy +k—1,... kR +k—1)(Fi+1r)
l'Lq(,srlnnk ) (n—Rl—--~—Rq_1_q+1)

u(kR1+k Lo kRy 1 +kRy+2k—1,kRyy 1 +k—1,... . kRy+k— 1)(’+/+1r)
q—1,s—1:m—1:nk

+(n—Ry—--—Ry—q)

u(kRH»k Ly kRg+kRy 1 +2k— 1 kR 2 +k—1,....kRy+k— 1)<’+j+1")}
q,s—1:m—1:nk .
(13)

Proof.Similarly as proved in theorem 1.

Special case
This theorem will be valid for the PTIICOS as a special
case from the PFFC when k=1,

o k
(R1,R2;-. ap
q,s:m:n Zok‘ +k+ (CI+1)
R R R (i+j+1,r)
N R Y

(R1 Rz, Ry_ 1 +Rg+ 1Ry 1 oony Ry ) D)
q—1,s—1:m—1:n

=Ry —q)u

+(I’Z—R1—

(RiRa,o;Rg+Ry s 1 1Ry 2, Ry ) UHTHLY)
q,s—1l:im—1:n

Theorem 3.For 1 <g<s<m—1, m <nthen

(R -k 1k b)) _ g @B
o =) Ry+1
q,s:m:n.k j;()]!(l+]+ 1){ ( )

(KR} +k—1,....kRy+k—1) (i tr+1)
q,5:mn.k " —(n—Ri——Re1—s5+1)
(KR} +k—1,... kRs_| +kRs+2k—1 kR | +k—1,... kRy+k—1)(i+r+1)
q,s—L:m— lnk
+(n—Ri—--—Rs—3s)

(KRy +k—1,... kRy+kRy | +2k—1 kRy o +k—1,...

KRy +k—1) (1)
q,s:m—1:nk }

(14)
Proof.Similarly as proved in theorem 1.

Special cases
For k=1,
PTIICOS.

we obtain the recurrence relation of

aB’
.L{(Rw 1)
=0/ (i+j+1)
Ry Ry, Ry ) (BT 7H1
[gs}m'%, ! ) (n—Rl—..._Rs_l_s_’_l)
RiRy,....Rs_1+Rs+1,Rep 1., Ry

l-lt;sl 12m ]nl +1s ) —"—(n_Rl—..._RS_S)
(R1,R2,ee;Rs+ Ry 1 +1,Ry 20y Riy ) B+ D)
q,s:m—1:n 7

and for i=0
(RiRaeee R) ) 3 (Xﬁj {(R
m: - . 4N +1)
S:m:n ;}]!(‘1_’_1) s
R(.Ry,....R;m (j+r+1)
TR —(n—Ry—-—Ry_1—s+1)
Ry,Ra....Rs_1+Rs+1,Rsi1,..., Ry Ut +1)
s( 1lm2 1:in PR R bR +(n7R17”'7R37‘9)
(RI«RZa aRs+Rs+l+1 Rs+2 ~~~~~ Rn1)<j+r+1)
lusm 1:n ’
and for s=m
(R Rap R af’
: = — R,+1
s L i 7 )
Ry Ry, Ry) U HHY)
LR R R Ry =+ =Ry —m+ 1)

(R1 Ry oo Ry + Ry +1) U7+
m—1l:m—1:n }

In the next theorem we introduce the RR for single
MGEF based on PFFC.

Theorem 4.For2 < g <m—1, m < n then

t
+ﬁMkR1+k 1 kR +k—1) Zﬁ{k Ry+1)

a g:m:n.k
(kRy+k—1,.... kR +k—1)))
qunk _(n_Rl_"'_Rq—l_CI+1)
(KRy +k—1,... kRy— 1 +kRg+2k—1 kRpyy 1 +k—1,....kRp-+k—1)1/)
Mq 1:m—1:nk +
(n—Ri—--—Ry—q)
M(kR1+k 1. kRgHkRy 4 1 +2k—1kRy 2 +k—1 ... kRyy+k— 1)<)}
gm—1:nk '
(15)

Proof.From Eq. (4) and Eq. (7), we get

Ml;f;:-rs;l;(—l,m,kRm+k—l ZKn,m—l)//"‘/QZ(quhqur])
kmxf(xl)[ ( )]le+k ' f(xqq)[F(xqil)]qu—H‘k—l

f(xffrl)[F(qurl)}quﬂJrk_l < . .f(xm)[F(xm)]kR’"+k_l

dxy...dxg 1dxgyy ... dxy, (16)
where
M By [ \TKRgH
02 (xg—1,%g41) = Oc/ e 1[F (xg)"" 7 dxy.  (17)
Xq_]
Now, integrating by parts gives
Q2(xq717xq+l) =
ae(Hﬁ)qu [F(qu )]qu+k _ ae(ﬂrﬁ)xq,l [F(xqil )]quJrk
t+p
kR4 +k /X"“ (t+B)x kRy+k—1
+ o q q dx
Creg ) e Pt P )
(18)
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Substituting by Eq. (18) in Eq. (16) and simplifying,
yields Eq. (15).

This completes the proof.

In the next two theorems, I introduce RR for product
MGEF based on PFFC.

Theorem 5.For 1 <g<s<m—1, m <nthen

1+ - - = B/
ﬁM(leJrk Lo kR k1) _ y [;'{k(Rqul)
=0 /!

a q,s:m:n.k
(kRy+k—1,... kRp+k—1){)
q,s:m:n.k " _(n_Rl_"'_qul_q"_l)
M(kR1+k71,...,qu,1+qu+2k71,qu+ k=1, kRpy+k—1)1)
qg—1,s—l:m—1:nk +
(n—Ry—-—Ry—q)
(KR +k—1,... kRq+kRy 41 +2k—1 kRy 2 +k—1,....kR+k—1)1)
q,s—1:m—1:nk }
(19)
Proof.Similarly as proved in theorem 4.
Theorem 6.For 1 <g<s<m—1, m <nthen
q
14 B Ry k1, R k—1) o B
a Mq,s:m:n,k = Z ﬁ{k(Rq + 1)
=0/
KRy +k—1,... kRpy+k—1)1)
fg,S:rln:n,k " —(n—Ry—-—Re1—s+1)
M(kR1 k=1, kR +kRs+2k—1 kR +k—1,... kRy+k—1)(7)
q,s—1:m—1:nk +
(n—Ry—--—Ry—5)
M(kR1+k—1....7kR_¢+kRS+1+2k—1,kRH2+k—1,...,kRm+k—1)</)
q,s:m—1:nk }
(20

Proof.-Similarly as proved in theorem 4.

3 The Characterization

In this section, we introduce the characterization of the GD
using the relation between pdf and cdf and using RR for
single and product moments and MGF based on PFFC.

3.1 Characterization via differential equation
for the GD

In the next theorem, we introduce the characterization of
the GD using relation between pdf and cdf.

Theorem 7.Let X be a continuous rando_m variable with
pdf f(.), cdf F(.) and survival function F(.). Then X has
GD iff

fx) = aeP*[F(x)]. 1)

Proof-Necessity: From Eq. (2) and Eq. (3) we can easily
obtain Eq. (21).

Sufficiency:

Suppose that Eq. (21) is true. Then we have:

—d[F
—dIF] _ by
F(x)
By integrating, we get
_ a
—In|F(x)| = Beﬁuc (22)

where C is an arbitrary constant.
Now, since [F(u)] = 1, then putting x = 0 in Eq. (22),
we get C = ’TO‘.

Therefore,
_ o o
In|F(x)| = ——ef*+ =
|F(x)] B B
or,
_ o o
F(x)=exp{—5eP*+ =
(x) { B B}
Hence,
o o
F(x)=1—exp{— — —eP*
(x) {5 B }

That is the distribution function of GD.
This completes the proof.

3.2 Characterization via RR for single moment

In the next theorem, we will introduce the characterization
of the GD using RR for single moments based on PFFC.

Theorem 8.Let X1, < Xo., < -+ < X,,., be the order
stasistics of a random sample of size n. Then X has GD
iff, for2<qg<m—1,m<nandi>0,

(kRy+k—1,.c. kR k—1)) o af’ (k(R
- =) —/——— +1)
mn, . . . q
(kRy+k—1,... kRy+k—1)(+i+1)
uq:m:‘mk g —(n—Ri—--—Ry1—q+1)
(KRy +k—1,... kR +kRg+-2k—1 kR y 1 +k—1,....kRyy-+k—1)EH/+1)
q—1:m—1:nk

+ (=R —-—Ry—q)
u(kR. k=1, kRG+kR 1 +2k—1 kR 42 +hk—1 ... kRpy+k—1)0F/+D
qg:m—1:nk :
(23)

Proof.Necessity 1 proved the necessary part of this
theorem. Theorem Sufficiency: Assuming that Eq. (23)
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holds, then we have:

v ap
_];)j!(iﬂﬂ){k(RqH)

(kRy+k—1,....kRp+k—1)1)

q:m:n.k

KRy +k—1,....kRy+k—1)0Fi+1)
;mlnk ) (n*le"'*qulqurl)

“(kR.+k 1o kR +hRg+2k—1 kR +k—1,... kR +k—1)H/+D)
q—1:m lnk

(0 =Ry~ Ry—q)
(KRy +k—1,... kRg+kRy 4 1 +2k—1 kRyyo+k—1,....kRpy+k—1)0H/+1) }
q:m—1:nk :
(24)
where,
(kR +k—1,... kRp+k—1)0+i+D K
q:m:n.k = B(nm—1) c
Qa(xg—1,%g41) X K" f (1) [F (x)] R flagg 1)
[F (e )R 715 f (g1 ) [F (g )R 470 f ()
[F ()R Ny L odxydxgin - dx,  (25)

where

Qz(xq71 ,qurl) _ /xq+l x;”“f(xq)[F(xq)]qu+k_1dxq.(26)

q—1
Integrating by parts, we obtain

O (xg—1,Xg+1) =

—1 i+j+11 7 kR, 41 +k i+j+1
F q+1 -
Rt )] TR, Tk
_ i+ j+1 (el
Fla. 1 Rg-1+k l s KRk g
[F (xg-1)] TR,k S, F(xg) t
(27)

Substituting in Eq. (25), we get

i+j+1

mK<n»m—l>/ /-

-'f(xq—l)[F(xq—l)]qufﬁkil

(kRy+k—1,...,
q:m:n,k

/ckmxf(xl)[l:"(x

Xg+1 . . _ B
/ - XEH[F (g )R ey f (x40 ) [F (g )| Rast AT

xq—l

kRp+k—1)0Hi+D
kRy+k—1
1)] :

K,
P kRpu+k—1 (n,m—1)
T o) [F (xm)] dxy .. kR, Tk

[ [ e s )

F (g >]’<qul+qu+kf<xq+l>[F<xq+l iRtk

cdxg_1dxgpn ... dxy+

[F(xl)]kR1+k71 -

K
F mTR— (n,m—1)
Flxm)] (xm)]kR +k 1dx1...dxq_1dxq+1...dxm— R, Tk
// / ;J-rrllﬂkmxfxl)[ (xy +1)]le+k_1...f(xq+1)

F g 8R4 1

l+]+1// /km
mm) kR, +k

[ xR £ ) o) ()

dxg_1dxgqy...dx, = K(

xq,l
[F(xqfl)]qufﬁkil X f(x,H])[F(xq+1)}qu+l+k’l oo f (om)
[F ()[R iy L dig—ydgsr - .. dom
(n—Ri— =R 1—q+])
kR, +k
(KR +k—1,... kR +kRq+2k—1 kR +h—1,... kRy+k—1)(H7+1)
q—1:m—1:nk
+ (n_Rr-H _"'_Rq_Q)
kR, +k
(KR +k—1,... kRq+kRy 4 1 +2k—1 KRy -+k—1,....kRyy+k—1)Hi+D)
q:m—1:nk '
(28)
o (kRy+k—1,... kRyp+k—1)(+/+1)
Substituting for [U— " from (28)

in (24), we get

(kR{+k—1,... kR +h—1)) ap’
uq:m:n,k - Z TK(,,,m_l)

/ X R ()[R () [ ()4
0<xy < <Xy <00

o ) [F (g )R f (1)
[F (g )[R () [F ()[R 5Ny i,

(29)
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we get

Kow [ [ ] X [F (g R4
0<x] <o <oy <00

FOn)[F (eI f (1) [F (g )[R
f(xq+1)[F(xq+1)]"Rq+'+" U o) [F ()RR =1

iy =K [ [ ]
0<x] <o <oy <00
i+jkm[F(xq>]qu+k .

i)aj[fxq ><f(x1)[ ( )]kR1+k 1
F g1 [F Cegm) [ £ g 1) [F (g )] Rt T4

X () [F () PRt =Y ey . (30)

We get

k. ] L () [KRg A1
(nm—1) / / /OQK_,_Qm@xq[ (xq)]

FEOF )R £ rg 1) [F () Fam1 74
f(.xq+1)[F(xq+l)]qu+l+k—1 “.f(xm)[F(xm)]kRm—o—k—l

[f(x,) — cteP¥a[F (x,)]Jk"dx, ....dx, = 0. (31)

Using Muntz-Szasz theorem, [See, Hwang and Lin [2]],
we get

fxg) = ol [F (x,)].

Using Theorem 7, we get

_ 0 (pBx_

Flx)=1—e A

That is the distribution function of GD.
This completes the proof.

3.3 Characterization via RR for product
moments

In the next two theorems, we will introduce the
characterization of GD using RR for product moments
based on PFFC.

Theorem 9.Let X, < Xo., < -+ < Xy be the order
stasistics of a random sample of size n. Then X has GD
iff forl <g<s<m—1,m<nandi,j>0,

(kRy+k—1,....kRy+k—1)( > af’
v 7%( +1)
q,s:m:n,k ; l-‘r]+ 1)

KRy +k—1,... kRy+k—1)Hi+1r)
;Y‘m'nk " ) —(n—Ri— "—qul—é]'i‘l)
1 gee K g | TKRgT2K— 1L,KR gy | TK—1,..., mTK— L,
(kRy+k—1,.... kR g1 +kRy+2k—1 kR +k—1,... kRyp+k—1)+i+1r)

q—1,s—1:m—1:nk
+ (=R —-—Ry—q)
(KR +k—1,... kRq+kRpy 4 1 +2k—1 kRy 2 +k—1,... kRp+k—1) 0+ +10)
q,s—1:m—1:n,k }
(32)

Proof.-Similarly as proved in theorem 8.

Theorem 10.Let X, < --- < X,,., be the order stasistics
of a random sample of size (n-r). Then X has GD iff, for
1<g<s<m—1,m<nandi,j>0,

(kR +k—1,...
q,s:m:n.k

KRyt k1)) ap’
-y % qr
jzf)f Widj+ 1){ (Rs+1)

KRy +k—1,... kRpy-+k—1)Gi+r+1)

(kR1+k 1y kRy_ | +hRs+2k—1 kRyy | +k—1,....kRyy+k—1)Ei+7+D)
q,s—L:m—1:nk

Y (n—Ry—- —Ry—s)

(KRy+k—1,... kRg+KR 4 | +2k—1 kR g +k—1,.0. kRpy+k—1) (B747+1)
q,s:m—1:nk }
(33)

Proof.Similarly as proved in theorem 8.

3.4 Characterization via RR for single MGF

In the next theorem, we will introduce the characterization
of the GD using RR for single MGF based on PFFC.

Theorem 11.Let X, < Xo., < -+ < X, be the order
stasistics of a random sample of size n. Then X has GD
iff for2<qg<m—1, m<nandi>0,

t4B R k-1, kR tk—1) v B
a g:m:n.k Z TR
(kRy+k—1,....kRp+k—1){)
qunk (n_Rl_"'_Rq—l_q+l)
M(leJrk 1. kR +kRg+2k—1 Ry 1 | +k—1,... kRyy+k—1)17)
q—1:m—1:nk
+(n—Ri—--—R;—q)
M(kR,+k71,...,qu+qu+1+2k7l,qu+2+k71,...,kR,,,+k71)(1)
gm—1:nk }
(34)

Proof.Similarly as proved in theorem 8.

3.5 Characterization via RR for product MGF

In the next two theorems, we will introduce the
characterization of GD using RR for product MGF based
on GPTIICOS.

Theorem 12.Let X, < X5, < -+ < X, be the order
stasistics of a random sample of size n. Then X has GD
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iffi forl <g<m—1,m

t+B (kR k=1, kR +k—1) ﬁ
a q,s:m:nk Z 7, )
KRy +k—1,...kRy+k—1)()
MIS\};nk ) —(n=Ry—-—Ry1—q+1)

(kRy+k—1,... kRy—1 +kRy+2k—1 KRy +k—1,... kRy+k—1)()

Mq l,s—I:im—1:nk
+(n—Ri——Ry—q)
M(kR1+k 1. kRy+KkRy 1 +2k—1 KRy io+k—1,... kRy+k— 1)<1>}
q,s—1:m— lnk '

(35)
Proof.Similarly as proved in theorem 8.
Theorem 13.Let X1., < - -+ < X, be the order stasistics of

a random sample of size n. Then X has GD iff, for 1 < g <
s<m—1,m<nandi,j>0,

t+B (kR k=1, kRm+k—1) B
a q,s:m:n.k Z 7| )
kR1+k Lo kR +k—1)0)
M(kR|+k 1, Ry +kRs+2k—1 kR 1 +k—1,... kRy+k—1)(7)
q,s—1:m— lnk
+(n—Ry—--—Rs—5)
M(kR1+k 1. kRy+kRy | +2k—1 kRyyo+k—1,... kRp+k—1)\)
q,s:m—1:nk }
(36)

Proof.Similarly as proved in theorem 8.

Abbreviations
Abbreviation Defination
PTIRCOS Progressively type-II right censored
MGF Moment generating function
GD Gompertz distribution
PFFC Progressive first failure censoring
RR Recurrence relations
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