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Abstract: In this paper we study the relations between certain inlBgraquations and geometric motion of spacelike and tiraelik
curves in 3-dimensional de-Sitter sp&t!. We give the associated evolution equations for curvatngetarsion as a system of partial
differential equations. In addition, we study inextensiibws of both spacelike and timelike curvesdit, and we get necessary and
sufficient conditions for the flows of those curves to be iragtble. We give explicit examples of the motion of inextblesspacelike
curves inS?! and we determine the curves from their intrinsic equatiensvature and torsion), and then determine the surfaces tha
are generated by the motion of these curves and draw thefseesiin de-Sitter spa& ! by using the hollow ball model.

Keywords: inextensible spacelike curves, inextensible flows, motibcurves, curves in de-Sitter space

1 Introduction 2 Preliminaries

. ) X . - - 11 - .
The connection between integrable equations (soliton! € Minkowski space, or Lorentz spaBe™, is defined
s a four-dimension&@-vector space consisting of vectors

equations) and the geometric motions of curves in space ith th :
has been studied for a long time by many authors in X = (X0, X1,%2,%3) | X0, X1, %2, X3 € R}, with the metric

different geometries. Applications of the motion of curves
and surfaces in many areas, in applied sciences such as
dynamics of vortex filaments, image processing, motion
of interfaces, shape control of robot arms, propagation o
flame front, supercoiled DNAs, magnetic fluxes
dynamics of proteins and deformation of membranes,
Schief and Rogers 1], studied the binormal motions (X,Y) = X1y1 + Xa¥2 -+ Xays — XoYo.

of curves of constant curvature or torsion. Recently,

Nassar et al 7,3,4,5], constructed new geometrical The pseudo vector product of X and Z is defined as
models of motion of plane curves. Also, they constructed

g=dx +d3+d3é— dxs.

efinition 1.Let X,Y,Z be vectors in Rl where

= (Xo,X1,%2,%3), Y = (Yo,Y1,¥2,¥3) and
' Z=(2y,21,2,23). The inner product is defined by

Hashimoto surfaces from its fundamental coefficients via —e € & €3
numerical integration of Gauss-Weingarten equations and X x Y x Z — det X0 X1 Xo X3
fundamental theorem of surfaces. In addition, they Yo Y1Y2VY3 |’
derived the equations of motion for a general helix curve 0 1.3

(t = BK). Moreover, they studied the kinematics of
moving generalized curves inradimensional Euclidean Where @ =(1,0,0,0),e1 =(0,1,0,0),e2 = (0,0,1,0) and
space in terms of intrinsic geometries. e =(0,0,0,1).

Samah @], studied the motions of inextensible curves
in spherical spacg® .

Rawya and Samahv], studied the motion of curves in eSpacelike ifv,v) > 0.
3-dimensional Euclidean spaié. They gave new explicit eTimelike if(v,v) < 0.
examples of motions of inextensible curvesiii oNull (lightlike) if (v,v) = 0.

Definition 2.An arbitrary nonzero vector g R>! is
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The signature of a vector v is

1 visspacelike
signiv) = ¢ 0  vislightlike
—1 vistimelike

AR

Definition 3.The 3—dimensional de-Sitter spacg! is
defined by

The norm of the vector v ify|| =

3
S2t = {(x0. X1, %2 %) ER¥ [ Y % —x§ =1}
=1

The set of null vectors @3 forms the light cone

L3 = { (X0, X1, X2,X3) | X3 = X& 4 X3 + X3, %o # O}.

Definition 4.To visualize surfaces in de-Sitter spat®e!,
we use the hollow ball model of%! (it is a
3—dimensional ball inR3), as in [9]. For any point

21 Xo+ X3 X1 +iXo .
(X0, X1, %2, X3) € S — (Xl—ixz xo—x3>’ define

po=egremo_X (123
145
Then e < y2 +y3+vy3 < e”. The identification

(X0, X1, %2,%3) <— (Y1,¥2,Y3) is then a bijection fron$?*

to the hollow ball

A ={(y1,Y2,y3) ER®| e "< yi+y5+y5 < €}
SoS?%1 s identified with the hollow balb#.

Fig. 1: Hollow ball model.

3 The differential geometry of curves inS%1

Definition 5.Consider the3—dimensional de-Sitter space
S21in R31. A regular parametrized curvg = y(u), y:
| — S?%is called:

eSpacelike iy, ) > 0

eTimelike if(y,y) < 0.

oNull (light-like) if (y, ) = 0.
for all G < I, whered is the parameter of the Curweand
y( () is the tangent vector to the cunjeand = du (see

[8].

Definition 6.Let y(§(0)) : | — S>! be a regular spacelike
or timelike curve in de-Sitter spa&81. The arc-length of
a spacelike or timelike curvg with arbitrary parameter
G € | measured frony(0), 0 € | is

50 = [ 1700

Sincey is regular, then we defing> 0 by 9 @= )'7|| =

V4.

Definition 7.If ||y|| = 1for all Ge I, thenj = {(8) is said to
be an arc-length parametrized or unit speed parametrized
curve.

Now assume that the curvgy is parametrized by
arc-length. Assume thaf” (), V'(9)) # 1, where' = d%.
Let {y,T,N,B} be the Serret-Frenet frame of the cufye
wherey($) is the position vector of the curveandT, N
and B are, respectively, the unit tangent, unit principal
normal and unit binormal vector field to the curie).

Definition 8.The Frenet frame i8> is defined by

o(y.y) = 1, since the curve is i, A

eg; =sign(T), & = sign(T’ + &1y), wherey =T, and
the constantse;, &, are called the first and second
causal characters of the curwe

eB is chosen so that{y, T B} is an oriented
orthonormal basis oR3%, soB=yx T x N.

Definition 9.The unit normal vector to the spacelike or
timelike curvey($) is defined by

T +efll
Lemma 1.The inner product and the vector product are
given by:
o(§,T)=( 7,B)=(T,N) = (T ,B) = (N,B) = 0._
oBxT ><N—£1£2y yx B><N—£2T yxTxB=gN.
Lemma 2The inner product for the unit principal normal
vectorN and the unit binormal vectd can be determined
in terms ofe; andé&; as follows:
(NN) =&,  (B,B)

Definition 10.The curvature of the spacelike or timelike
curvey($) is defined by

= —&18&2.

k=/e(f + ey T+ aaf),

k= /| (P ead Tt ey | = 17+ afl.
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Lemma 3. 4 Motions of spacelike or timelike curves in

k=g (T +&y.N). 1 st

Definition 11.The torsiont ($) of the spacelike or timelike | gt i 11 — S21 be a regular spacelike or timelike curve
curvey($) is defined by: in $21. Consider the family of curve§; : y(§t), where
) o) A 7(81) 1 x [0,00) — S21, with initial curve yp = ¥(8,0).
T=—&&(N,B). (2) f/(é,t) denotes the position vector of a point on the
spacelike or timelike curve at tinteands’is an arc-length
Lemma 4. e parameter for the curve. The time parameteis the
i=2 2 V' 7. (3)  parameter for the deformati@h of the curve.

The arc-length of a spacelike or timelike cur@ is
Lemma 5The Frenet Frame for the curve f?! satisfies ~ 9€ined as

1]
the following: §a,t) = /O J4(8,0)dé,

N 0 1 00 where/§ = ||¥(6,t)||. Thus the element of arc-length is
y * ds= ,/g(a,t)dd, and
~ T &1 0 k 0
whereF = | and M= o .-
N 0 —&gk 01 g 19 03
B 0 0 gfo 96~ G a0~ =6
ProofThe vectors {y,T/,N',B'} can be uniquely The time evolution of the curve or the curve flow specified
decomposed as follows: by the velocity field
r=r.o O Wt +0R V8, ™
T = ay1y+a1oT +aiaN + a14B, 5) ot
N' = ap1§+ agoT + apsN + a4B, where{y,T N B} is the orthonormal Frenet frame to the
B = ag1y+ agsT + agaN + ag4B. curveG, andW, U andV are the velocity vectors in the

direction of T, N andB respectively. These velocities are

We will compute the coefficient;, wherei = 1,2,3 and functions of the curvaturdx(s t), torsion T(§t) of the
j=1,234. : curve, and the derivatives &f$ t), £(5t).

Since(T,T) = &, then(T', T) = 0. By the inner product
of the second equation oBywith T, we have Remark.

n) a eThe derivatives with respect toahdt commute,
(T',T) = apoe,
od do
thenaz, = 0. Similarly,apz = az4 = 0. 2Gdt _ dtaa
Using the first property of Lemmady, then we have
eThe derivatives with respect gmndt in general do not

aj1 = —é&, az1=0, az1=0, a2 = —&162813, commute,
2d_do 60 -

agy = &3aya, azz = &1ap4. Jsdt o dt 0§ 29 0§
SinceB' L B, and alsaB' L T, henceay4 = 0. Using (),
then we have; s = k. Using @), so we have 5 Main results

aga=1. Theorem 1The time evolution of the Serret-Frenet frame
can be given in matrix form as follows:

Hence, the lemma holds.

Lemma 6 Consider the spacelike or timelike curve
y(8(0)) with arbitrary parameter 0 € I. Then the \ynere
Serret-Frenet frame satisfies

0= /GM - F, (6)

whereM andF are given as in4).

0 W
—81W 0
—£2U —£1€2f1 0 E
8182V €2f2 815 0

=G
ot <>

and Q=

T
Il
W 2 <>
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The time evolution of the curvature and torsion of the Since

curveC; can be written as follows

Ky (% af) (& &0 + fig
<f)t (8182%2 ——g> (f)+( &s ) (10

where
fAl = M+U§+8lf\7,
f, = Vs+ 10,

o0 )
Proof.Take theuderivative of {7), then
. - s OW N
Yo = \/é((—£1W)y+ (% —&6kKU)T

+ (KW + Ug+ &, 7V)N + (0 + §)B>.

ChooseW + Us+ £, 7V = f; andVs+ U = f5, so

. _ ~ . OW T T
o = \/5((—€1W)V+ (5 —&ekU)T + iN+ fZB) :

(11)

Sinceys = /dfs = /gT, then

=/GT+ —T (12)
Since the derivatives with respectit@andt commute, then

Yot = Wa- (13)
Substituting from {1) and (2) into (13), then
0§ . 0w .
Fie 29( FR —&16kU), (14)
00—1— = —eWy+ fiN + f,B. (15)

Tia = Tat (18)

Substitute from16) and (L7) in (18) and put

-1 af,

&= R<8V+ R +f1T)
then
ok . 0fp Gt
E - £1U+ 0 +£1Tf2—2—g (19)
oN A fn aa
i (—&U)y— g6, f1T + EB. (20)

The time evolution equation for the unit binormal vedgor
to the curves; is given as follows:
SinceB=yx T x N, so

Bi=pxTxN+PxTixN+pxT xK. (21)
Substitute from 7) and the second equation of bottd)
and @9) into (22, then

9B “amae
— =a&Vy+efT+eéN.

ot (22)
Take theuderivative of 2), then
Bro =3[ ~(e12270)7 + o i)t
+ (gkfo + 186N + (aléf)é) . (23)

Since
Ba = /0Bs = /§(&1TN).

Taking thet derivative of this equation, then we have
éatzsl¢§<%f+ﬁm+(sl¢éfm (24)

SinceByg = Bgt, using @3) and @4), then we have the time

To compute the time evolution equations for the curvatureevolution equation for the torsianof the curveC

k and the unit normal vectd\ to the curve;, we take the
U derivative of the second equation d#j, then

T @((_glwéw_ £1(W + ek T

o df,
+ ( EE +81f2T)N+(0—+fl ) >

Tu = \/_Ts— \/_ €1V+ kN)

Taking thet derivative of this equation, then we have

(16)

Since

Ty = @(m - <€12%W— ()T

R+ kX (17)

ot Aa o
— = &16kfr + &5 —

it (25)

O .
_AT
29
Theorem 2Consider the Serret-Frenet matrik that

satisfies §) and ), then we have the integrability
condition:

- Qe+ M.Q = 2 (26)
where[M,Q] =M -Q— Q- M is the Lie bracket.
ProofSince L

Fat = ha. (27)
Differentiating @) with respect td, then
ﬁatz\/§<|\/|t+ M-Q+ %M)-ﬁ. (28)
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Differentiating @) with respect tai, then
Ru= V(G QM)

Substitute from 2Z8) and Q9) into (27), then the theorem
holds.

(29)

Lemma 7If the integrability condition 26) is satisfied,
then we have the PDE systefr).

ProofSince
0 1 00
5 | & 0 k 0
M= 0 —€1€2k 0T]|’
0 0 &TO
and . R
0o W 0V
Q— —&W 0 fl f,?
o —82U: —818’\2f1 O,\ E
&5V €2f2 815 0
Then
0O O 0 0
~ |0 O kk O
Me = 0—8182|<( 0 ft ’ (30)
0 0 &itO0
and . L
0 3 Us Vs
A —aWs 0 fig fp
§= A ~ 4 31
Q: —&Us —e162f1s 0 &s 1)
€18Vs &fs €8 0
The Lie brackefM, Q] is given by:
0 dip &3 auq
4 A —&85, O a3 &oa
M, Q] = ~ " 2 32
M.Q) —&313 —&18823 0 &4’ (32)
18814 &8s &1834 0
where
312281€2RUA, 313=f,\1—’\k\/’\\l—81f\7, 5.14=f2—f0,

o3 = —81(0 + ff’\z), aps = Ré — ffl — 81\7,
834 = —£1€2R]€2.

Substitute from%), (30), (31), (32) into (26), then we get
the PDE systeml().

6 Motions of inextensible spacelike or
timelike curves in S%1

Definition 12.The curvey($t) and its flow% in §>1
are said to be inextensible £ ||y(5,t)|| = 0, i.e, G = 0.

Remarklf c=1, then the curvg($,t) is a unit speed curve.

Lemma 8If the curve y(§t) is inextensible, then the
arclength of the curvg(§,t) is preserved.

ProofSince

s = [ 17@.0lda = [ V/Gdo.

Then the variation of the arclength is

. 0§ 9o . a1
5y VB0 || 5 5000
Since the curve is inextensible; (2 0), thené = 0 and

§= constanf hencesis independent df. So the curve has
the property that its arclength is preserved.

o»

(33)

Lemma 9If the curve y(§t) is inextensible, then the
derivatives with respect t® and t commute.

Lemma 10The curvey($,t) is inextensible if and only if

= 8182&0.

oS
Proof(=-) Assume that the curve is inextensible.
Since

a . a
$0.0 = [ 176.0ldo = [ /ado.
The variation of the arclength is
s= 25 / "1 4ds
ot o 2\/69I '
Substitute from the first equation df4) into (34), then
i [U/0W ca\
s_/o <%—£1£2ku)ds.

Since the curve is inextensible, §e- 0, hence

(34)

oW «
% - €1£2|(U .
(<) Assume that
98 = €1£2|(U. (35)

Substitute from35) into the first equation ofl(4), sog; =
0, hence the curve is inextensible.

Lemma 11If the curve y(§t) is inextensible, then the
integrability condition 6)(or in this case it is called the
zero curvature condition) is

My — Qs+ M, Q] =0. (36)
Lemma 12If the curve y(§,t) is inextensible (the zero

curvature condition 6) is satisfied), then the evolution
equations for curvature and torsiod@) are

K\ [ 0 &f)) [k &U + fiq
(), (e 0) () (4") e
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7 Motions of inextensible spacelike curves in  One solution of this system is
SZ,l

£oa R R C
k(1) = 2cisechci§+ oot +c3), T(5t) = %
We consider the motion of inextensible spacelike curves 1
in 3—dimensional de-Sitter space. We restrict our StUdyWherECl,Cz and c3 are constants. Substitute fromzl,

to inextensible spacelike curves with spacelike principal(43) into (4), (9) and solve the systemd) and ©)

(43)

normal vector, so in this casgzl,szzland%‘g’:m. numerically. Then we can get the family of curves
Then the PDE systen8() can be written explicitly inthe G = y(§t), so we can determine the surface that is
following form: generated by this family of curves (Fig.2).

k = (1+ K2+ 1)U + Ugs + kel + TV + 21V,

|
_|_

fi = k(Ve+10) + %(1 2V

t=44

Now, we give some examples of motions of inextensible
spacelike curves with spacelike principal normal vector in
S21:

%
i ®

(38)

=~ &P
[y

(KW + 20g) + =V +

=~

_|_

Example 1f

(@ (b) Close up

W=a U=0 and V=k/a (39) _ _ _
Fig. 2: The surface that is generated by motion of the
Then @8) takes the form: family of curvesC for Se [0,3], t € [0,5], a = 1.02,
¢y = 0.3,c2 = 0.06 andcs = —0.1. The bold black curves

PO G PO PSR in the surface represent the family of curv@sfor t =
ke = ks + —KTs, 0,14,2,4.4
a (40) ,1.4,2,4.4.,
f = Liker 2 (at+ 1(1+ )+ ! s
tTa e 98 a ak )
One solution of this system is
t=6.5
~ - =65
k(§,t) = —2cisechci$+ cot + ¢3), :;g l
. a(ac, — cp) (41) L=AS

28t = —

)

2c;

wherecy,c; and ¢z are constants. Substitute fror@9,
(42) into (4), (90 and solve the systemd) and @)
numerically. Then we can get the family of curves
C = y(51), so we can determine the surface that is
generated by this family of curves. To visualize this
surface in de-Sitter spac®!, we use the hollow ball
model ofS>! (Fig.1).

(@ (b) Close up

Fig. 3: The surface that is generated by motion of the
family of curvesG; for §€ [0,6],t € [0,7],c; =0.003 c; =
0.0001 andtz = 0.01. The bold black curvesin the surface

Example 2f represent the family of curve fort = 4.5,5,6,6.5.

W=U=0 and V=k (42)

In this case, the curve moves with binormal velodity
equals the curvature of the curve, the3B)( takes the

form: 7.1 Special motions of inextensible spacelike
f el e curves inS>!
kt =k San 2T S5
e e 9 (1w kes For special choices for velocitiad,U andV, it is very
Tt = Kks - ER T k) difficult to solve the PDE systen38), so we will introduce
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new frameE, E,, E3, E4, where ProofTake theuderivative of @7), then
EL= 7. s (B ik 2P0+ (W Ao
Eua =v/8( (-W)Ey + We—2—=U)E; + (fW + fj) E3
E, =T, k
V2
~ 1 - A (SriapAa (50)
Es = — (N —B)elot(s1)ds i i i
V2 Sinceky; = +/gE1s= /GE2, then by taking thé derivative

And we putr"= ;\‘;_Zefg 1(81dS andgf= Lze* [gE(stds

The curvature and torsion under the transformation

(44) can be given by:

k= /274,
. Gfs—fQs (45)
T= _
2rq
Lemma 13The frame{E;, E»,E3,E4} has the following
properties:
'<|§17El> = <|§27|§2> = <|§3,|§4> =1
o(E1,E2) = (E1,E3) = (E1,E4) =0
.<AE27 E3>A: <E27 E4>A: <E3, E3> = < 7E4> — 0
oE; = —E> x E3 X Ea.
o, =E; x Egx Ea4.
.E3=E1><E2><E3
.E4 - —El X E2 X E4

Lemma 14The Serret-Frenet framed4) for spacelike
curves € = 1 and & = 1) under the transformatio44)
can be given by

Es=A-E, (46)
= 010
| E ~ [ -1 01§
where E= £, and A= 0 400
E, 0 -f0Q
Now the equation of motior7j will transform to:
Eu = WE, + AE; + OEs, (47)
where
A= %(U +V) and &= %(0 V). (48)

Theorem 3The time evolution equations for the frame

{El, E,, Es, E4} can be written in matrix form
= =R-E, (49)
0 W i 5
where R = | W 0 WHNs@W+3&| ;4
-0 —(W+3%) f 0
o —f ~(W+h) O  —f
f="f@st)

of this equation we have

By = /G(Ex + %éz). (51)
SinceEygq = Eyg, then we get
Ex = (—W)E; + (AW + Ag)Es + (W + &)Es,
s o 2195 (52)
G = 2G(Ws — ?U)

The vectorsEs andE4 can be uniquely decomposed as
follows:

Ea = b11E1 + b1oF + biaFs + bigFy,

- - - - - (53)
Es = b21E1 + booEs + bosEs + bosEa.

By using the the properties of the frarfi;, E, E3, E4} in
lemma(3), then we can determined the factbrs where
i=12andj=1,23,4 as follows:

Slnce<E1,E3> = 0 <E2,E3> = 0 and(E3,E3) = 0. Then
we get respectively:

bya = —8,b12 = —(8&+ W), andby4 = 0.
Hence,
—SE; — (&s+ GW)E; + byaFs

And since (Eq,Eq) = 0, (Ep,E4) = 0, (Eq,E4) =0, and
(Es,E4) = 1. Then we get respectively:

bo1 = —1,b22 = —fls— FW, bz3 = 0,andbzs = —by3.

Hence

Eq = —NE1+(—Ns—

Choose

PW)E; — bygFa.

biz= f(§,t),

where f(s,t) will be determined by the integrability
conditions. Hence the theorem holds.

Theorem 4Consider the Serret-Frenet matri€ that
satisfies 46) and (49), then we have the integrability
condition:

—G -
26 A, (54)

R- A is the Lie bracket.

AQ_R§+[A5 ]:

where[A,R = A-R—

(@© 2018 NSP
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ProofSince . A To solve this system of PDE, we use the following
Eqt = B (55) transformation:
Differentiating @6) with respect td, then F —qe JoC(8)ds
. N TAN g =Beloc®ads (65)
fa-Vi(A+ARIZA) £ (50)
Hence
Differentiating @9) with respect ta,"then
Ot + Oes+ Gs(1+ 3aB) =0, (66)
o = \/§<F§§+ M) E (57) B+ Bss+ Bo(1+ 30B) =

Substitute from%6) and 67) into (55), then the theorem
holds.

Lemma 15If the curve G is inextensible, then the
integrability condition (or in this case it is called the per
curvature condition) is

A —Rs+ AR =0. (58)
Lemma 16If the integrability condition §8) is satisfied,
then we have the following PDE system

fo = g+ A + FW + F(FO+ G — 1),
G =0+ O+GW+G(F6+aA+ ), (59
fé: faé_Qﬁs

By solving this system, then we can obtain the curvature

and torsion of the curvé45).

Example 3f
1o, . .
= _Ek , U=-ks and V=-—ki (60)
Using @5), so
< n B Gfs+ FGs ~  Gfs—Pqs
W = — = —— =
Vg VI

From @48), we havei) = —fs and & = —Gs, then the

system §9) is

G + Gess + QS(]-—F 2rg) + qug— Ggf=0.
fs + Pliss — Gfes = 0. (62)
Integrate 62), then
f=ars—fds+C(t). (63)
Substitute §3) into the 1), then
G +Gss+0Gs+ 3rGG§ 61 (t)=0.

One solution of this system is

_‘/—< \/605+601/ tanl"(cls+czt+03))

a(8t) = —~

[§(§,t) 3/2 («/6054—601/ tanhc, S+ C2t+03)>

Cs = 2c1—c2—cl.

(67)

wherecy,cp, andcs are constants. Usingtp), (65 and
(67), hence the curvature and torsion are

K80 = |/ 5 VAED.

52
N \/6
fat) = -2 V2%

p(St)

P(51) = cs — 63 tant? (c1 8+ Cot + C3).

68
sect(c18+ cot + C3), (68)

Substitute from@Q0), (68) into (4), (9) and solve the system

(4) and @) numerically. Then we can get the family of
curve<, so we can determine the surface thatis generated
by this family of curves (Fig.3).

20 t=14

(a) (b) Close up
Fig. 4: The surface that is generated by motlon of the
family of curvesG; for §€ [0,6], t € [0,3], c; = -3 1=

1 andcz = 0.1. The bold black curves in the surface
represent the family of curvé3 fort =0,1.4,2,2.8.
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