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Abstract: Lifetime data arising in reliability engineering, survival analysis and risk modeling are often skewed and heavy-tailed,
and their tails are not always well described by classical lifetime models. We propose a two-parameter model, the Entropy-
Transformed Lomax (ETLx) distribution, obtained by applying an entropy-based transformation to the Lomax distribution. Most
Lomax generalizations gain flexibility by adding shape parameters; the ETLx model keeps the two original parameters and can still
accommodate positively skewed, heavy-tailed data. We derive explicit expressions for the density, distribution, survival and hazard rate
functions, the quantile function (written with the Lambert W function), the ordinary and incomplete moments, the moment generating
function, skewness, kurtosis, and the Rényi and Tsallis entropies. The parameters are estimated by maximum likelihood, and a Monte
Carlo study is used to check how the estimators behave in finite samples. Three lifetime datasets are then fitted with the ETLx model
and with the Lomax, Weibull, Gamma, Lognormal and Exponential distributions. The fits are compared through the log-likelihood,
the Akaike (AIC), Bayesian (BIC), Hannan—Quinn (HQIC) and consistent Akaike (CAIC) information criteria, and the Kolmogorov—
Smirnov (KS), Cramér—von Mises (CVM) and Anderson—Darling (AD) statistics. For all three datasets the ETLx model gave the
smallest information criteria and the best goodness-of-fit values, which suggests that it is a sensible choice for heavy-tailed lifetime
data.

Keywords: Entropy transformation; Lomax distribution; Lifetime distribution; Lambert W function; Hazard rate function; Model
selection; Goodness-of-fit

1 Introduction distributions allow [16], which has led to a large body of
work on more flexible lifetime models [11, 20, 24]. Recent

Statistical models for lifetime and reliability data are examples include odds-based Weibull models, extended

needed in engineering, medicine, economics and the Lindley models and one-parameter models with a

environmental sciences. Data of this kind are frequently decreasing hazard rate [4,28,44].

skewed and have heavier tails than the classical
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One way to make a probability model more flexible is
to borrow ideas from information theory, in particular
entropy. The concept goes back to Clausius [17] in
thermodynamics, and Shannon [50] gave it its
information-theoretic ~form. In statistics, entropy
measures the uncertainty, or information, carried by a
distribution, and it appears in many inferential
problems [5, 26, 34, 42, 51]. In reliability work, the
Shannon and Rényi entropies of a failure-time distribution
tell us how predictable failures are: the larger the entropy,
the less predictable the failure pattern. Arimoto and
Tsallis entropies are used for non-extensive systems and
in signal processing, for instance to bound the bit rate
needed for lossless compression. Entropy measures also
act as diversity and complexity indices in ecology and
physics, where they help separate the stages of a process
according to how random the observations are [32]. Apart
from measuring uncertainty, entropy can be used as an
operator that produces new families of distributions:
building it into a distribution changes its shape and can
make it better suited to complicated data. Isaic-Maniu and
Voda [29] proposed a transformation of this type, namely

(1) =G(t)+R(t)InR(z), (1)

where R(t) = 1 — G(r) is the survival function of the
baseline distribution G(z). Differentiating (1) with respect
to t gives the density

fH(t) =R'(t)InR(7). )

The transformation has several useful features. It
keeps the number of parameters of the baseline model, so
nothing is added to the parameter vector. It nevertheless
makes the baseline distribution more flexible, widening
the range of shapes and tail behaviors it can produce. It
changes the hazard structure, so that different failure-rate
shapes can be modeled. Finally, because the survival
function enters through the factor R(7)InR(z), the new
model has a log-weighted survival behavior, which is
useful when survival decays logarithmically.

Equation (1) is therefore a simple device for
generating a new distribution from an existing one, and
the corresponding density (2) can be fitted to many kinds
of data. For these reasons the transformation is attractive
in applied fields such as engineering, economics and
biology.

The Lomax distribution is a standard heavy-tailed
model. It has been used in reliability and survival
analysis, risk assessment, queueing theory and
finance [1,9, 12, 22, 25, 52, 55, 59]. Inference for related
lifetime models under progressive, hybrid and step-stress
censoring, and for stress—strength reliability with
censored and record data, is studied in [3, 6-8,21,45]. For
a shape parameter o > 0 and a scale parameter A > 0, the
main functions of the Lomax distribution are as follows.

The cumulative distribution function (CDF) is

MN=1-(1+2)"
G(t;a,h) = —( +%> , t>0. 3)
The probability density function (PDF) is
o N —(a+1)
san)=3(1+5) @
The survival function is
t —Q
RO=(1+5) )
The hazard rate function is
o
h(t) = ——. 6
=10 ©®
Finally, for 0 < r < ¢, the rth moment is
I'la—r)I (1

(o)

Because its survival function decays as a power law,
the Lomax distribution is a natural candidate for extreme
events. It can still be too rigid for the variety of tail
behaviors and shapes seen in practice, and many
extensions have been suggested to make it more
flexible [19, 38, 39, 48, 49]. Among them are the beta
Lomax [36], transmuted Lomax [15], Marshall-Olkin
alpha power Lomax [10], gamma Lomax [18], Weibull
Lomax [57], Lomax exponential [27], Gumbel
Lomax [58], transmuted Weibull Lomax [2], weighted
Lomax [33], half-logistic Lomax [14], extended odd
Weibull power Lomax [13], odd Lomax [19], logistic
Lomax [60], odd Lomax generalized exponential [47],
truncated exponential Marshall-Olkin Lomax [23],
log-Lomax [31] and Kumaraswamy modified Kies power
Lomax [56] distributions.

Even with this literature, there is room for models that
are flexible and yet easy to handle, both mathematically
and numerically. The Lomax distribution has served well
in reliability, actuarial science, economics and survival
analysis because of its heavy tail, but its simple form
cannot always reproduce what modern lifetime data
show: tails that change from one dataset to another,
several failure mechanisms acting together, and different
amounts of positive skewness [40, 54].

Most Lomax extensions gain flexibility by adding
shape parameters through beta, Kumaraswamy,
Marshall-Olkin, transmuted, exponentiated or other
generators. The extra parameters help the fit, but they
make inference harder, raise the computational cost and
can make numerical estimation unstable [41]. Extensions
that add flexibility without adding parameters are
therefore worth looking for.

The entropy transformation is one way to obtain such
an extension. It does not introduce new parameters; it
uses the information in the baseline survival function,
through R(7)InR(z), to change both the density and the
reliability functions. The resulting models stay small but
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can represent different degrees of skewness, tail weight
and hazard shape.

Our interest in this approach comes from the fact that
many lifetime datasets are highly variable and
heavy-tailed in ways that classical distributions do not
always reproduce. In reliability and survival studies,
heavy tails often result from mixed failure mechanisms,
changing operating conditions, manufacturing defects or
unobserved  risk  factors [30].  Entropy-based
transformations can account for such features while
keeping closed-form distribution functions and a tractable
likelihood [35,46,53].

In this paper we apply the entropy transformation to
the Lomax distribution and call the result the
Entropy-Transformed Lomax (ETLx) distribution. The
aim is a model that is more flexible than the Lomax
distribution but still has two parameters and simple
formulas. We study its distributional properties, moments,
entropy measures, reliability functions and quantile
function, estimate its parameters by maximum likelihood,
and check the estimators by Monte Carlo simulation. We
then fit the model to three generated lifetime datasets and
compare it with several standard lifetime distributions.

Generator methods usually change the CDF of the
baseline model by means of extra generator parameters.
The entropy transformation works differently: it
reweights the baseline density by the logarithm of the
survival function. The density, survival and hazard
functions all change, yet the model keeps only the two
Lomax parameters, so the gain in flexibility does not cost
tractability or computing effort.

The model has practical advantages as well. Its
quantile function has a closed form in terms of the
Lambert W function, so random numbers are easy to
generate and simulation is straightforward. The moments,
incomplete moments and entropy measures can all be
written explicitly. Together with the simulation and data
results reported below, this makes the ETLx distribution a
convenient option for heavy-tailed lifetime data.

In practice, the model is intended for reliability and
lifetime data with heavy tails, positive skewness and
mixed failure mechanisms. In our simulations the
maximum likelihood estimators behaved well in finite
samples, and for the three datasets considered the ETLx
distribution fitted better than the Weibull, Lomax,
Gamma, Lognormal and Exponential distributions. The
model may therefore be useful in reliability engineering,
survival analysis, actuarial science and risk modeling.

The main contributions of the paper are the following.

i.A new two-parameter model, the ETLx distribution, is
introduced to make the Lomax distribution more
flexible.

ii.Its main mathematical properties are derived: the
density, distribution, survival and hazard functions,
the quantiles, the moments and the entropy measures.

iii.Maximum likelihood estimators of the parameters are
obtained, and their performance is examined by Monte
Carlo simulation.
iv.It is shown that the model can describe different
hazard-rate shapes.
v.The model is fitted to three datasets and compared with
several classical lifetime distributions.

The rest of the paper is organized as follows. Section 2
defines the ETLx distribution and gives its distribution and
reliability functions. Section 3 derives its main statistical
properties, and Section 4 deals with maximum likelihood
estimation. The simulation results are given in Section 5,
and Section 6 presents three data applications. Section 7
concludes the paper and suggests topics for further work.

2 Construction of the Entropy-Transformed
Lomax Distribution

The ETLx distribution is obtained from the entropy
transformation

feree(t) = R (1) InR(t), (8)

where R(t) denotes the survival function of the Lomax
distribution.
From (5), the derivative of R(¢) appearing in (8) is

o t —(a+1)
R(t)=—— (1 —) , 9
(=—7(1+7 ©)
and the logarithm of the survival function is
t
InR(t) = —aln (1 n Z) . (10)

Inserting (9) and (10) into (8) gives the PDF of the
ETLx distribution:

2

o t —(a+1) t
fE”"(t):TOJFI) IH(HI)’ (11)
t>0,a>0,1>0.

For (11) to be a proper density, it must integrate to one
over the support, that is,

/ fETLx(t)dt =1. (12)
Substituting (11) into (12) gives
o (X2 t —(a+1) 1
/O T(l—kI) ln(l—i—z)dt. (13)
Let u =1+ £, dr = Adu. Then (13) becomes
ocz/ u” ) In(u)du. (14)
1

Next, let v =Inu, u=e®, du=e’dv so that (14) becomes
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o’ / ve *dv. (15)
0

Using the gamma integral ;" ve *Vdv = # in (15), we
obtain o> x - =1.

which proves (12). Hence (11) is a proper probability
density function. The CDF of the ETLx distribution is

Ferit) =1- [1+an 1 +%>} (”%)7“’ (16)

t>0,a>01>0.

Figure 1 shows the PDF for several parameter values.
The density is unimodal and right-skewed, and both the
degree of asymmetry and the weight of the tail change
noticeably with o and A. This is what makes the model
suitable for skewed and heavy-tailed data.

Figure 2 shows the corresponding CDFs. The
parameters control how fast probability accumulates: for
some combinations the CDF rises steeply and approaches
one early, while for others it climbs slowly, so the model
can describe both short and long lifetimes. In the second
case the tail is heavy, which means that extreme values
become rare much more slowly than they would under a
normal distribution.

The survival function of the ETLx distribution is

Spria(t) = {l—i—aln(l—&—%)} (1+%)_a. (17)

and its hazard rate function is

a’In(1+41/2)
A+t)[1+oaln(l+1/A)]
To study the shape of the hazard rate, put

heTLs(t) = ( (18)

t

so that
_o? In(u)
) = i+ ain(@)’

Differentiating with respect to u gives

dh(u)

du A

o (1 —Inu) (1 +alnu) — alnu
u? (1+ alnu)? '

and, after simplifying the numerator,

dh(u) oﬁl—lnu—ot(lnu)2
du A (1 +alnu)?

Because # > 1, we have Inu > 0 and the denominator
is positive, so the sign of the derivative is the sign of

1—Inu—a(Inu)’.

As a function of Inu, this expression equals 1 at u =1
and decreases to —oo, so it changes sign exactly once, at
Inu* = (VIi+4a—1)/2a). Writing
t* = Alexp((v1+4a—1)/(2a)) — 1], we therefore have

H(t)>0 fort<t*, H(t)<0 fort>t"

The ETLx hazard rate is thus unimodal (upside-down
bathtub): it rises over a short initial period, reaches its
maximum at t*, and then decreases towards zero. Since ¢*
is small unless A is large, the model mainly describes
early failures followed by a steadily falling failure
intensity.

Figure 3 shows survival functions for several
combinations of @ and A. Some curves decrease slowly,
so that the probability of long survival remains high,
while others drop sharply at the start, which corresponds
to short lifetimes. The shape parameter o mainly controls
how steep the curve is, and the scale parameter A controls
how far it stretches along the time axis. The model can
therefore describe residual lifetimes under quite different
conditions, which matters in actuarial and engineering
work.

Figure 4 shows the hazard rate function. From this
figure we can note that the hazard rate function is
up-side-down.

Table 1 gives numerical values of the main functions
of the ETLx distribution for several pairs (¢, A) and time
points x. The PDF values show how the shape changes: a
larger o puts more probability mass at small x. With o =
3.0 and A = 1.0, for instance, the PDF equals 0.7208 at
x=0.5and falls to 0.0124 at x = 5.0, whereas with & = 0.5
and A = 1.0 it is much smaller and changes little over the
same range.

The two parameters play different roles. With A fixed,
a larger & makes the survival function fall faster and raises
the hazard at early times, so the distribution becomes more
concentrated. A larger A simply rescales the time axis: the
mass spreads over a wider range, the PDF becomes lower
and the CDF rises more slowly.

The values in Table 1 were computed for representative
combinations of &, A and ¢ in order to show how each
parameter affects these functions.

2.1 Quantile Function

The quantile function Q(u), 0 < u < 1, is the solution in ¢
of

FETLx(t) =u, O<u<l. (19)
Inserting the CDF (16) into (19) gives
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ETLx Probability Density Function Shapes for Varlous Parameter Sets

ETLx PDF (2=0.8, A=1.0) ETLx PDF (2=2.0, A=0.5) - ETLx PDF (¢=3.5, A=1.5)
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Fig. 1: PDF of the ETLx distribution for selected values of o and A.
ETLx Cumulative Distribution Function Shapes
ETLx CDF (2=0.8, A=1.0) ETLx CDF (¢=2.0, A=0.5) ETLx CDF (a=3.5, A=1.5)
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Fig. 2: CDF of the ETLx distribution for selected values of & and A.
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Survival Function Shapes for the ETLx Distribution

ETLx Survival (x=0.5, A=1.0) ETLx Survival (¢=1.5, A=0.5) ETLx Survival (#=3.0, A=1.0)
1.0 — =05, A=1.0 1.0 — =15 A=0.5 1.0 —_— a=3.0,4=10
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- - -
@ & &
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2 4 6 & 10 12 14 2 4 6 8 10 12 14
X x X
ETLx Survival (4=5.0, 1=2.0) ETLx Survival (a=1.2, A=5.0) ETLx Survival (a=8.0, A=0.8)
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H ) |
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0.0 0.0 0.0 T T T T T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14 2 4 6 8 10 12 14
X X X
Fig. 3: Survival function of the ETLx distribution for selected values of ¢ and A.
Hazard Rate Function Shapes for the ETLx Distribution
ETLx Hazard (a=0.5, A=1.0) ETLx Hazard (a=1.5, A=0.5) ETLx Hazard (a=3.0, A=1.0)
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Fig. 4: Hazard rate function of the ETLx distribution for selected values of ¢ and A.
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Table 1: PDF, CDF, survival function and hazard rate function of the ETLx distribution for selected (o;,A) and several

values of 7.
a A t PDF CDF Survival  Hazard
05 1 0.5 0.055177 0.017973 0.982027 0.056187
05 1 1 0.061266  0.047829 0.952171 0.064344
05 1 1.5 0.057951 0.077788 0.922212 0.062839
05 1 2 0.052857 0.105508 0.894492  0.059092
05 1 25 0.047831 0.130662 0.869338 0.05502
05 1 3 0.043322 0.153426 0.846574 0.051173
05 1 35 0.03939 0.174081 0.825919 0.047693
05 1 4 0.035988 0.192905 0.807095  0.04459
05 1 45 0.033041 0.210145 0.789855 0.041832
05 1 5 0.030478  0.22601 0.77399  0.039378
05 2 05 0.019959  0.00578 0.99422  0.020075
05 2 1 0.027588 0.017973  0.982027 0.028093
05 2 1.5 0.030216 0.032556 0.967444 0.031233
05 2 2 0.030633  0.047829 0.952171 0.032172
05 2 25 0.030034 0.063023 0.936977 0.032055
05 2 3 0.028976  0.077788 0.922212  0.03142
05 2 35 0.027728 0.091968 0.908032 0.030536
05 2 4 0.026429  0.105508 0.894492  0.029546
05 2 45 0.025146 0.1184 0.8816 0.028523
05 2 5 0.023915 0.130662 0.869338  0.02751
1.5 1 0.5 0331061 0.124608 0.875392 0.378186
1.5 1 1 0.275698  0.27885 0.72115  0.382303
1.5 1 1.5 0.208625 0.399309 0.600691 0.347308
1.5 1 2 0.158571 0.490407 0.509593 0.311172
1.5 1 25 0.122993 0.560294 0.439706 0.279717
1.5 1 3 0.097474  0.615068 0.384932  0.253224
1.5 1 35 0.078781 0.658898 0.341102  0.23096
1.5 1 4 0.064779  0.694625 0.305375 0.212128
1.5 1 45 0.054067 0.724221 0.275779 0.196054
1.5 1 5 0.045718 0.749083  0.250917 0.182203
1.5 2 0.5 0.143702 0.044955 0.955045 0.150466
1.5 2 1 0.16553  0.124608 0.875392  0.189093
1.5 2 1.5 0.155399 0.205444 0.794556  0.195579
1.5 2 2 0.137849 0.27885 0.72115 0.191151
1.5 2 25 0.120138  0.34329 0.65671 0.182939
1.5 2 3 0.104312  0.399309 0.600691 0.173654
1.5 2 35 0.090747 0.447981 0.552019  0.16439
1.5 2 4 0.079286  0.490407 0.509593  0.155586
1.5 2 45 0.069636 0.527568 0.472432 0.147398
1.5 2 5 0.061497  0.560294 0.439706 0.139858
3 1 05 0.720827 0.34329 0.65671 1.097634
3 1 1 0.389895 0.615069 0.384931 1.012897
3 1 1.5 0211113 0.76007 0.23993  0.879897
3 1 2 0.122068 0.840892 0.159108 0.767202
\—a , y *(1+alny)=1—u. (22)
(HI) [1+aln(1+z)} —1-u (20 Now Lot
To simplify (20), put x=Iny, y=eé". (23)
y=1+ % @1 so that (22) becomes
e (1+oax)=1—u. (24)

Substituting (21) into (20) and simplifying gives
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To bring (24) into Lambert W form, set s = 1 + oux:

s—1
x=— (25)

Using (25) in (24) and simplifying, we obtain

. 1—-u
se * = .
e

Multiplying both sides by —1 gives the standard
Lambert form

1—u

(=5)e (=)=

With z = —s this reads

e

17
e =——2 (26)
e

which is the defining equation of the Lambert W
function, because

W(a)e"@ =a.

Hence z =W (— 1;“) . Returning to s = —z,

s:_w(_lz“).

Solving (25) for x gives

W (= 1=w)
x:%. 27)

and, since y = €* by (23),

W (—1=2) =
y = exp <W(€)1> ) (28)

(04

Finally, usingz = A (y — 1) from (21) in (28), we obtain

_ _1-w)
QETM(”)A[eXp< Wil(ae : 1)4’ (29)

O<u<l.

Equation (29) gives the quantile function of the ETLx
distribution in closed form. For 0 < u < 1 the argument
— % lies in (_71 ,0), where the Lambert function has two
real branches. Positive quantiles come from the lower
branch W_;(-), and this branch was used for all quantiles
in Table 2 and for all random numbers generated in the
Monte Carlo study. Setting u = 0.5 gives the median:

W (_05)
fos = A [exp (Wl(a)l> - 1] . (30)

Because the quantile function is explicit, random numbers
can be generated directly by inversion and percentiles can

be computed exactly, without solving F(f) = u
numerically. Table 2 and Figure 5 show how the quantiles
depend on the parameters. The tail is governed mainly by
a, and small values give very large upper quantiles: for
o = 0.5 and A = 1 the 0.95 quantile is 13,195.79, about
476 times the median (27.69). For larger o the
distribution is far more concentrated; at o = 5.5 the 0.95
quantile is only 1.369. The scale parameter A multiplies
all quantiles by the same factor and leaves the shape
unchanged. For fixed o (e.g. o = 1.056), moving from
A =1to A =3 triples every quantile.

Figure 5 plots the quantile function. The curves are
close together for p < 0.5 but separate quickly above the
median, and for small o they rise steeply as p — 1, as
expected for a heavy-tailed model.

3 Mathematical Properties of the ETLx
Distribution

3.1 Moments of the ETLx Distribution

The rth raw moment of a continuous random variable T is

oo

o, =E[T) = [ f)ar, G1)
/

where f(¢) denotes the ETLx density. Using the density
(11), this becomes

u’,:/wﬂof (1+%)_(a+l)ln (1+%) di. (32
0

To evaluate the integral, we change variables:

yzl—i—z. (33)
so that
t=Ay—1), dt=2Ady. (34)
and
=A"@G-1)". (35)

The integral converges only when o > r. Substituting
(33)—(35) into (32) gives

B 2
a
w, = / A (y— l)rTy_(aH)lnyldy.
y=lI
After collecting the constants,

Wy =a?A" / (y— 1"y @ Dinydy, (36)
1

By the binomial theorem,
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Table 2: Selected quantiles of the ETLx distribution for several values of o and A.

a A p=0.1 p=0.25 p=05 p=0.75 p=09 p=0.95
0.5 0.5 0948424 2919213 13.84709 108.5844 1194.968 6597.896
0.5 1 1.896848  5.838426 27.69417 217.1688 2389.936  13195.79
0.5 1.5 2.845272 8.757638 41.54126 325.7532 3584.905 19793.69
0.5 2 3.793696 11.67685 55.38834 434.3376 4779.873  26391.58
0.5 25 474212 1459606 69.23543 542922  5974.841 32989.48
0.5 3 5.690544 17.51528 83.08251 651.5064 7169.809 39587.38
1.056 0.5 0.327517 0.743013 1.951906 5.909426 19.42252 44.24771
1.056 1 0.655034  1.486025 3.903812 11.81885 38.84505  88.49542
1.056 1.5 0.982551 2.229038 5.855719 17.72828 58.26757 132.7431
1.056 2 1.310068  2.97205  7.807625 23.63771 77.69009 176.9908
1.056 2.5 1.637585 3.715063 9.759531 29.54713 97.11261 221.2385
1.056 3 1.965102 4.458076 11.71144 35.45656 116.5351 265.4863
1.611 0.5 0.195547 0.408018 0.917062 2.159514 5.091021 9.000272
1.611 1 0.391093 0.816035 1.834123 4.319027 10.18204 18.00054
1.611 15 058664  1.224053 2.751185 6.478541 15.27306 27.00082
1.611 2 0.782187 1.632071 3.668246 8.638054 20.36408 36.00109
1.611 2.5 0977733 2.040089 4.585308 10.79757  25.4551  45.00136
1.611 3 1.17328  2.448106  5.50237 1295708 30.54613 54.00163
2.167 0.5 0.139099 0.279206 0.584886 1.232572 2.510506  3.965266
2.167 1 0.278198  0.558412 1.169771 2.465145 5.021013  7.930532
2.167 1.5 0417297 0.837617 1.754657 3.697717 7.531519  11.8958

2167 2 0556397 1.116823 2.339542  4.930289 10.04203  15.86106
2.167 2.5 0.695496 1.396029 2.924428 6.162862 12.55253  19.82633
2.167 3 0.834595 1.675235 3.509313 7.395434 15.06304  23.7916

2722 0.5 0.107874  0.211753  0.42625  0.844448 1.587004 2.356214
2722 1 0.215748  0.423506 0.852499 1.688897 3.174008 4.712428
2722 1.5 0323622 0.635259  1.278749  2.533345 4761012  7.068642
2722 2 0431496 0.847012 1.704998 3.377794 6.348017 9.424856
2722 25 053937  1.058765 2.131248  4.222242  7.935021 11.78107
2722 3 0.647243  1.270518 2.557498 5.066691  9.522025 14.13728
3278 0.5 0.088076 0.170403 0.334344 0.636933  1.138117  1.625769
3.278 1 0.176151  0.340807 0.668689  1.273867 2.276233  3.251538
3278 1.5 0.264227  0.51121 1.003033 1.9108 341435  4.877306
3278 2 0352303 0.681614 1.337377 2.547733 4.552466 6.503075
3278 2.5 0440379 0.852017 1.671722 3.184666 5.690583  8.128844
3278 3 0.528454  1.02242  2.006066 3.8216 6.828699  9.754613
3833 0.5 0.074409 0.142506  0.27467  0.509322  0.879281 1.223544
3.833 1 0.148818 0.285012 0.549341 1.018645 1.758562  2.447088
3833 1.5 0.223227 0427519 0.824011 1.527967 2.637843  3.670632
3.833 2 0297636  0.570025 1.098682  2.03729  3.517124 4.894176
3.833 2.5 0372045 0.712531 1.373352  2.546612 4.396406  6.11772

3833 3 0446454 0.855037 1.648023 3.055934 5275687  7.341265
4389 0.5 0.06441  0.122432  0.232905 0.423453  0.713026  0.973637
4.389 1 0.128819  0.244863  0.46581  0.846906 1.426052 1.947274
4389 1.5 0.193229 0.367295 0.698715 1.270359 2.139078  2.92091

, Evaluating the remaining integral and simplifying, we
(—1) = Z ( I’; ) V(- l)r—k (37) obtain the rth raw moment of the ETLx distribution:
k=0 ,
Using (37) in (36) gives W'y = O‘ZWZ (=1)" ¢

r

u/r _ OCZ)LrZ (_1)r7k

k=0

¢

(38)

k=0

(2) (a_lk)z (39)

This moment exists only for ¢ > r.
Taking r = 1,2,3,4 in (39) gives the first four raw

moments. For » = 1 we obtain the mean,
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ETLx Quantile Function Shapes (Percentile points)

ETLx Quantile (a=0.8, A=1.0) ETLx Quantile (#=2.0, A=0.5)

ETLx Quantile {¢=3.5, A=1.5)
H— amz0.4-08 i

— g=3.5A=15

— a=0.8, A=1.0

0.0 0.2 04 0.6 0.8 1.0 0.0 0.z 0.4 0.6 0.8 Lo 0.0 0.z 04 0.6 0.8 10

Probability (p) Probability (p) Probability (p)
ETLx Quantile (@=5.5, A=2.5) ETLx Quantile (¢=1.5, A=5.0) ETLx Quantile (¢=10.0, A=1.0)
35 2=5.5,A=15 i — a=1.5,4=5.0 i 051 = a=100,2=1.0 i
30 : : :
i
25 H
i
20 :
z i
B i
H
o4 el
0.5 ]
:
0.0 ! ! H
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 Lo 0.0 0.2 04 0.6 0.8 10
Probabillty (p) Frabability (p) Probability (p)

Fig. 5: Quantile function of the ETLx distribution for selected parameter values.

o?
h=Al ——=—1]. 40
ui <( 1)2 ) (40)

which is finite for @ > 1. For r =2,

For r =3,

1 3 3 1
u'3:(le3 *72+ 7> 2+ 9
o (a—1) (a—2)

and for r = 4,

1 4 6
e YV Y AL I
We=a'd (a2 (ocfl)2+ (o0 —2)2
4 1 @3)
— 4.
CEOE (a—4)2>’ x>
The rth central moment is
u =E[(T—p)7, (44)

where 1 = E[T] is the mean. In particular, the variance is

62 =ur— (1)’ (45)

which exists for &« > 2. The third central moment is
us =u'3 —3uu's +2u°. (46)
and the fourth is
ug = u'y —A4pu's +6u’u'y —3u. (47)

The coefficients of skewness and kurtosis are

H3
n=c3 (48)
and
Hq
h=cg (49)

They are defined for @ > 3 and o > 4, respectively.

Table 3 lists the mean, variance, skewness and
kurtosis for parameter values at which these quantities
exist. For fixed o, the mean increases almost linearly with
A; for fixed A, it decreases as o increases. With o = 5,
for example, the mean rises from 0.2861 to 5.6252 as A
goes from 0.5 to 10.0, while with A = 10 it falls from
5.6252 at ¢ =5 to 3.6114 at a = 7. Thus o mainly
determines how concentrated the distribution is, and A
determines its overall scale.

All entries in Table 3 were obtained directly from the
closed-form expressions (40)—(49), without numerical
integration. Because the distribution is heavy-tailed, the
moments exist only for sufficiently large «: the mean for
o > 1, the variance for o« > 2, the skewness for o > 3
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and the kurtosis for & > 4. Only parameter values that
meet these conditions were used.

Figures 6-9 show the mean, variance, skewness and
kurtosis as surfaces over (¢t,A). They agree with Table 3:
the mean and the variance increase with A and decrease
as « increases. The skewness is positive over the whole
parameter range shown, so the distribution is always
right-skewed, and the kurtosis stays above three, so the
distribution is always leptokurtic. The model can
therefore describe positively skewed data with different
amounts of spread and tail weight.

3.2 Incomplete Moments of the ETLx
Distribution

The rth incomplete moment about the origin is
x
M, (x) = / P, (50)
0
where f(¢) is the ETLx density. Using (11), we have

X

M, (x) = /t%z (1 n %)_(w) In (1 n %) dr. (51
0

The integral is simplified by the same change of
variables as before. Lety =1+ % Then,

I+
M, (x) = o®A" / =1y Dinydy.  (52)
I

Expanding (y—1)" by the binomial theorem (37) and
inserting the result in (52), we get

X
A

1+
Mr(x)a%’Z(l)""(;) /yk_“_llnydy. (53)
1

k=0

Evaluating the integral and simplifying gives the
incomplete moment of the ETLx distribution:

r k—o k—o _
=2y (-1 (1) [A nd 2 1],

k=0 k—a (a—k)
(54

where A=1+7,k> a.

3.3 Entropy Measures

Entropy measures how uncertain, or random, the outcome
of a probability distribution is. For lifetime data it

Table 3: Mean, variance, skewness and kurtosis of the
ETLx distribution for selected parameter values.

a A Mean Variance Skewness Kurtosis
5 0.5 0.2861 0.0842 4.4328 76.3528
5 13 0.7689 0.6256 4.4027 73.2941
5 2.23 1.254 1.6687 4.3955 71.1337
5 3.09 1.7395 3.2136 4.3888 69.1995
5 395 2.2251 5.2601 4.3813 67.4069
5 4.82 27108 7.8081 4.3728 65.723

5 568 3.1965 10.8574 4.3633 64.1288
5 655 3.6822 14.4078 4.3528 62.612

5 741 4.168 18.4588 4.3415 61.1636
5 8.27 4.6537 23.0102 4.3294 59.7764
5 9.14 51395 28.0613 4.3166 58.4452
5 10 5.6252 33.6116 4.3031 57.1652
6 0.5 0.2254 0.044 3.4433 34.443

6 136 0.6021 0.3279 3.4074 33.9355
6 223 009813 0.875 3.4033 33.8434
6 3.09 1.3609 1.6852 3.402 33.7747
6 395 1.7407 2.7585 3.4013 33.7025
6 4.82 21206 4.095 3.4008 33.6221

6 568 25005 5.6946 3.4003 33.5329
6 655 28804 7.5573 3.3997 33.4349
6 741 3.2604 9.6832 3.399 33.3285
6 8.27 3.6404 12.0722 3.3982 33.2142
6 9.14 4.0203 14.7242 3.3973 33.0927
6 10 4.4003 17.6394 3.3963 32.9642
7 0.5 0.1865 0.0267 2.965 23.1821

7 136 0.4948 0.1995 2.9195 22.7244
7 223 0.8057 0.5325 2.9142 22.6722
7 309 1.1172 1.0256 2.9126 22.656

7 3.95 1.4288 1.679 29119 22.6478
7  4.82 1.7406 2.4925 29115 22.642

7 568 2.0523 3.4662 29113 22.6367
7 655 23641 4.6001 29112 22.6312
7 741  2.6759 5.8942 29111 22.625

7 8.27 29878 7.3484 2911 22.6179
7 9.14 3.2996 8.9628 2.9109 22.6098
7 10 3.6114 10.7374 2.9108 22.6006
8 0.5 0.1596 0.0178 2.6846 18.261

8 1.36 0.42 0.1333 2.629 17.7908
8 223 0.6834 0.356 2.6221 17.7359
8 3.09 09474 0.6859 2.6201 17.7196
8 395 1.2115 1.1229 2.6192 17.7127
8 482 1.4757 1.6671 2.6188 17.709

8 5.68 1.74 2.3184 2.6185 17.7069
8 655 2.0043 3.0768 2.6183 17.7054

describes uncertainty in a way that complements the usual
summaries such as the mean, variance, skewness and
kurtosis [43].

In a heavy-tailed lifetime model, entropy measures
the uncertainty associated with failure occurrence: a
higher entropy means more variable and less predictable
failure times, and a lower entropy means that lifetimes are
more concentrated [37]. Entropy therefore carries
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Mean of the ETLx Distribution

a€[1.1,5.0], A€[0.5,2.0] a€[1.1,8.0], A€[0.5,2.0]

a€[1.1,8.0], A€[0.5,5.0]

Fig. 6: Mean of the ETLx distribution as a function of o and A.

Variance of the ETLx Distribution

a€[2.1,5.0], A€[0.5,2.0] @€[2.1,8.0], A€[0.5,2.0] @€[2.1,80], A€[0.5,5.0]

aoueUeA
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Fig. 7: Variance of the ETLx distribution as a function of o and A.
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Skewness of the ETLx Distribution

a€[3.1,5.0], A€[0.5,2.0] @€[3.1,8.0], A€[0.5,2.0] a€[3.1,8.0], A€[05,5.0]

SSUMaAS

Fig. 8: Skewness of the ETLx distribution as a function of o and A.

Kurtosis of the ETLx Distribution

a€[4.1,5.0], A€[0.5.2.0] a€[4.1,8.0], A€[0.5,2.0] a€[4.1,8.0], A€[0.5,5.0]

Y 45
04 40

@€[4.1,20.0], A€[L.0,10.0]

Fig. 9: Kurtosis of the ETLx distribution as a function of o and A.
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information about system reliability that moment-based
summaries do not provide.

3.3.1 Rényi Entropy

The Rényi entropy depends on an order parameter g > 0,
q # 1, which changes the weight given to different parts of
the lifetime distribution. It is defined as

1

Hr(q) = 1—¢

In f()dde |, (55)
/

where f(¢) is the ETLx density.
We first need fr7.(f)4, which is

a2\ £\ —9(o+1) £\1¢
9_ (2 _ -
Jeri(t) (A) (1+3) m(i+7)]
(56)
Changing to the variable y gives

2N9 %
Ser (1) = (i) l/yfq((”l) (Iny)?dy. (57)
1

With y = " this becomes

2\N9 %
feree(t)? = (i) l/uqef“(qm“)*')du. (58)
0

The last integral is a gamma integral, so

a*\? I'(g+1)
0= (3 ) Mo ©

Inserting (59) in (55) gives the Rényi entropy of the
ETLx distribution:

1 [N, T+
Ha(@) = =, [(A) l[q(a+l)_l]q+1]7 (60)

where g(a+1) > 1.

3.3.2 Tsallis Entropy

The Tsallis entropy of order ¢ is

Hr(g) = ——

_ q
1l O/f(z) ar | . ©1)

Using the integral (59) again, the Tsallis entropy of the
ETLx distribution is

_ (o (e _La+)
Hr(q)—q1<1 (A) )L[q(a—kl)—l]’ﬁl),
(62)

where g(a + 1) > 1. Table 4 reports both entropies for
several parameter combinations. Their values depend
clearly on the shape parameter ¢, the scale parameter A
and the order g, which is to be expected because entropy
reflects both the shape and the spread of a distribution.

Figures 10 and 11 show the Rényi and Tsallis
entropies as surfaces over a and A for ¢ = 0.8 and
g = 1.5. Both entropies decrease as ¢ increases, because
the distribution becomes more concentrated. For fixed o
they increase with A, since a larger scale spreads the
distribution over a wider range. Raising g from 0.8 to 1.5
lowers the whole surface, as the theory predicts for
generalized entropies. These results agree with Table 4
and show that the ETLx model can represent data with
quite different levels of uncertainty, including strongly
skewed and heavy-tailed data.

4 Maximum Likelihood Estimation of the
ETLx Distribution

Let T1,T5,...,T, be a random sample from the ETLx
distribution with PDF (11). The likelihood function is

L((X,A,):HfETLX(li;(X,A). (63)
i=1
Substituting (11) into (63) gives

062 nop f —(a+1) _n t
L(ot,A) = <l> ,-IJ](HI) gln<l+z).
(64)
The log-likelihood function is

la,A)=2nlna—nlndA — (a+1) iln (1 + /%’)
i=1

n t
11(1 i).
+i;nn +o

The estimates are found by differentiating the
log-likelihood with respect to & and A. The derivative
with respect to o is

(ah) 2 f
A2 i;m(ul). (66)

and setting it equal to zero gives the equation for :

(65)

P (67)

Y In(1+4%)
i=1
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Table 4: Rényi and Tsallis entropies of the ETLx distribution for selected parameter values.

Rényi Tsallis
a A q=0.5 qg=1.0 qg=1.5 q=2.0 qg=0.5 g=1.0 g=1.5 g=2.0
0.5 0.5 3.56904  3.207953  2.899764 2.672588 9.913439  3.207953  1.530804  0.930927
0.5 1.14  3.710965 3.506662 3.323383 3.174421 10.78957 3.506662 1.620365 0.958182
0.5 1.79  3.772281 3.632691 3.504744 3.395856 11.18774 3.632691 1.653276 0.966488
0.5 243 3.807664 3.704554 3.608828 3.525082 11.42313 3.704554 1.670858 0.970551
0.5 3.07 3.830736 3.7511 3.676525 3.610083  11.57888 3.7511 1.681813  0.97295
0.5 371 3.846839 3.783473  3.723766 3.669904 11.68864 3.783473  1.68924  0.974521
0.5 436 3.858567 3.807026 3.758247 3.713868 11.76915 3.807026 1.694552 0.975617
0.5 5 3.867355 3.824692 3.784198 3.747156  11.82979  3.824692 1.69849  0.976415
1.14 05 2995733 2.239252 1.814919 1.582957 6.944277 2.239252 1.192904 0.794633
1.14  1.14 3.346813 2.856338 2.531553 2331521 8.66059  2.856338  1.43596  0.902852
1.14  1.79 3.502821 3.139817 2.878257 2.704275 9.525451 3.139817 1.525731 0.933081
1.14 243 3595366 3.310734 3.094236 2941923  10.0713  3.310734 1.574279 0.947236
1.14  3.07 3.657498 3.426644 3.244168 3.110114 10.45219 3.426644 1.605027 0.955404
1.14 371 3.702248 3.510719 3.354871 3.236353 10.73395 3.510719 1.626295 0.960693
1.14 436 3.735983 3.574439 3.439962 3.334765 10.95056 3.574439 1.641861 0.964377
1.14 5 3.76224  3.624251  3.50725  3.413548  11.1217  3.624251 1.65371  0.967076
1.79 0.5 2303499 1.398214 1.033172 0.848814 4.327445 1.398214 0.806893  0.572078
1.79 1.14 2.862676 2.174861 1.841298 1.662909 6.368587 2.174861 1.203479 0.810413
1.79  1.79 3.124237 2.566303 2.263111  2.09227  7.537825 2.566303 1.354938 0.876593
1.79 243  3.28475  2.817793 2.542488 2.379942 8.334858 2.817793 1.439035 0.907444
1.79  3.07 3.395432 2.996919 2.746806 2.592858  8.92292  2.996919 1.493513 0.925194
1.79  3.71 3476997 3.132194 2904703  2.75938  9.377589 3.132194 1.531961 0.936669
1.79 436 3.539765 3.238324 3.031108 2.894263 9.740328 3.238324 1.560627  0.94466
1.79 5 3.589571 3.323866 3.134822 3.006196 10.03636  3.323866 1.582831  0.95052
243 05 1.669843 0.817967 0.519576 0.366747 2.609266 0.817967  0.45757  0.307015
243  1.14 2368745 1.636076 1.344175 1.192074 4.537271 1.636076 0.978717  0.696409
243 1.79 2712801 2.068746 1.78585 1.635251 5.764387 2.068746  1.181088  0.805097
243 243 20931539 2358862 2.086616 1938158 6.661749  2.358862 1.295425 0.856031
243  3.07 3.086639 2.573485 2.312827  2.16706  7.360199  2.573485 1.370775 0.885486
243 371 3203638 2.741141 2.492526 2.349907 7.924102 2.741141 1.424845 0.904622
243 436 3.295521 2.876731 2.640279 2501179 8.390666 2.876731 1.465804 0.918012
243 5 3.369759 2.989064 2.764665 2.629378 8.783601 2.989064 1.498015 0.927877
307 05 1.158945 0.41269 0.156971 0.022816 1.570192  0.41269  0.150969  0.022558
3.07 1.14 1931384 1.238313 0.984016 0.849811 3.253208 1.238313 0.777205 0.572504
307 179 232676  1.681838 1.429632 1.295656 4.401468 1.681838 1.021436 0.726282
3.07 243 2585569 198488  1.735758 1.602229 5.285831 1.98488  1.160318 0.798553
3.07 3.07 2773566 2.213625  1.96851 1.835659  6.00391  2.213625 1.252565 0.840492
3.07 371 2918371 2.396008 2.155693 2.023759  6.604909 2.396008 1.319345 0.867842
3.07 436 3.034212 2.546524 2.311666 2.180889  7.118023 2.546524  1.37041  0.887059
3.07 5 3.129375  2.673705 2.444827 2315438 7.562363 2.673705 1.410963 0.901277
371 05 0.762744 0.109936  -0.11886  -0.24108 0.928585 0.109936  -0.12246  -0.27263
371 1.14 1.568033 0.936782 0.708736 0.586316 2.380503 0.936782 0.596767 0.443627
371 1.79 1.990879 1.382608  1.15505 1.032632 3.411828 1.382608 0.877428 0.643932
371 243 2273549 1.689102 1.46232 1.339977 4.233399  1.689102 1.0373 0.738148
The derivative with respect to A is
1 n tl n [l 6
Mah) 1 g el kwraaep @
T LD

" (68) The score equations (67) and (69) are nonlinear and

_ Z li ) have no closed-form solution, so we maximized the

SA(1+3)In(1+%) log-likelihood numerically with the L-BFGS-B algorithm

Setting it equal to zero gives the equation for A:

(limited-memory  Broyden—Fletcher—Goldfarb—Shanno
with box constraints). The constraints o > 0 and A > 0
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Rényi Entropy Surface for ETLx Distribution

g=15

Fig. 10: Rényi entropy of the ETLx distribution as a function of @ and A for selected values of g.

Tsallis Entropy Surface for ETLx Distribution

q=038

nuvagun

qg=1.5

Fig. 11: Tsallis entropy of the ETLx distribution as a function of & and A for selected values of g.

keep the estimates inside the parameter space of the ETLx
distribution.

To avoid convergence problems, the algorithm was
started from several positive initial values, chosen as
rough guesses based on sample statistics. The iterations
stopped when the largest absolute change in the estimates
between two successive steps fell below 1078, that is,

when the log-likelihood no longer improved noticeably.
All computations were done in Python 3.11.

4.1 Asymptotic Properties of the Maximum
Likelihood Estimators

Under the usual regularity conditions, the maximum
likelihood estimator
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0=(anxr)’
is asymptotically normal:
\/ﬁ(é—e) 4, N (0,17()), (70)
where I(0) = — ; ;gg% is the observed Fisher

information matrix evaluated at the maximum likelihood
estimates.

The variance—covariance matrix of the estimators is
therefore estimated by

s (5), 1)

and the standard errors are the square roots of the

diagonal elements of I Approximate 95% confidence
intervals for the parameters are

6;+1.96 SE(6;), i=1,2. (72)

These results can be used for interval estimation and
hypothesis testing on the parameters of the ETLx
distribution.

S Monte Carlo Simulation Study

We carried out a Monte Carlo study to see how well the
maximum likelihood estimators perform in finite samples,
looking at their accuracy, bias and stability for different
parameter values and sample sizes. Three parameter
settings with different tail behavior were used:

Casel : o0 =151 =1.0,

Casell : o0 =09,A = 1.0,

Caselll : o =3.0,A =0.8.

For each setting, samples of size n = 50, 100,200, 500
and 1000 were drawn from the ETLx distribution by
inverse-transform sampling, using the quantile function
(29). Each combination of parameters and sample size
was replicated R = 1000 times. In every replication the
parameters were estimated by maximizing the
log-likelihood with the L-BFGS-B procedure of
Section 4, and the empirical mean, bias and mean squared
error (MSE) of the estimates were then computed from
(73). The steps are summarized in Algorithm 1, and the
results are reported in Tables 5-7.

Algorithm 1. Monte Carlo simulation for the ETLx
distribution.

1.Choose three parameter settings with different tail

behavior:

Casel: a=1.51=1.0,
Casell: «a=0.9, A =1.0,
CaseIll: ¢ =3.0, A =0.8

2.Choose increasing sample sizes:

50, 100, 200, 500, and 1000.

3.For each combination of true parameter values and
sample size, perform R = 1000 independent
replications.

In each replication, for the given n:

i.Generate a sample of size n from the ETLx
distribution by the inverse transform method, using
the quantile function (29).

ii.Estimate o and A by minimizing the negative
log-likelihood numerically.

iii.For each 6 € {a, A}, compute the empirical mean, bias
and MSE over the R replications:

1 & 4
Mean(G):EZ -
r=1
1 &
Bias(6) = z Y (6,—-0), (73)
r=1
1 &
MSE(6) = - Y (6.—0)°,

‘
Il
—

where 6, is the estimate of 6 in the rth replication. These
summaries describe the finite-sample behavior of the
estimators and show whether they are consistent and
efficient in practice.

Table 5 gives the results for Case I (ot = 1.5, A = 1.0).
As n grows, the mean estimates move towards the true
values and both the bias and the MSE decrease steadily.
The bias of &, for example, falls from 0.1936 at n = 50 to
0.0058 at n = 1000, and its MSE falls from 0.4428 to
0.0059. Table 6 gives the results for Case II (a0 = 0.9,
A = 1.0), where the tail is heavier. The estimators again
perform well: the bias stays small and the MSE decreases
as the sample size increases. Table 7 gives the results for
Case III (¢ = 3.0, A = 0.8), where the tail is lighter and
the distribution is more concentrated. Here the bias and
MSE are larger in small samples, especially for « (the
MSE of & is 22.94 at n = 50), but they drop quickly and
the MSE is only 0.050 at n = 1000.

In all three cases the results agree with the asymptotic
theory of maximum likelihood estimators under the usual
regularity conditions. A simulation study cannot prove
consistency or efficiency; it only shows that, for these
settings, the estimators behave as the theory predicts.

6 Illustrative Applications of the ETLx
Distribution

We illustrate the use of the ETLx distribution with three
lifetime datasets of different sizes and tail weights. The
data were generated from the ETLx distribution by
inverse-transform sampling based on the quantile function
(29). Generated data give a controlled setting in which the
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are:

0.114677995,
0.521722623,
14.11617816,
0.614174159,
1.076136706,
0.426809292,
0.349874363,
0.231806691,
0.68447451,

0.751626824,
1.232611502,
0.634720522,
0.538168856,
0.78779276,

2.066942551,
0.508493846,
0.953479997,
0.862616194,

a=3.0 A=038
n Mean Bias MSE Mean Bias MSE
50 4.173518  1.173518 22943631 1.245843 0.445843 3.312836
100 3.368483 0.368483  2.233826  0.955599 0.155599 0.394202
200 3.171685 0.171685 0.579977  0.869858 0.069858 0.093674
500 3.056503 0.056503  0.117681 0.818188 0.018188  0.01709
1000  3.021827 0.021827  0.050102  0.809599 0.009599  0.00773
flexibility and fit of the model can be checked, and they 0.670225069, 0.116850501, 0.232616982,
make all numerical results fully reproducible. 0.971844095, 0.075977001, 0.227471405,
The third dataset (Data III) has 500 positive 0.493300098,  0.771733091, 0.19258922,
observations. Its tail is lighter than those of the other two 0.324621869, 0.452524065, 0.547925964,
datasets, but it is still positively skewed. The observations 4725750679, 0.273969516, 0.226687497,
1.282397824, 0.462197476, 2.5295696,
1.845301843, 0.332517549, 2.066420803, 0.374760519, 0.670313491, 1.214144889, 0.631461599,
0.357387138, 0.464855863, 0.166617608, 1.45137965,  0.634580811, 2.21638768,
1.384375437, 0.501114819, 0.611191471, 0.790141001, 0.865209587, 2.224171058,
0.279924145, 0.690847235, 5.760304131, 1.422022205, 0.98359207, 1.759543345,
0.776442118, 0.695576876, 0.178748465, 0.553947715, 1.376787799,  0.351182017,
2.291577633, 2.522528742, 0.767354895, 1.187626781, 1.455826226, 1.54575329,
0.962803771, 2.91263134, 4.492852996, 1.128374263, 1.068600925, 0.355837779,
270126056, 1.120589475, 1.850687775, 3.593014411, 0.426338934, 0.339811163,
4.33107881, 1.200456822, 0.230838991, 1.903593664, 0.809789656, 3.901693684,
0.174860107, 1.102331407, 0.783728767, 1.059871463, 1.048613511, 0.242418065,
1.66281349, 1.26219446, 0.1538425, 1.444333475, 0.484281991, 0.292855258,
0.686726407, 0.253184873, 0.420668843, 0.287758917, 0.749453828, 2.479624426,
1.746106953, 1.941860761, 0.164948983, 1.345748605, 0.19268512, 1.511724704,
1.63801834, 0.797876529, 1.718742039, 0.624522247, 0.555326131, 2.237133918,
0.287748152, 0.624967817, 0.644020991, 2421021722, 2.37163485, 3.315546091,
0.430564306, 0.299931025, 1.183676573, 0.660859639, 0.979049389, 0.672673217,
0.597306188, 4.358880979, 0.960589317, 6.436586857, 0.070719521, 0.316937948,
2.66340552, 1.076621101, 3.216365891, 3.1348318, 0.34548238, 26.36262164,
0.768773769, 0.351226669, 0.295647665, 1.291156791, 0.739793681, 0.476621204,

Table 5: Simulation results for the ETLx distribution with & = 1.5 and A = 1.0 (Case I).

a=1.5 A=1.0
n Mean Bias MSE Mean Bias MSE
50 1.693563  0.193563  0.442769  1.24302 0.24302  0.669799
100 1.588085 0.088085 0.089289 1.122572 0.122572 0.144134
200 1.519261 0.019261 0.032203 1.036482 0.036482 0.054497
500 1.525719  0.025719 0.012738 1.030109 0.030109 0.019368
1000  1.505779 0.005779 0.005895 1.00777 0.00777  0.009613

Table 6: Simulation results for the ETLx distribution with o¢ = 0.9 and A = 1.0 (Case II).

a=0.9 A=1.0
n Mean Bias MSE Mean Bias MSE
50 0.94788 0.04788  0.038314 1.191431 0.191431 0.401346
100 0.915778 0.015778 0.012925 1.05087 0.05087  0.113116
200 0.902978  0.002978  0.006875 1.023689 0.023689  0.076627
500 0.910335 0.010335 0.004002 1.045371 0.045371 0.071159
1000 0.905214 0.005214 0.002078 1.025047 0.025047 0.046158

Table 7: Simulation results for the ETLx distribution with & = 3.0 and A = 0.8 (Case III).

1.052932494,
0.829419418,
1.774086228,
0.779163934,
0.209505218,
0.125722532,
0.491971045,
0.303630435,
0.155504135,
0.810940718,
0.1124376,
0.545640485,
1.245709543,
0.76203854,
2.453759355,
0.413665277,
0.121694921,
0.473238429,
2.539874485,
0.292613443,
2.034937587,
0.370044625,
2.560431357,
1.457231444,
0.040990314,
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0.442059554,
0.329242791,
0.685882997,
0.807512035,
1.289723699,
1.241077757,
0.463298946,
0.366538276,
0.648121921,
0.054662115,
1.327775957,
1.786429605,
1.204565234,
0.816739502,
0.843910635,
0.35481523,
1.447150306,
0.842318467,
0.654448274,
1.705702595,
1.322488666,
2.066396845,
3.171482906,
0.106558106,
0.804115177,
1.148059594,
0.8762135,
0.355624564,
0.064503355,
0.587278929,
0.466594593,
1.289209732,
0.249189218,
2.161948285,
13.11004023,
1.294580722,
0.301435883,
0.10673711,
1.989956713,
0.48357649,
1.682916932,
0.768431903,
1.013615811,
1.574014695,
0.52208745,
1.940413845,
0.866421532,
1.177147079,
0.1481481,
0.806616438,
0.05192844,
0.558420542,
0.276646141,
1.084424922,
0.460412383,
6.648617276,
0.861346444,
0.147341591,

0.452977165,
0.612117523,
1.378053159,
2.431548016,
0.518545327,
0.678958549,
0.064629618,
0.315908007,
0.46188188,
2.407168531,
0.932885861,
0.900029751,
1.419214262,
0.662831016,
0.015360178,
0.960262347,
0.448902306,
0.652590055,
1.780992581,
0.295845094,
1.617400412,
2.541134387,
0.642519569,
0.761074748,
0.600368797,
0.72072449,
1.051491671,
1.363681772,
0.631377669,
0.284432827,
1.370002927,
1.015284862,
0.527993268,
7.108420256,
0.346326141,
1.412905673,
1.115001793,
0.774032866,
0.392402062,
0.269022927,
0.036166632,
0.562376702,
2.03345798,
0.092898722,
0.370157453,
1.11723371,
0.851182212,
0.191062321,

0.713682603,

0.15445407,
1.247323858,
0.975175715,
0.293563864,
0.697496094,
1.740589778,
0.99323763,
3.22574418,
2.867942146,

0.142655621,
1.279889442,
1.668086806,
0.140792331,
1.18754253,
1.101643912,
3.054911319,
0.483083919,
0.138513002,
0.081117376,
1.045261886,
2.840196844,
3.453174359,
0.656197295,
0.213465864,
6.443850347,
1.099828694,
1.548101834,
1.014084915,
0.133926132,
1.929844924,
0.679548919,
0.305828582,
2.575687661,
0.3388897064,
1.249034142,
1.676931282,
1.523547711,
0.119463169,
16.37172563,
0.312071606,
1.324934171,
1.155184813,
0.382585787,
0.029772199,
0.32547175,
0.248874156,
0.422728144,
3.095943545,
0.112722073,
0.896483772,
0.122649448,
0.594165202,
0.790377367,
0.450170574,
0.415276758,
0.177314308,
1.287096183,
1.308478369,
0.753066515,
0.284288599,
1771378934,
0.520078141,
0.549373618,
1.179248215,
0.905269447,
0.491994654,
0.143123807,

0.145984744,
0.771567081,
0.535073223,
0.81103817,
1.615312525,
1.0557774317,
0.573346255,
0.750873031,
4.7511925,
0.628909616,
0.160047283,
8.443126349,
1.085895209,
0.87741625,
0.504873866,
0.331825369,
0.150617475,
0.18216266,
0.225045613,
0.146399967,
1.203645409,
0.860323004,
2.766099089,
1.167864112,
0.724485674,
3.737953992,
0.706657945,
4.659013332,
0.615017447,
1.16257451,
0.351570381,
0.47056321,
1.656709909,
1.602684104,
0.206615238,
2.803200501,
1.214159657,
0.922012159,
0.551339196,
0.119279513,
0.812513341,
0.256841165,
0.471878058,
3.973873108,
0.744779269,
0.462360407,
0.749077423,
0.2127838,
0.826394129,
0.643592831,
0.567536672,
1.304408695,
0.441867526,
0.801951351,
1.375330375,
1.24852701,
0.446425639,
2.265393758,

0.429243563,
1.350316441,
0.220552663,
0.443241664,
0.784502342,
0.731593295,
0.300634692,
0.612079993,
0.887450234,
0.07983417,

3.173402159,
0.373676054,
1.180012886,
1.20667473,

4.819212219,
2.267419812,
1.486586314,
3.915666622,
2.180628054,
0.322696204,
2.986439021,
1.382747017,

6.659120633,
0.470360042,
1.744673391,
0.60073783,
0.9781214009,
0.537914526,
2.264057538,
1.129471005,
3.547334686,
0.277888522,
0.3317621009,
0.694060055,
3.87489932,
0.554541983,
1.098413369,
0.453440066,
0.061154325,
0.384023736,
0.882150849,
1.388578918,
0.875394205,
1.142691428,

0.195298135,
0.536562073,
0.777168907,
2.346093204,
0.135193853,
0.376243611,
0.271607082,
0.490669629,
0.997017767,
0.427672968,
0.560687165,
0.507178383,
0.300493869,
0.093159037,
0.644272616,
0.399091093,
0.701554046,
0.368867259,
0.71827388,
0.200142055,
0.370556608,
0.20577325,

0.306962357,
0.265470501,

1.33106182,
2.199679418,
0.417076754,
1.036821457,
1.081541775,
0.428224354,
0.055406914,
0.223760528,
0.204799853,
0.150751049,
0.286266233,

0.10334561,
0.222444368,
1.348093999,
0.425093986,
0.920291403,
0.184456719,
2.803591522,
2.479066868,
0.814212231,

1482154616, 0.296684942, 0.32418417, 0.545411477.

6.1 Exploratory Data Analysis and Graphical

Summary

The three datasets were chosen to have different
characteristics, from moderate skewness to very heavy
tails, so that the flexibility of the model could be checked
in several situations. Their summary statistics are given in

Table 8.

The first dataset (Data I) has 200 positive observations

and a moderately heavy tail:
0.636222419, 2.823079547,

1.201450357,
2.943106796,
2.786791594,
1.589851239,
1.994121392,
1.586691658,
1.530006715,
5.07438489,

2.229013889,
3.404535385,
0.77959022,

3.867362634,
1.463259001,
2.323434299,
1.956779855,
9.571184376,
3.850352597,
4.585263138,
0.583065702,
0.947107641,
0.118580215,

4.919064629,
1.002043969,
4.201060148,
1.142460664,
1.510309636,
1.24009565,
1.007690881,
2.542842538,
1.518564933,
1.054578956,
1.811908175,
2.132224943,
1.821033969,
1.446356641,
1.098792927,
45.96458531,
1.056014015,
17.75495667,
14.90847459,
3.134376552,
2.52409471,

1.680185594,

9.605920329,
20.86845498,
1.93263982,
0.935087508,
3.045381159,
0.683689038,
0.724658007,
1.165261218,
9.24813755,
0.883017716,
2.343547305,
2.662855474,
1.693504363,
0.041553202,
1.848521753,
0.28982763,
2253677722,
8.443796388,
0.16730208,
1.781743129,
1.803316029,

1.260465825,
0.631693467,
10.94279217,
5.813428125,
0.774909744,
0.118491127,
2451811446,
7.682583044,

14.8589376,
1.073634346,
3.462911301,
0.664897537,
1.266808454,

3.17483862,
4.996570744,
0.393618432,
1.213835766,
1.447644857,
2.658111977,
1.000063974,

0.39200748,
2.501364364,
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2.233332061,
13.96574184,
2.116951658,
5.488279916,
4.4322744009,
2.720943868,
3.100657296,
0.365872651,
3.009287236,
1.054051704,
1.708579096,
4.076305691,
3.674418626,
2.524756195,
19.45216309,
0.41528903,

2.385580772,
4.903680618,
2.169309874,
1.240492596,
0.470686884,
2.257166036,
6.740488707,
3.680311375,
0.927299796,
3.043171658,
1.653948377,

8.571200229,
4.858964562,
10.67971142,
0.51101761,
0.317559536,
1.080571192,
0.492923265,
2.172458882,
8.02732724,
0.46327796,
2.195428273,
8.511403918,
6.334044232,
1.41698076,
0.745654335,
0.900853988,
0.812427398,
1.475220401,
1.542800695,
0.238951531,
1.673052728,
17.56766002,
0.60450334,
3.693208862,
2.720604582,
1.081190489,
2.32274903,

10.79331785,
2.815062166,
0.795785535,
2.613336072,
2.543666655,
2.972221146,
0.941850434,
0.791055613,
1.201985554,
3.045408824,
17.75974373,
0.743481636,
1.160468844,
0.417307431,
0.451346675,
10.4089974,
3.094325269,
0.64978455,
0.81816625,
20.19100376,
0.720067245,
13.01248398,
5.414795741,
6.63461511,
3.986663692,
0.586453153,
2.841315758,

0.663023824,
3.009661221,
2.485514206,
1.389681375,

6.89014603,
1.140085667,
0.202415381,
1.937912306,
1.071336388,
5.635022531,
3.439532157,
2918114659,
3.320521717,
1.194503569,
1.249633822,
1.071693684,
0.490982342,
4.294436789,
4726713915,
0.194038584,
1.129259576,
0.336218208,
0.995525654,
29.10533512,
0.353272967,

2.13849311,
1.841583537,

9.606465119, 0.633299336, 0.970546404, 1.206314748.

(Data 1II) has

1.246339842,
2.841020496,
0.5214448717,
14.04042838,
17.57786196,
13.26850982,
0.432158846,
9.227386623,
5.686844527,
3748.103849,
9.495297141,
2832.021786,
16.36747157,
743.3802949,
7.625807304,
10.31127507,
0.86012316,
7.37594775,
4.943251274,
1.691687405,
30.50708874,

300 positive

18.86241131, 2.852977692, 30.97363948,

2.934027557,
11.99517601,
4.025048935,
2.459120317,
11.08230558,
733.1210071,

2.80633827,

5.75699604,
7.490987521,
9.129830774,
1.222587466,
2.260415657,
30.14227137,
12.36015879,
40.34882953,
0.451608397,
220.7749472,
14.25532321,
6.813634143,
23.74500874,
1180.852278,

The second dataset
observations and a much heavier tail than Data I:
37.43388883,
36.73579817, 36.42447684,
111.0464798, 91.54875961,
3.704875538, 6.950115738,
3.836936944, 156.6470478,
7.267094789, 9.429561415,
7.080688523, 4.549025722,
12.07705727,  100.0370056,
78.15062995, 12.95601582,
4.262955536, 21.5456551,
38.05564228, 266.4784236,
1.958813906, 0.579720436,
1.71091793, 3.267499179,
1.620542508, 148.7825235,
5.44157896, 203.8740281,
1549.918963, 9.933727333,
18.16277989, 2.770582605,
87.75902378, 11.55354156,
64825.31607, 29.68201209,
0.342964947, 1.600566951,
33.24090269, 2.370163519,
101.2788369, 91.79397532,
10.61832553, 37.45549434,

137.5735692,
1.645283233,
30.61109293,
2.620230682,
8.231537286,

7.357982602,
1.821147682,
5.038723355,
4.727771009,
0.9128974,

6.974687102,
31.35624559,
10.11037459,
0.32312265,
12.78896368,
2.532121746,

5.409350335,
9.586543941,
25.08932214,
11.12415909,
6.309104987,
62.78686185,

10.18319985,
6.506161443,
62.5577112,
10.43850152,
107.6522777,
6.483587191,
55.27538566,
118.4344906,
30.36119819,
22419761,
1.23098849,
4.220855322,
19.37945904,
242.8270439,
3932.942373,
59.16853268,
106.1255817,
0.653082535,
7.459851211,
14.69668923,
14.73299792,
4.055747869,
3.018391682,
0.965003193,
1.204578522,
129.2079462,
34.34065946,
0.258038382,
4.179764096,
194.8540581,
1.308112338,
40.3589456,
24.077433,
4.177171521,
15.41323801,
2.868455465,
111.0229279,
63.07827634,
3.207910428,
0.212048184,
2.693748913,
55.5184826,
3.202360343,
1.20891549,
60.70853893,
33.57327111,

97.79658015,
10.78077941,
55.10166049,
31.58248436,
50.79847584,
21.94165064,
8.442337616,
132.6517573,
10.91431468,
39.71413067,
6.840181078,
8.521772617,
2.320670335,
6.036244238,
2.935003104,
9.167261014,
5.547699652,
10.76706752,
4.439163848,
2.157838192,
6.018024568,
57.13998108,
3.564261621,
19.8658138,
30.18367123,
22.74536875,
12.59188541,
7.985862484,
3.225406088,
92.81458034,
197.0427942,
4.376720054,
8.680864269,
2.68847225,
14.90192861,
19.75530164,
28.68559835,
12.98329152,
1.902389161,
6.397700384,
88.15983816,
97.5214604,
6.502200238,
353.5442057,
1.889615753,
23.88865418,

72.51770954,
1.471365495,
6.098793905,
4.632528354,
4.533391112,
25.62227902,
398.0771112,
2.068672598,
10.93517916,
2.10063585,
0.566606454,
4.106537886,
38.10694396,
85.36125308,
5.873998811,
421.1872342,
3.289494198,
8.725151988,
3.480236814,
33.48802738,
17.67671387,
16.07386425,
6.39834029,
4.657345143,
2.963220031,
6.370758805,
1.292409767,
15.72017287,
4.945151911,
14.95082015,
1.798474481,
6.821330408,
49.06823328,
33.047375,
433.4901023,
4.941236119,
3.084617954,
187.9286675,
6.994997018,
6.616041029,
4.825214222,
3.642303815,
2.461320021,
0.393396406,
14.61873905,
54.3353213,

2.669230609,
1.328418225,
24.94025315,
8.740204873,
94.03670139,
6.560160113,
215.9807816,
18.52243254,
2.783101698,
28.14665694,
19.64067254,
10.34658166,

39.5459308,
1426294515,
1.424153685,
2.038436016,
19.32983596,
0.888853043,
190.4569909,

5.77454182,
21.89168731,

15.1624297,
0.702513549,
26.90015059,
82.14642552,
0.590038802,
13.02667671,
45.64738753,
1.018871558,
1.201760974,
2.051519672,
6.780164842,
9.544633808,
3.040189197,
1.378515647,
1.841817585,
1.444231929,
10.40638984,
22.12778934,
20.70840339,
55.14469703,
61.66279641,
9.101101976,
9.570022435,
11.01976714,
42.63794221,

13.72962667, 5.338160669, 1.588461119, 2.280795442.
Data III, listed above, has 500 observations; its tail is
lighter than that of Data II, but the data are still clearly

skewed.

Table 8 shows that all three datasets are right-skewed
and leptokurtic. For Data I the mean (3.591945) exceeds
the median (1.890581), the skewness is 4.093109 and the
kurtosis is 23.52151. Data II is far more extreme: its mean
(296.4995) is about thirty times its median (9.557328),
with skewness 17.06976 and kurtosis 294.0157. For Data
IIT the mean is 1.204326 and the median 0.746928, with
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Table 8: Summary statistics of Data I, I and III.

Statistics Datal Data II Data II1
Minimum 0.041553 0.212048  0.01536
First Quartile ~ 0.998929  3.221032  0.368285
Median 1.890581 9.557328  0.746928
Mean 3.591945 296.4995 1.204326
Third Quartile  3.515788  33.09576  1.328597
Maximum 4596459 64825.32 26.36262
Std. Deviation  5.307313  3756.739  1.907795
Skewness 4.093109 17.06976  7.224677
Kurtosis 23.52151 294.0157 75.18231

skewness 7.224677 and kurtosis 75.18231. The datasets
therefore differ considerably in skewness and tail weight.

Figures 12-14 show a histogram, a kernel density
estimate, a box plot and a violin plot for each dataset. The
histograms are unimodal, with right tails of different
lengths. Data II is very widely spread, whereas most of
Data III lies in a narrow central region with a few large
values. The kernel density estimates are also unimodal,
and their right tails decrease gradually rather than
abruptly, which points to tails heavier than those of
exponential-type models.

In the box plots the whiskers are asymmetric and
longer on the upper side, and there are many large
outlying values, which again indicates long right tails.
The violin plots, which combine a density estimate with
summary statistics, have elongated wupper parts,
supporting the presence of heavy tails.

Taken together, the numerical and graphical
summaries show skewed, dispersed data whose tails are
unlikely to be described well by light-tailed models such
as the exponential distribution. We therefore compare the
ETLx distribution with the Weibull, Lomax, Gamma,
Lognormal and Exponential distributions to see how well
it fits these data.

6.2 Model Comparison and Goodness-of-Fit
Analysis

The ETLx distribution was compared with five common
lifetime distributions: the Lomax, Weibull, Gamma,
Lognormal and Exponential. These are standard
benchmarks in reliability, survival analysis, actuarial
science and risk modeling. The Lomax distribution is the
baseline of the ETLx model, so comparing the two shows
directly what the entropy transformation adds. The
Weibull and Exponential distributions are classical
lifetime models, while the Gamma and Lognormal
distributions are flexible, positively skewed models that
allow for different degrees of heterogeneity and tail
weight.

For each fitted model we computed the log-likelihood
(LogLik) and the Akaike (AIC), Bayesian (BIC),

Hannan—Quinn (HQIC) and consistent Akaike (CAIC)
information criteria. A better model has a larger
log-likelihood and smaller values of the four criteria. The
results for the three datasets are given in Tables 9, 11
and 13.

We also checked the fit with  the
Kolmogorov—Smirnov (KS) statistic and its p-value, the
Cramér—-von Mises (CVM) statistic and the
Anderson—Darling (AD) statistic. Smaller KS, CVM and
AD values, along with larger KS p-values, indicate closer
agreement between the fitted model and the data. These
results are reported in Tables 10, 12 and 14.

For Data I, the ETLx model has log-likelihood
—434.402, AIC 872.804, BIC 879.401, HQIC 875.474
and CAIC 881.401 (Table 9). Its KS statistic is 0.0474
(p-value 0.742), and its CVM and AD statistics are
0.0546 and 0.3610 (Table 10). All of these are better than
the values for the competing models, so the ETLx
distribution gives the best fit to Data 1.

For Data II the ETLx model gives log-likelihood
—1323.918, AIC 2651.836, BIC 2659.244, HQIC
2654.801 and CAIC 2661.244 (Table 11), with KS =
0.0229 (p-value 0.997), CVM = 0.0187 and AD = 0.1402
(Table 12). Again, no competing distribution does better
on any of these measures.

For Data III the corresponding values are —545.263 for
the log-likelihood, 1094.526 for AIC, 1102.956 for BIC,
1097.834 for HQIC and 1104.956 for CAIC (Table 13),
together with KS =0.0242 (p-value 0.925), CVM =0.0347
and AD = 0.2119 (Table 14). The ETLx model is once
more the best of the six.

Overall, the ETLx distribution yields the most
favorable model selection criteria and goodness-of-fit
statistics for all three datasets. The entropy transformation
thus gives a good trade-off between flexibility and
parsimony, and the ETLx distribution is a useful model
for positively skewed, heavy-tailed lifetime data in
reliability analysis, survival studies and risk modeling.

Note: Bold entries mark the best model for each
criterion.

Note: Bold entries mark the best model for each
criterion.

We also assessed the fits graphically. For each dataset
the fitted densities were drawn over the histogram
(Figures 15-17), and the fitted CDFs were compared with
the empirical CDF (Figures 18-20). The ETLx density
follows the shape of the histogram closely for all three
datasets, both at the peak and along the slowly decaying
right tail. The Weibull, Lomax, Gamma, Lognormal and
Exponential densities deviate more, mainly in the tails.

The CDF plots show the same pattern. The fitted
ETLx CDF is very close to the empirical CDF. The
Exponential distribution departs from it markedly and the
Weibull and Gamma distributions moderately, while the
Lognormal and Lomax distributions fit better than these
but still less well than the ETLx model. The graphical
results therefore agree with the numerical comparison.
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Graphical Summary of Data I
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Fig. 12: Histogram, kernel density, box plot and violin plot of Data I.

Table 9: Model selection criteria for Dataset I.

Model Parameter Estimates LogLik AIC BIC HQIC CAIC
ETLx 0=2.3724

1.=1.8638 -434.4022 872.8045  879.4011 875.4740 881.4011
Lognormal 6=1.1099

[1=1.9217 -435.2885 874.5770  881.1737  877.2466  883.1737

Lomax &=3.5108

1=8.9646 -444.4532 892.9065 899.50311 895.5760 901.5031

Weibull k=0.8924

2=3.3568 -452.9665 909.9330  916.52962 912.6026  918.5296
Exponential 2=3.5911 -455.7388  913.4776  916.7759 914.8123  917.7759
Gamma &=0.9308

p=3.8591 -455.3958 914.7917  921.3883  917.4612  923.3883

Table 10: Goodness-of-fit statistics for Dataset 1.

Model KS KS (p-value) CVM  CVM (p-value) AD

ETLx 0.0474 0.7419 0.0546 0.8483 0.3610
Lognormal 0.0555 0.5497 0.0792 0.6973 0.4986
Lomax 0.0885 0.0822 0.3842 0.0795 2.6944
Weibull 0.1162 0.0083 0.6595 0.0159 4.0106
Exponential  0.1432 0.0005 1.0461 0.0019 5.3306
Gamma 0.1367 0.0010 0.9025 0.0041 4.8217
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Graphical Summary of Data II
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Fig. 13: Histogram, kernel density, box plot and violin plot of Data II.
Table 11: Model selection criteria for Dataset II.
Model Parameter Estimates LogLik AIC BIC HQIC CAIC
ETLx #=0.9456
A=1.9462 -1323.9182 2651.8365  2659.2441 2654.8010 2661.2441
Lomax a=0.8663
A=8.4541 -1329.7380 2663.4759  2670.8835 2666.4405 2672.8835
Lognormal 6=1.7956
[=11.5742 -1335.9108 2675.8216 2683.2291 2678.7861 2685.2292
Weibull k=0.4387
A=30.0321 -1407.2942 2818.5884  2825.9960 2821.5529 2827.9960
Gamma &=0.2230
p=1329.34 -1541.5652 3087.13042  3094.5380 3090.0949  3096.5380
Exponential A=296.499 -2007.6136  4017.2273  4020.9310 4018.7096  4021.9311
Table 12: Goodness-of-fit statistics for Dataset II.
Model KS KS (p-value) CVM CVM (p-value) AD
ETLx 0.0229 0.9965 0.0187 0.9981 0.1402
Lomax 0.0488 0.4592 0.0857 0.6601 0.8087
Lognormal  0.0655 0.1460 0.2517 0.1863 1.5248
Weibull 0.1562 0.0000 2.1187 0.0000 13.5366
Gamma 0.2994 2.4E-24 9.9351 1.6E-09 49.3398
Exponential ~ 0.6694 4.3E-13 58.6327 2.4E-08 449.9957
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Graphical Summary of Data III
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Fig. 14: Histogram, kernel density, box plot and violin plot of Data III.
Table 13: Model selection criteria for Dataset II1.
Model Parameter Estimates LogLik AIC BIC HQIC CAIC
ETLx &=3.1146
A=1.0099 -545.2632 1094.5263 1102.9556 1097.8340 1104.9556
Lognormal 6=1.0335
[1=0.7017 -548.7803 1101.5607 1109.9899 1104.8683 1111.9899
Lomax &=5.4397
A=5.2305 -572.3179 1148.6358 1157.0650 1151.9434  1159.0650
Weibull k=0.9496
A=1.1699 -591.4761 1186.9521 1195.3813 1190.2597 1197.3813
Exponential A=1.2043 -592.9600 1187.9200 1192.1346 1189.5738 1193.1346
Gamma a=1.0612
B=1.1349 -592.4070 1188.8139  1197.2431 1192.1215 1199.2431
Table 14: Goodness-of-fit statistics for Dataset III.
Model KS KS (p-value) CVM  CVM (p-value) AD
ETLx 0.0242 0.9253 0.0347 0.9585 0.2119
Lognormal  0.0329 0.6398 0.1233 0.4822 0.7402
Lomax 0.0848 0.0014 0.9490 0.0032 6.7637
Weibull 0.0823 0.0022 1.0317 0.0021 7.0533
Exponential ~ 0.0897 0.0006 1.0879 0.0015 6.6584
Gamma 0.0916 0.0004 1.1578 0.0011 6.5435
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Fig. 15: Histogram of Data I with the fitted densities.
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The five competing distributions were chosen because
they are widely used in reliability and lifetime analysis.
As the parent model, the Lomax distribution is the most
direct benchmark for judging what the entropy
transformation contributes. The Weibull and Exponential
distributions are established reliability models with
simple hazard functions, and the Gamma and Lognormal
distributions are common choices for positively skewed,
heterogeneous lifetimes. Together they form a reasonable
reference set for assessing the ETLx distribution.

6.3 Discussion

The theoretical results, the simulation study and the data
applications together give a clear picture of how the ETLx
distribution behaves. Our aim was a two-parameter model
for skewed and moderately heavy-tailed lifetime data, and
the results suggest that this aim has been met. On the
theoretical side, the ETLx distribution extends the Lomax
distribution through a transformation that adds flexibility
to the shapes of the density and the hazard rate without
adding parameters. The derived density, distribution,
survival and hazard functions show that the model can
produce slowly decaying tails and different degrees of
skewness, as is often seen in reliability data.

The simulation study shows that the maximum
likelihood estimators work well: their bias and mean
squared error decrease steadily as the sample size grows,
as expected from consistent and efficient estimators. In
the applications, the ETLx model had the largest
log-likelihood and the smallest information criteria for all
three datasets, so it offered the best compromise between
fit and complexity among the models considered. Its
Kolmogorov—Smirnov, Cramér-von  Mises and
Anderson—Darling statistics were also clearly smaller
than those of the other models.

The behavior in the tails deserves attention. The
Anderson—Darling statistic gives more weight to tail
deviations, and it favored the ETLx model in every case,
which suggests that the model captures the tail behavior
that matters in reliability and risk analysis. The histogram
and CDF comparisons show that the fitted ETLx
distribution follows the data over the whole range,
including the centre and the upper tail. The logarithmic
factor in the density is what allows a wider range of tail
shapes than the Exponential or Gamma distributions,
while the two-parameter form keeps the model easy to
interpret and to compute.

The ETLx distribution therefore adds a practical
option to the existing lifetime models for heavy-tailed
reliability data, and it can be used alongside the
traditional distributions when skewness and tail behavior
are important.

7 Conclusion

We have introduced the ETLx distribution, a
two-parameter lifetime model obtained by applying an
entropy-based transformation to the Lomax distribution.
We derived its density, distribution, survival, hazard rate
and quantile functions, its ordinary and incomplete
moments, skewness and kurtosis, and its Rényi and
Tsallis entropies. The parameters were estimated by
maximum likelihood, and the finite-sample behavior of
the estimators was examined in a Monte Carlo study. In
applications to three generated lifetime datasets, the
ETLx distribution was competitive with, and in most
cases better than, the Lomax, Weibull, Gamma,
Lognormal and Exponential distributions.

The study has some limitations. Inference was based
only on maximum likelihood for complete data, and the
consistency and asymptotic efficiency of the estimators
were not proved. The applications used generated data
and a set of standard benchmark models, so the
conclusions apply to the models and data considered here.
Several extensions are possible. Bayesian, maximum
product spacing, robust and percentile-based estimators
could be developed. The model could be adapted to right-,
left- and interval-censored data, which are common in
reliability and survival studies. Regression models based
on the ETLx distribution would make it possible to
analyze lifetimes with explanatory variables, and
bivariate, multivariate and copula-based versions could be
used for dependent lifetimes. Future work may also study
the estimators in very small samples (e.g. n < 50) and
compare them with other estimation methods.

It would also be useful to compare the ETLx
distribution with recent Lomax extensions and with other
entropy-based lifetime models, and to apply it to publicly
available data from reliability engineering, the biomedical
and environmental sciences, actuarial science, finance and
risk analysis.
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