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Abstract: The following are explained: E-ε Model, E-l Model, Parameterized Length Scale Model, Parameterization of 

Turbulent Transport, Parameterization of Dissipation, Parameterization of Return-to-Isotropy Terms, Subgrid-scale 

models, Lagrangian Stochastic Models, Random-walk Model for Homogeneous Turbulence, Random-walk Model for 

Inhomogeneous Turbulence, and Short-Range Gradient Transport Models. In this research, the sequential approximation 

method was used as an alternative numerical method to solve the three-dimensional stochastic Langevin equation. After 

obtaining Langevin models for Gaussian, a comparison was made between the Copenhagen experimental data of Sulfur 

Hexafluoride (SF6). The two models are within a factor of two of the observed data, according to statistical assessments 

and stochastic analysis between the observed and predicted data. Additionally, the Correlation coefficient, Normalized 

Mean Square Error, and Fraction Bias are all in good agreement with the observed data.  
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Abbreviations  

Planetary Boundary Layer (PBL) 

Probability Density Functions (PDF) 

Iterative Langevin Solution (ILS) 

Monin Obukhov (M-O) 

ground level concentration (g. l. c.) 

Turbulence Kinetic Energy (TKE) 

large-eddy length scale (ℓ) 

Stably Boundary Layer (SBL) 

Convective Boundary Layer (CBL) 

Large Eddy Scale (LES) 

Buoyancy Flux parameter ( Fb) 

Sulfur Hexafluoride (SF6) 

Normalized Mean Square Error (NMSE) 

Fraction Bias (FB) 

Correlation (COR) 

Factor of Two (FAC2) 

Kolmogorov’s structure function constant (𝑐0)  

The rate of energy dissipation (𝜀) 

1. Introduction 

Several theories of dispersion in turbulent flows were 

covered in this paper, along with some analytical models 

derived from these theories for specific atmospheric 

dispersion applications. There has been discussion of the 

different drawbacks of the analytical dispersion models 

based on constant or changing eddy diffusivities. Despite 

being widely utilized in regulatory applications, the more 

straightforward Gaussian dispersion models with empirical 

dispersion parameters or coefficients have a number of 

drawbacks and uncertainties [1]. The assumptions of all 

analytical dispersion models include an idealized 

(horizontal homogenous and quasi stationary) atmospheric 

boundary layer and a flat, uniform surface that merely 

reflects, rather than absorbs, the contaminants that reach it. 

Most of the simpler models assume constant diffusivities 

and straight line uniform transport wind however some 

allow for power law diffusivity and wind profiles. In some 

of these models, the ad hoc consideration of the limit to 

vertical diffusion by the capping inversion at the top of the 

planetary boundary layer (PBL) is taken into account [2-3]. 

Beyond a downwind distance of around 10 km from a 

continuous point or line source, these analytical dispersion 

models would not be useful. These models significantly 

simplify and parameterize transport and diffusion 

phenomena, even for shorter distances. Lagrangian 

stochastic particle models are the greatest option for 

achieving the atmospheric dispersion approach [4]. It is 
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assumed that the particle displacements are produced by a 

Markovian process when random velocities are used. The 

Langevin equation is based on the theory that a 

combination of a stochastic and a deterministic term 

determines velocity [5]. The Langevin equation for 

Gaussian turbulence conditions is solved using this 

technique. The initial velocity (at t = 0) is found when the 

Probability Density Functions (PDF) of the turbulent 

velocity are Gaussian, the stochastic term of the Langevin 

equation, where the PDF of the turbulent velocity is 

represented by the combination of Gaussian, Iterative 

Langevin Solution (ILS) method is evaluated during the 

Copenhagen tracer experiment taking into account the 

values of the ground-level concentration. 

Mixed Chebyshev and Legendre polynomials 

differentiation matrices for solving initial-boundary value 

problems, Aims Mathematics was developed [6]. 

Chebyshev polynomial derivative-based spectral tau 

approach for solving high-order differential equations was 

studied [7]. Three dimensions nanofluid flow over 

nonlinearly stretching/shrinking sheet with nonlinear 

thermal radiation: Novel approximation via Chebyshev 

polynomials’ derivative pseudo-Galerkin method was 

investigated [8]. 

This work uses a different numerical method to solve the 

Langevin equation for the dispersion of air pollution. The 

Langevin models for Gaussian theoretical and experimental 

data from Copenhagen were compared. 

2.Short-Range Gradient Transport Models 

In some situations, wind-direction shear can be ignored and 

one can use two-dimensional grid models for solving the 

finite-difference version of the cross-wind integrated 

diffusion equation. The influence of the Coriolis turning of 

wind with height can be considered only in a fully three-

dimensional grid model [9]. 

3.Dispersion in the Surface Layer 

The governing steady-state diffusion equation can be 

numerically solved to simulate the diffusion of falling 

particles from a cross-wind line source in the stratified 

surface layer: 

u̅
∂C̅

∂x
− vg

∂C̅

∂z
=

∂

∂z
(Kz

∂C̅

∂z
)                                                   (1) 

where Kz is the vertical eddy diffusivities in the z-direction 

and u̅ is the wind speed profile in the x-direction [10]. It 

was believed that the lower surface would be a perfect sink 

with zero particle concentration. Additionally, it was 

believed that the concentration at the upper barrier, which 

was selected far above the source height, was zero. For 

three stability conditions, numerical calculations were 

performed for two values of the dimensionless terminal fall 

velocity (k vg/u*=0 and 0.1), with z0/L given. 

The more suitable reflecting or partially reflecting 

boundary conditions of the vertical dispersion of passive 

pollutants from a line source can be used to solve Eq. (1) 

without the gravitational settling term [11]. 

Kz
∂C̅

∂z
= vdC̅                       for z → z0 

Kz
∂C̅

∂z
= 0                     for z → ∞                                      (2) 

According to the lower boundary condition, the mass flux 

close to the ground needs to match the rate of deposition. 

Two different vertical-eddy diffusivity specifications, Kz =
Kh and Kz = 1.35 Km, were employed in Ref. [12]. 

Empirical Monin-Obukhov (M-O) similarity expressions 

[1, 13] were used to specify the eddy diffusivities of heat 

and momentum as well as mean velocity, and numerical 

solutions were produced for various stability factors. 

3.1.Dispersion in the Planetary Boundary Layer 

The dispersion from a continuous point source in the PBL 

with varying wind and diffusivity profiles was studied 

using a numerical model by ref. [14]. The Coriolis twisting 

of the wind was disregarded, and they believed that along-

wind diffusion was insignificant compared to advection. 

The finite-difference variant of the steady-state mean 

diffusion equation was solved for an elevated point source: 

u̅
∂C̅

∂x
=

∂

∂y
(Ky

∂C̅

∂y
) +

∂

∂z
(Kz

∂C̅

∂z
)                                          (3) 

which, specified u,̅ Ky and Kz as functions of "z" and 

additional factors (such as mixing height, surface 

roughness, surface heat flow, and geostrophic wind speed). 

According to the Monin-Obukhov similarity theory, the 

surface layer profiles were in agreement [15]. In contrast, 

wind profiles were considered to be constants above the 

surface layer [6]. Numerical model results were obtained 

for several combinations of surface roughness (z0=0.025, 

0.25, and 2.5 m), surface heat flux (H0=110, 0, -40 wm-2), 

and upper level wind speed (5, 10, and 15 ms-1) with a 

stated surface-layer height of 85 m and a mixing height of 

275 m. 

For a given set of climatic conditions, the maximum 

Ground Level Concentration (g. l. c.) does not deviate 

much from the Gaussian model's prediction. Variations in 

surface roughness have an impact on the ground-level 

concentrations that the numerical model predicts. The zone 

of height concentration moves closer to the source as 

surface roughness increases, and the maximum g. l. c. rises 

in a manner similar to that of rising heat flow. Only in 

neutral stability is the normalized concentration C̅u̅/Q 

independent of wind speed; in both stable and unstable 

settings, C̅u̅/Q exhibits a notable reliance on upper-level 

wind speed. 

In an evolving daytime PBL, Kao and Yeh [16] employed a 

more complex computational model of wind flow and 

dispersion. The time-dependent mean flow and diffusion 

equations listed below were resolved by them: 
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∂C̅

∂t
+ u̅

∂C̅

∂x
+ v̅

∂C̅

∂y
= Ky

∂2C̅

∂y2 +
∂

∂z
(Kz

∂C̅

∂z
)                             (4) 

∂u̅

∂t
− f(v̅ − vg) =

∂

∂z
(Km

∂u̅

∂z
)                                             (5) 

∂v̅

∂t
+ f(u̅ − ug) =

∂

∂z
(Km

∂v̅

∂z
)                                             (6) 

∂θ̅

∂t
=

∂

∂z
(Kh

∂θ̅

∂z
)                                                       (7) 

The planetary boundary layer's vertical eddy diffusivities of 

heat and momentum were specified as follows, whereas the 

surface layers were prescribed based on the Monin-

Obukhov similarity relations [17]: 

Km = λ2 [(
∂u̅

∂z
)

2

+ (
∂v̅

∂z
)

2

−
g

T0

∂θ̅

∂z

Kh

Km
]

1/2

                            (8) 

where, the scale of eddies that contain energy is denoted by 

λ. The influence of stability is explicitly included in terms 

of the flux Richardson number in this mixing-length style 

of formulation for Km: 

Km = λ2 |
∂V̅

∂z
| (1 − Rf)1/2                                                   (9) 

Using the surface layer similarity relations, ref. [18] 

calculated the ratio of eddy diffusivities Kh/Km. Based on 

observations made during the Great Plains field program, 

they described them as functions of height and time for an 

average day, assuming Ky=Kz=Kh throughout the PBL. In 

order to solve the above set of governing equations 

numerically, the initial temperature profile, constant 

geostrophic winds (ug=10 ms-1 and vg=0), and the diurnally 

fluctuating surface heat flow were also supplied. 

Given that the wind-direction and wind-speed shears in the 

central portion of the PBL both diminish as the inversion 

height rises with increasing time, the calculated mean 

velocity profiles seem to be realistic. The cross-isobar 

angle's vertical profiles indicate that it decreases with 

height and with the time of day. By mid-afternoon, the PBL 

has grown to a depth of 1100 meters, and wind-direction 

shears are sufficiently minor to be ignored. However, the 

gradient transport theory seems to have overstated the 

wind-speed and wind-direction shear in the model [2]. 

4.Turbulence Kinetic Energy Models 

The mean advection-diffusion equation is solved for the 

given eddy diffusivities and mean transport winds in the 

most basic kind of gradient transport models. With a first-

order closure scheme and a defined eddy viscosity or 

mixing length, mean winds are occasionally also calculated 

from the equations of mean motion [19]. Only in an 

idealized PBL can the exact specification of diffusivity or 

eddy viscosity be justified. It is necessary to relate eddy 

diffusivities to turbulence velocity and length scales and 

carry dynamical equations for the same in order to properly 

specify them. The Turbulence Kinetic Energy (TKE) 

equation is employed in the most popular method: 

DE

Dt
= − [úẃ̅̅ ̅̅ ∂u̅

∂z
+ v́ẃ̅̅ ̅̅ ∂v̅

∂z
] +

g

Tw
ẃθv

́̅̅ ̅̅ ̅̅ −
∂

∂z
(ẃÉ̅̅ ̅̅ +

ẃρ́̅̅ ̅̅̅

P9
) − ε         (10) 

where E and É are the mean and fluctuating turbulence 

kinetic energies per unit mass. 

E =
1

2
(ú2̅̅ ̅ + v́2̅̅ ̅ + ẃ2̅̅ ̅̅ )                                                     (11) 

É =
1

2
(ú2 + v́2 + ẃ2)                                                      (12) 

The various terms on the right-hand side of Eq. (10) 

represent turbulent transport, shear production, buoyancy 

production or destruction, and the rate of dissipation of the 

TKE, while the left-hand side represents the total 

derivative, which includes both the rate of change with time 

and the advection by mean flow. 

5.The Parameterized Length Scale Model 

All of the right-hand-side terms in Eq. (10) are 

parameterized in simpler TKE models. The K-theory 

parameterizations of heat and momentum fluxes have 

already been covered. Similarly, the turbulent transport 

term is parameterized as follows: 

ẃÉ̅̅ ̅̅ +
ẃṕ̅̅ ̅̅ ̅

ρ0
= −kE

∂E

∂z
                                                          (13) 

Similar to the turbulent Prandtl number, which is defined in 

terms of a dissipation length scale as follows, the diffusivity 

of TKE is assumed to be equal to or proportional to Km, 

meaning that KE = Km/σE where σE is the diffusivity ratio. 

ε =
Cε  E

3/2

ℓε
                                                                        (14) 

where, the dissipation length ℓE is related to the large-eddy 

length scale ℓ in a similar way as the mixing length ℓm, and 

Cε  is an empirical constant. While some researchers have 

distinguished between these length scales, the majority of 

TKE models assume that ℓz = ℓm = ℓ [20]. The eddy 

viscosity is most frequently expressed as follows: 

Km = CℓE1/2                                                                   (15) 

which, Prandtl and Kolmogorov [21] proposed. In this case, 

C is an empirical constant that might vary depending on 

how ℓ is defined. It is commonly thought that the vertical 

diffusivities of mass and heat are proportional to Km. The 

Kh/Km and Kz/Km ratios are occasionally interpreted as 

stability functions. Although eddy diffusivities are 

calculated using physically valid relationships involving 

stability and turbulence, the TKE closure is likewise 

predicated on the gradient transfer theory. Note that Eq. 

(15) implies that Km is proportional to both the large-eddy 

length scale (ℓ)and the turbulence velocity scale(E1/2) . 

For the latter, the prognostic equation is the TKE equation. 

In the literature, numerous prognostic and diagnostic 

expressions for l have been proposed [22]. While some of 

them only apply to the neutral PBL, others use stability 

effects in various formulas for ℓ and ℓε [23]. 

6.The 𝐄 − 𝛆  𝐌𝐨𝐝𝐞𝐥 

In more sophisticated, but not necessarily more accurate, 

TKE models an additional dynamical equation for the rate 
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of energy dissipation ε, or the large-eddy (mixing) Length 

scale ℓ, is carried in the model. Using a prognostic equation 

for "ε or ℓ” eliminates the need for parameterizing the same 

[24]. An equation for ε is more common because the 

concept of energy dissipation is easier to grasp than that of 

a mixing length. In terms of E and ε, eddy viscosity is 

usually expressed as: 

Km =
Ck E

2

ε
                                                                       (16) 

where, Ck is an empirical constant that may depend on the 

type of flow. The ε equation contains many new unknown 

terms that have to be considerably simplified and 

parameterized. The highly parameterized form used in the-

called E − ε  or k − ε models is given as: 

Dε

Dt
= C1

ε

E
[−úẃ̅̅ ̅̅ ∂u̅

∂z
− v́ẃ̅̅ ̅̅ ∂v̅

∂z
+

g

Tv0
θ́vẃ̅̅ ̅̅ ̅] − C2

ε2

E
+

∂

∂z
(Kε

∂ε

∂z
)             (17) 

where C1 and C2 are empirical constants and Kε is the 

vertical diffusivity of dissipation, which is usually linked to 

that of momentum as Kε = Km/σε . Here, σε is the inverse 

of the diffusivity ratio, similar to the turbulent Prandtl 

number. The various terms on the right-hand side of Eq. 

(17) represent production, destruction, and turbulent 

transport of dissipation, respectively. The production and 

destruction terms in their parameterized forms have been 

assumed to be proportional to the production and 

dissipation of TKE. The various constants (Ck, C1, C2, etc.) 

in the so-called E − ε or k − ε model have been estimated 

from the laboratory experimental data. The “standard” 

values of the same may not be appropriate for the stratified, 

rotating atmospheric PBL [22-23]. Yet sufficiently accurate 

measurements of production, dissipation, and turbulent 

transport terms in the TKE and ε equations are not available 

for a direct empirical determination of these constants for 

the PBL. Different values have been suggested from 

comparisons of model-predicted and observed wind and 

eddy viscosity profiles by different investigators [23, 25]. 

7.The 𝐄 − 𝓵 Model 

In this model, the eddy viscosity is determined by Eq. (15) 

with E and ℓ computed from their dynamical equations. 

Thus, instead of the ε equation, a prognostic equation for 

the length scale ℓ (more appropriately, the product E ℓ) is 

included in the model. Mellor and Yamada proposed such a 

model as a compromise between their level 2 and 3 models. 

The parameterized form of the prognostic equation for Eℓ 

looks similar to that for the dissipation rate ε [26]. It also 

has the same limitations of highly uncertain closure 

constants. 

A comprehensive review of the different types of TKE-

closure models has been given by ref. [27]. They also tested 

some of the models with different parameterization 

schemes against limited field experimental data. One of 

their two general conclusions is that mean profiles of 

potential temperature, humidity, and horizontal wind 

components show little sensitivity to the type of closure 

scheme as long as the effects of turbulent mixing in the 

PBL are properly handled. Thus, in the determination of 

Km using a diagnostic formulation of ℓ or a prognostic 

determination of ε makes little difference. The second main 

conclusion is that the TKE closure shows closer agreement 

with the observed turbulence structure in the PBL than the 

first-order closure. Among the diffusion TKE models as a 

group, the E − ε model performs better than the 

parameterized ε model. This is because the former contains 

more physics of energy dissipation. Among E − ε 

parameterizations, the modified [28] scheme performed 

best. It should be emphasized that these conclusions are 

based on rather limited comparisons of model results with 

one day’s observations in a convective marine boundary 

layer. Here we consider only the first-order closure or 

gradient diffusion model. In this, the vertical diffusivity of 

material is often assumed equal to that of heat, which is 

assumed proportional to eddy viscosity, that is Kz = Kh =
αKm, where α may be specified as a function of stability. 

The horizontal diffusivities must also be specified in order 

to solve the mean diffusion equation, these may be assumed 

proportional to E1/2 and also proportional to the large-eddy 

length scale in the appropriate direction. Since information 

about the latter may not be available, horizontal 

diffusivities are usually assumed equal or proportional to 

the vertical diffusivity. Such as assumption appears to be 

reasonable for short-range dispersion, but becomes invalid 

for mesoscale and regional dispersion. 

The TKE closure has a definite advantage over the simple 

gradient transport approach in that the eddy diffusivities are 

directly related to the turbulence kinetic energy and 

computed from the TKE equation. In the E − ℓ and E − ε 

models, even the large-eddy length scale is computed rather 

than explicitly specified. Such models represent a 

reasonable compromise between the overly simplistic 

gradient transport models and much more complicated 

second and higher order closure models. They are 

particularly useful for modeling dispersion in non-

homogeneous, flows over complex terrain and around 

buildings. Most of the conceptual limitations of the k-

theory remain in the TKE-closure models as well. 

8.Higher Order Closure Models 

The second moment equations contain the unknown third 

moments correlations involving pressure and velocity or 

other scalar fluctuations, and the molecular dissipation 

terms, which have to be parameterized to close the set of 

equations, that is to reduce the number of unknowns to the 

number of equations. Thus, the closure problem shifts to 

the higher order second-momentum equations. The models 

based on the first-and second moment equations are called 

second-order closure models.  Certainly, the second-

moment equations contain considerable amounts of 

physical information regarding the dynamics of turbulent 

fluctuations. Therefore, it has been argued that the second-

order closure approach should be more general than the 



 J. Eco. Heal. Env. 14, No. 1, 1-15 (2026)/ http://www.naturalspublishing.com/Journals.asp                                                             5 

 

        © 2026 NSP 

         Natural Sciences Publishing Cor. 
 

first-order closure. Similarity, a third-order closure model 

utilizing the dynamical equations for first, second, and third 

moments might be considered even more general because it 

contains more physics of turbulence [29]. 

9.Second-order Closure Methods: Parameterization of 

Turbulent Transport 

The third moment terms appearing in the second-moment 

equations cause the fundamental closure problem of the 

latter. Physically, they represent the turbulent transports of 

second moments and are found to be rather insignificant in 

stably stratified flows including the SBL. The vertical 

turbulent transports have been observed to become very 

important and often govern the dynamics of unstable and 

convective boundary layers. Their accurate 

parameterization is considered crucial to the proper 

modeling of the CBL using the second-order closure 

approach. The simplest and the most commonly used 

parameterization of turbulent transport is based on the 

gradient-diffusion concept, whereby third moments are 

expressed as the products of second moments and some 

form of turbulent diffusivity. The diffusivity is expressed 

either as a product of turbulence length and velocity scales, 

as in Eq. (15), or in terms of the turbulence kinetic energy 
(E) and the rate of energy dissipation, as in Eq. (16) [30-

31]. In the latter approach, a turbulence diffusion time scale 

is defined as τD = E/ε and the diffusivity is expressed as 

K~τDE which is consistent with Eq. (16). 

Both of the third-moment parameterization methods are 

based on the concept of down-gradient diffusion. The same 

concept, when applied to second moments in the first-order 

and TKE closure models, has been found to be inconsistent 

with observations in the convective boundary layer. 

Measurements of third moments in the CBL indicate that 

the buoyancy-driven turbulence can also cause counter-

gradient transport of second moments. However, the partial 

failure of the gradient transport hypothesis for third 

moments does not appear to be as catastrophic as that for 

second moments. For this reason, the second-order closure 

models using the simpler gradient transport hypothesis have 

simulated most of the mean flow and turbulence structure 

reasonably well. A more complicated functional expansion 

approach, originally proposed by ref. [32], can remove 

some of the limitations of the simple approach, but it also 

introduces many more terms and empirical constants whose 

values cannot be determined from the available 

experimental data. Another approach is to carry the 

dynamical equations for third moments, but these have their 

own closure problems [33-34]. 

9.1.Parameterization of dissipation 

An accurate modeling or parameterization of the molecular 

dissipation terms in the second-moment equations, 

particularly the variance equations, is important because 

these terms determine the rate at which turbulence 

variances and kinetic energy are destroyed. In some 

models, ε  also determines the turbulence length and time 

scales that are used in the parameterization of turbulent 

transport and pressure terms. In the simplest approach ε, εθ, 

and so on are expressed in terms of the appropriate length 

and velocity scales (14). Alternatively, dynamical equations 

are also carried for ε, εθ, etcetera. Such equations are very 

complex [35] and only highly simplified and parameterized 

forms of the same, such as Eq. (17), are used in second-

order closure models [30-31]. The molecular dissipation 

terms in the dynamical equations for covariance’s or fluxes 

are usually neglected, using Kolmogorov’s local-isotropy 

hypothesis for large Reynolds number flows. The same 

hypothesis also implies that the rate of dissipation is the 

same for the energies associated with different velocity 

components, that is, εu = εv = εw = ε/3. 

9.2.Parameterization of Return-to-Isotropy Terms 

The parameterization of the covariance’s between 

fluctuating pressure and fluctuating velocity, temperature, 

or other scales gradients is probably the most difficult 

problem of higher order closure modeling. These pressure 

terms are also called the return-to-isotropy terms because 

they tend to equalize the different velocity variances 

through redistribution of energy between them and act to 

destroy any covariance’s of energy between them and act to 

destroy any covariance’s in the flow. These are the primary 

destruction terms in the covariance equations, since 

molecular dissipation terms become negligibly small due to 

local isotropy. For this reason, the simplest way to 

parameterize these terms is to make them proportional to 

the excess variance or covariance to be destroyed and 

inversely proportional to the time scale of turbulence [36]. 

Thus, the return-to-isotropy term in the dynamical equation 

for the covariance Ćú̅̅̅̅    can simply be parameterized by 

−Ćú̅̅̅̅ /τD multiplied by an empirical constant. This 

simplistic approach has not been found to be entirely 

satisfactory and more complex parameterizations have been 

proposed [32-33]. 

The model of ref. [37] was slightly modified by ref. [38] to 

permit some counter gradient heat flux as: 

ẃθ́̅̅ ̅̅ = −Kh (
∂θ̅

∂z
− νc)                                                       (18) 

This modification to the original gradient transport 

relationship, with νc = 0.5x10−3 Km-1, resulted in a better 

agreement with the observed concentrations. In particular, 

the model-computed ground-level concentrations due to 

surface and elevated sources agree well with observations 

as well as with other more sophisticated numerical 

simulations. Other plume statistics such as the mean plume 

height and the standard deviation of the vertical 

concentration distribution also agree with measurements. 

For the more general filter operations that may not preserve 

previously filtered average variables on a second-filter 

operation or averaging, that is, for which u̅̅ = u̅ and so on, 

additional terms are generated by the averaging or filter 

operation on the instantaneous equations. For these, each of 
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the subgrid-scale Reynolds fluxes inside the parentheses on 

the right-hand sides is replaced by two terms, for example: 

ú2̅̅ ̅  → u2̅̅ ̅ − u̅2 

úv́̅̅ ̅ → uv̅̅ ̅ − u̅v̅ 

úẃ̅̅ ̅̅ → uw̅̅ ̅̅ − u̅w̅                                                               (19) 

where → denotes that the left-hand term is to be replaced by 

the right-hand terms, but the two are not necessarily equal 

using the Cartesian tensor notation for velocity ui with 

i=1,2 and 3 representing the three components, one can 

write, in general: 

úiúj
̅̅ ̅̅ ̅ → uiuj̅̅ ̅̅ ̅ − u̅iu̅j                                                           (20) 

By substituting ui = u̅i + uí  and uj = u̅j + uj́  , and taking 

the average, it is easy to show that the two sides of arrow in 

Eq. (20) are different as: 

úiúj
̅̅ ̅̅ ̅ = u̅iu̅j

̅̅ ̅̅ ̅ + úiu̅j
̅̅ ̅̅ ̅ + u̅iúj

̅̅ ̅̅ ̅ + úiúj
̅̅ ̅̅ ̅                                     (21) 

Only for the particular filters satisfying the conditions u̅̅ =
u̅, etc. the two sides of Eq. (20) become exactly equal. Even 

otherwise the RHS is often considered as a combined 

subgrid-scale Reynolds stress tensor τij i.e. 

τij = uiuj̅̅ ̅̅ ̅ − u̅iu̅j                                                              (22) 

For the sake of convenience between the grid volume-

averaged or filtered equations used in LES are often written 

in the same form as the ensemble averaged equations, 

implying a strong correspondence between τij and úiúj
̅̅ ̅̅ ̅. 

10.Subgrid-scale models 

In order to close the set of grid-volume averaged or filtered 

equations, the unknown SGS Reynolds stresses and fluxes 

must be parameterized in terms of the resolved variables for 

which the set LES equations is numerically solved. The 

values SGS-closure approaches or models have been 

reviewed among others by [39]. 

10.1.Lagrangian Stochastic Models 

In the Lagrangian approach to dispersion modeling, one 

tracks particles through a turbulent environment using 

either a numerically computed Eulerian velocity field or a 

stochastic model for the Lagrangian particles velocities 

[40]. Followed the former approach using the velocity field 

calculated in large-eddy simulation of the CBL. The 

successful applications of this approach to atmospheric 

dispersion have already been discussed in the preceding 

section [41]. The Lagrangian particle-dispersion modeling 

utilizing the LES for mean flow and turbulent velocity 

fields is the most computer intensive and expensive 

approach. The instantaneous velocities at all the grid points 

at each time step must be stored in the computer memory 

for calculation of the trajectories of thousands of particles, 

and hence, obtaining of the desired dispersion statistics. 

The second approach is much less expensive and is based 

on a stochastic model of the Lagrangian particle velocity. 

The model first separates the instantaneous velocity into a 

mean and a turbulent component [42] that is: 

𝑑𝑋𝑖

𝑑𝑡
= 𝑈𝑖 = 𝑈𝑖 + 𝑈́𝑖                                                           (23) 

In which the overbar represents time averaging and prime, 

as usual denotes turbulent fluctuation by definition the 

Lagrangian velocity 𝑈𝑖 corresponds to an individual 

particle. 

10.2.Random-walk Model for Homogeneous turbulence 

Smith [43] proposed a random-walk hypothesis that states 

that the Lagrangian turbulent velocity a short time later can 

be expressed in terms of its previous velocity and a random 

velocity fluctuation, that is: 

𝑈́𝑖 (𝑡 + ∆𝑡) = 𝑅𝐿(∆𝑡)𝑈́𝑖 (𝑡) + 𝑈́́𝑖                                     (24) 

Here, 𝑅𝐿 (∆𝑡) is the value of the Lagrangian autocorrelation 

function 𝑅𝐿 (𝜉)  𝑎𝑡 𝜉 = ∆𝑡 and 𝑈́́𝑖 is the purely random or 

the uncorrelated part of velocity fluctuation. Smith [44] 

called Eq. (45) a linear regression equation, because he 

could fit a straight line through a plot of experimentally 

measured values of 𝑉́(𝑡 + ∆𝑡) versus 𝑉́(𝑡) [45]. To specify 

the Lagrangian particle velocity at each time step in the 

numerical model using Eq. (24), one must specify 𝑅𝐿(∆𝑡) 

as well as 𝑈́́𝑖(𝑡). The former is easily obtained from the 

commonly used exponential form of the Lagrangian 

autocorrelation function, that is: 

𝑅𝐿(∆𝑡) = 𝑒𝑥𝑝 (−
∆𝑡

𝑇𝑖𝐿
)                                                     (25) 

Provided the integral time scale can be specified. The 

random fluctuation 𝑈́́𝑖 is picked from a very large ensemble 

of random numbers whose mean is zero and the variance is 

given by: 

𝑈́́
̅

𝑖
2 = 𝑈́𝑖

2̅̅ ̅̅ [1 − 𝑅𝐿
2(∆𝑡)]                               (26) 

where, the repeated index does not imply summation. Eq. 

(47) is obtained by squaring and averaging Eq. (24) and 

assuming that the velocity variance does not change during 

the short time interval∆𝑡. It is more convenient to express 

𝑈́́𝑖 in terms of its standard deviation, that is; 

𝑈́́𝑖 = 𝜎𝑖[1 − 𝑅𝐿
2(∆𝑡)]1/2𝜂(𝑡)                                           (27) 

where, 𝜎𝑖 is the standard deviation of the velocity 

fluctuations 𝑈́𝑖 and 𝜂(𝑡) is a dimensionless random variable 

with zero mean and variance=1. Substituting from Eqns. 

(25) and (27) into Eq. (24), one obtains: 

𝑈́𝑖(𝑡 + ∆𝑡) = 𝑎𝑈́𝑖(𝑡) + 𝜎𝑖(1 − 𝑎2)1/2𝜂(𝑡)                     (28) 

where, 

𝑎 = 𝑒𝑥𝑝 (−
∆𝑡

𝑇𝑖𝐿
)                                                               (29) 

or some other suitable expression or value for 𝑅𝐿(∆𝑡). For 
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very large time steps with ∆𝑡 >> 𝑇𝑖𝐿 , 𝑎 ≅ 0, so that the 

velocity at any time is completely specified by 𝜎𝑖𝜂(𝑡) and 

is not correlated at all with its value at the previous time. 

The Langevin equation is related to Markov-chain models 

of Lagrangian velocityby [46]. They start with the one-

dimensional equation for the vertical particle velocity: 

𝑑𝑊

𝑑𝑡
= −𝛼𝑊 + 𝜆𝜉(𝑡)                                                        (30) 

where, 𝛼 and 𝜆 are coefficients to be specified later and 

𝜉(𝑡) is Gaussian white noise, which is a stationary 

stochastic process with a Gaussian probability density 

function and zero mean. The solution to the above 

stochastic differential equation is given by: 

𝑊(𝑡) = 𝑊(0)𝑒−𝛼𝑡 + 𝜆 ∫ 𝑒𝛼(𝑥−𝑡)𝑡

0
𝜉(𝑠)𝑑𝑠                      (31) 

which, is then decomposed into mean and fluctuating parts 

as follows: 

𝑊̅(𝑡) = 𝑊̅(0)𝑒−𝛼𝑡                                                          (32) 

𝑊́(𝑡) = 𝑊́(0)𝑒−𝛼𝑡 + 𝜆 ∫ 𝑒𝛼(𝑠−𝑡)𝑡

0
𝜉(𝑠)𝑑𝑠                      (33) 

From Eq. (33), the following expressions for the variance 

and covariance of vertical velocity are derived by [47] as 

follows: 

𝑊́2̅̅ ̅̅̅(𝑡) = 𝑊́2̅̅ ̅̅̅(0)𝑒−2𝛼𝑡 +
𝜆2

2𝛼
(1 − 𝑒−2𝛼𝑡)                        (34) 

𝑊́(0)𝑊́(𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑊́2̅̅ ̅̅̅(0)𝑒−𝛼𝑡                                              (35) 

If the Lagrangian integral time scales for the particle 

velocity is defined as: 

𝑇𝑖𝐿 = ∫
𝑊́(0)𝑊́(𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝑡

𝑊́2̅̅ ̅̅ ̅(0)

∞

0
                                                         (36) 

Eqns. (34) and (35) for the variance and covariance enable 

the coefficient in the langevin equation (30) to be 

determined as: 

𝛼 =
1

𝑇𝑖𝐿
                                                                             (37) 

𝜆 = 𝜎𝑤√2𝛼 = 𝜎𝑤 (
2

𝑇𝑖𝐿
)

1/2

                                              (38) 

Thus, if 𝜎𝑤 and 𝑇𝑖𝐿  are known. Eq. (30) determines the 

velocities, and therefore trajectories, of an ensemble of 

tagged fluid particles with a prescribed distribution of 

initial velocity W(0). 

10.3.Random-walk Models for Inhomogeneous 

Turbulence 

Dispersion in the lower part of the atmospheric boundary 

layer with σw increasing with height, as happens in a 

canopy layer and also in the CBL is simulated by [46-47]. 

They found that the use of Eq. (27) resulted in far too may 

particles collecting in the near-surface region of low 

turbulence. They reasoned that, for ∂σw/ ∂z ≥ 0, the 

particles crossing an x-y plane going downward would have 

higher velocity on the average than those traveling upward. 

To satisfy the mass continuity across the x-y plane, the 

vertical Lagrangian velocity distribution must be skewed 

with a preference for upward motion. Therefore, a bias 

velocity is added to the Markov equation for the 

Lagrangian vertical velocity by [48]: 

W(t + ∆t) = aW(t) + σw(1 − a2)1/2η(t) + ΛL
∂σw

∂z
      (39) 

Here ΛL is a length scale whose values were found by 

comparing the model-predicted mean concentrations with 

those measured during the project Prairie Grass field 

experiment [49]. It is found that ΛL is function of height 

above the ground and stability. It should be noted that the 

vertical Lagrangian velocity W in Eq. (31) includes both 

the mean and fluctuating parts. The last term amounts to a 

positive bias to only the mean vertical velocity. It is 

assumed to be a function of height and stability, but 

independent of travel time. Hence, the appropriate 

Langevin equation for this case of inhomogeneous 

turbulence is: 

dW

dt
= −αW + λξ(t) + F                                                  (40) 

where, 

F = −
1

ρ0

∂P̅1

∂z
=

∂ẃ2̅̅ ̅̅

∂z
                                                          (41) 

Here P̅1  denotes the deviation of the mean pressure from 

the reference hydrostatic pressure P0  and ρ0  is the density 

of the reference atmosphere. Following an analysis of the 

Langevin equation similar to that for the case of stationary 

and homogeneous turbulence. But with some additional 

implied assumptions. An expression for the mean drift 

velocity is derived by [50]: 

W̅(t) = TiL
∂σw

2

∂z
                                                                (42) 

The assumptions of stationary turbulence and Ẃ2̅̅ ̅̅ = ẃ2̅̅ ̅̅ =
σw

2  implied in the derivation of Eq. (42) are somewhat 

questionable in the case of non-homogeneous turbulence. 

However, the above result is consistent with the following, 

more general expression of the mean drift velocity of 

particles obtained form of diffusion equation: 

W̅(t) = TiL
∂σw

2

∂z
+ σw

2 ∂TiL

∂z
                                                (43) 

Since the questionable assumption of TiL=constant, implied 

by constantα, was made in the derivation of Eq. (42), the 

use of Eq. (43) should be preferable. With the addition of 

mean drift velocity, the appropriate Markov-chain equation 

for the vertical particle velocity is: 

W(t + ∆t) = aW(t) + σw(1 − a2)1/2η(t) + TiL
∂σw

2

∂z
+

σw
2 ∂TiL

∂z
                                    (44) 

A more general form of the nonlinear stochastic differential 

equation for the vertical velocity has been used in more 

recent random-walk models of dispersion [48-51]: 

http://www.naturalspublishing.com/Journals.asp
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dW = A(Z, W)dt + B(Z, W)dη                                       (45) 

Here A and B are functions of particle position (Z) and 

vertical velocity (W), and dη is the random velocity 

increment. For the more general vector or tensor form of 

the stochastic differential equation, one should refer to [49, 

52]. In high Reynolds number flows the evolution of the 

particle velocity W(t) can be assumed to be a Markov 

process because the particle acceleration is significantly 

correlated only for times much shorter than the lifetime of 

the energetic eddies. Hence the derivative dW can be 

represented by a nonlinear stochastic equation of the form 

(45). If P(Z, W) is the joint probability density function of 

all tracer or marked fluid particles in the ensemble of flows, 

then away from any source it should satisfy the Fokker-

Planck equation [49, 52]: 

W
∂P

∂Z
+

∂(AP)

∂W
=

∂2(B2P)

2 ∂W2                                                      (46) 

For the simplest problem of one-particle dispersion in 

stationary and homogeneous turbulence, A = −W/TiL and 

B = √2 σw/TiL
1/2

= (c0ε)1/2, where c0 = 2.0 is 

Kolmogorov’s structure function constant and ε is the rate 

of energy dissipation. For certain inhomogeneous turbulent 

flows, such as the surface layer and CBL, A and B have 

been determined uniquely for the one-dimensional case 

[44-45].  For the more general three-dimensional dispersion 

problems, however, the solutions to Eq. (46) may not be 

unique [52]. Wilson and Sawford [48] have reviewed the 

theoretical basis for and the advantage of the Lagrangian 

stochastic or random-walk models for dispersion in the 

PBL. 

11.Computation of particle Trajectories and Mean 

Concentrations 

Fluctuating velocities are computed at each time step using 

the random-walk models or Markhov-chain expressions 

[53] discussed in the preceding subsection. For example, 

the vertical displacement of the particle is given by: 

𝑑𝑍 = 𝑊(𝑡)𝑑𝑡                                                                  (47) 

or 

𝑍(𝑡 + 1) = 𝑍(𝑡) + 𝑊(𝑡)∆𝑡                                            (48) 

in which ∆𝑡 is chosen as a small fraction (10-20%) of 𝑇𝑖𝐿 . 

The vertical inhomogeneity of the PBL turbulence requires 

small time steps in random-walk models of particle 

dispersion. 

In practice, particle displacement is calculated for short 

time increments (∆𝑡) and number of increments (𝑛𝑗) that 

all particles spend in a particular grid cell or volume 

∆𝑥∆𝑦∆𝑧.. If the continuous point source strength is Q and 

the total number of trajectories is N, then the mean 

concentration in the grid cell j is [54-55]: 

𝐶𝑗 =
𝑛𝑗∆𝑡𝑄

𝑁∆𝑥∆𝑦∆𝑧
                                                                    (49) 

This method gives a minimum definable concentration for 

𝑛𝑗 = 1 and also a maximum definable concentration 

corresponding to 𝑛𝑗 = 𝑁∆𝑥/𝑢̅∆𝑡. It is necessary to make a 

suitable choice of model parameters to ensure that the 

concentration range of interest is covered. Since the ratio of 

the maximum to the minimum definable concentration is 

𝑁∆𝑥/𝑢̅∆𝑡, to obtain a wide range of concentration 

estimates large numbers of trajectories must be computed 

with small time steps relative to the time taken to advect a 

particle through a cell Both of these require large compute 

time. In practice the grid cells are allowed to expand in size 

with increasing downwind distance, so that decreasing 

concentrations may be resolved. 

An alternative method of computing mean particle 

concentrations is based on the expression: 

𝐶̅(𝑥, 𝑡) = 𝑄 ∫ 𝜌(𝑥𝑖 , 𝑡, 𝑥𝑖́ , 𝑡́)
𝑡

−∞
𝑑𝑡́                                     (50) 

where, 𝜌 is the probability density that a particle released at 

𝑥́𝑖  at time 𝑡́ will be found at 𝑥𝑖 at time t. The probability 

density function can be estimated from a large ensemble of 

particle trajectories [41]. 

12.Dispersion in the Surface Layer 

Two-dimensional dispersion in the neutral surface layer is 

modeled using the Markov-chain equation (28) for the 

vertical velocity fluctuation by [54]. He assumed that𝑊̅ =
0, 𝑈(𝑧) is given by the log law, and𝑈(𝑡) = 𝑈(𝑧) ± 𝜎𝑢, in 

which the plus or minus sign was determined by a 

probability density such that 𝑈́𝑊́/𝜎𝑢𝜎𝑤 = −0.25. Using 

the neutral surface-layer similarity relations, the following 

parameters are specified𝜎𝑢 = 2.2𝑢∗,𝜎𝑤 = 1.3𝑢∗, and 𝑇𝑖𝐿 =
2.4𝑧/𝑢̅ by [56]. His random-walk simulations of dispersion 

in the neutral surface layer showed good agreement with 

field experimental data. 

The same formulations for the vertical velocity are used by 

[54] as Hall’s, but ignored longitudinal velocity 

fluctuations. He estimated 𝑇𝑖𝐿 = 0.26𝑧/𝑢∗ using the 

alternative expressions for eddy diffusivity 𝐾 = 𝜎𝑤
2 𝑇𝑖𝐿 =

𝑘𝑧𝑢∗ in the neutral surface layer in conjunction with 𝜎𝑤
2 ≈

1.56𝑢∗
2. Another theoretical approach based on an 

empirical form of the spectrum of vertical velocity yielded 

𝑇𝑖𝐿 ≈ 0.60𝑧/𝑢∗ , but the best agreement with field 

experimental data was obtained with 𝑇𝑖𝐿 = 0.4𝑧/𝑢∗. Two-

dimensional random-walk simulations of dispersion in the 

neutral surface layer were made for surface and elevated 

releases. 

12.1.Dispersion in the Neutral PBL 

The formulation of random-walk modeling is extended to 

simulate dispersion from elevated source in the whole PBL 

under near-neutral conditions by [57]. He used a Markov-

chain expression for the vertical velocity very similar to Eq. 

(44), but with the difference that the last term representing 

drifts velocity was reduced by a factor(1 − 𝑎). For the 

longitudinal velocity fluctuation 𝑈́, a modified Markov 
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relation accounting for the desired correlation between 𝑈́ 

and 𝑊́ was utilized, although longitudinal velocity 

fluctuations were found to have a relatively small effect on 

model predictions. The mean wind and stress profiles in the 

neutral PBL were specified using an obscure analytical 

model, while turbulence parameters 𝜎𝑢, 𝜎𝑤 , 𝑇𝑙𝑢 , 𝑇𝐿𝑤  were 

specified on the basis of empirical data on PBL turbulence. 

Following the demonstrated good agreement with empirical 

dispersion curves, systematically the effects of H, z0, and u* 

on the mean plume height(𝑧̅) were investigated by [57], 

the 𝜎𝑧, and the normalized g. l. c. It is found that, at al 

downwind distances, 𝜎𝑧 decreases slightly with an increase 

in release height. For a fixed H and z0, an increase in 𝑢∗ 

results in larger values of 𝑧̅ and 𝜎𝑧. The strong sensitivity of 

𝜎𝑧 to 𝑢∗ or 𝑢̅ has not been considered in widely used 

empirical dispersion curves or formulas. 

12.2.Dispersion in the CBL 

Measurements and large eddy simulations of vertical 

velocity fluctuations in the convective boundary layer 

(CBL) have revealed that the corresponding PDF is 

positively skewed, but has a negative mode. This of course, 

is a consequence of the organized convective circulation in 

the CBL, characterized by updrafts and downdrafts [2]. 

LES model demonstrated the surprising effects of a skewed 

PDF of vertical velocity on dispersion from surface and 

elevated sources in the CBL. For a surface source, the 

maximum concentration in the plume stayed at the ground 

level only for a relatively short dimensionless travel time or 

distance X, from the source and then it lifted off the ground 

and slowly moved to the upper part of the CBL. On the 

other hand, the height of maximum concentration due to an 

elevated source decreased with downwind distance, 

touched the surface and then lifted off. This has been 

attributed to larger areas of slower moving downdrafts and 

smaller areas of faster moving updrafts, that is, to the 

skewness of the vertical distribution 

12.3.Dispersion in the stable Boundary Layer and 

Katabatic Flows 

Compared with their use for the neutral and convective 

boundary layers, random walk models, along with other 

aspects of turbulence and dispersion, are not so well 

developed for the stable boundary layer (SBL). Three 

different formulations of dispersion are developed and 

tested in stably stratified katabatic flows in which 

turbulence was assumed to be inhomogeneous with a 

Gaussian PDF by [58]. The parameters influencing 

dispersion in a katabatic flow are the layer thickness, mean 

velocities, and turbulence, all of which vary with downwind 

distance. They used the two-dimensional katabatic flow 

model of ref. [59], which is based on the TKE closure. 

Their simplest random walk formulation assumed that 

particle velocities are not correlated at all over the duration 

of time step. This leads to a pure random-walk model in 

which the increment in particle height Z(t) is expressed in 

terms of the time step, the height-dependent vertical-eddy 

diffusivity, the mean Eulerian vertical velocity, and random 

forcing function. Another more accurate and also more 

complex formulation is based on the Langevin equation and 

is similar to that proposed by [49]. 

12.4.Dispersion in Mesoscale and Complex Terrain 

Flows 

Random-walk Lagrangian transport and dispersion models 

have been combined with mesoscale atmospheric models to 

simulate dispersion in mesoscale and complex terrain flows 

[39, 60-71]. These models are typically applied over 

domain sizes of 50 to 500 km, with a horizontal resolution 

of 1 to 10 km. Particle velocity consists of two components: 

(1) the resolved mean velocity from the mesoscale model 

and (2) the turbulent fluctuating velocity from the 

Lagrangian stochastic model. The mesoscale model 

provides the various parameters needed in the dispersion 

model, such as the mixing height, the surface fluxes of 

momentum, and heat, and in some cases the turbulence 

kinetic energy. From these, turbulence variables ( 

𝜎𝑊 , 𝜎𝑋, 𝜎𝑊 , 𝑇𝐿 , 𝑒𝑡𝑐. ) are estimated from diagnostic relations 

based on empirical similarity relations. The widespread use 

of diagnostic similarity relations developed from similarity 

theories and experimental data for the horizontally 

homogeneous atmospheric boundary layer in complex 

terrain floes is a questionable practice. 

13. Gaussian Turbulence 

A Gaussian method is applied in equation 

𝑎𝑖(𝑥𝑖 , 𝑢𝑖) =
1

𝑝
[

𝜕

𝜕𝑢𝑖

(
𝑏𝑖

2𝑝

2
) + 𝜙𝑖(𝑥𝑖 , 𝑢𝑖)] 

At the initial value problem 

𝑑𝑦

𝑑𝑡
= 𝑓(𝑦, 𝑡),   𝑦(𝑡0) = 𝑦0                                                 (A) 

𝑓(𝑦, 𝑡)  is a continous function. One use Picard's iteration 

method [72] or the Method of Successive Approximations. 

It consists of constructing a sequence of functions 𝑦𝑛(𝑡) 

from the integral equation 

𝑦(𝑡) = 𝑦0 + ∫ 𝑓(𝑦(𝑡́),
𝑡

0
𝑡́)𝑑𝑡́                                             (B) 

To get the deterministic coefficient of the three-

dimensional Langevin equation 

  𝑎𝑖 = − (
𝐶0𝜀

2𝜎𝑖
2) 𝑢𝑖 +

1𝜕𝜎𝑖
2

2𝜕𝑥𝑗
+

1

2𝜎𝑖
2 (

𝜎𝑖
2

𝜕𝑥𝑗
)𝑢𝑖

2                           (51) 

𝑑𝑢𝑖

𝑑𝑡
+ (

𝐶0𝜀

2𝜎𝑖
2) 𝑢𝑖 =

1 ∂𝜎𝑖
2

2𝜕𝑥𝑗
+

1

2𝜎𝑖
2 (

𝜎𝑖
2

𝜕𝑥𝑗
) 𝑢𝑖

2 + (𝐶0𝜀)
1

2⁄ 𝜉𝑖(𝑡)   (52) 

𝑐0 = 2.0 is Kolmogorov’s structure function constant and 𝜀 

is the rate of energy dissipation 

dui

dt
+ αiui = βi + γiui

2 + (C0ε)
1

2⁄ ξi(t)                 (53) 

αi =
C0ε

2σi
2,  βi =

1 ∂σi
2

2 ∂xj
   and γi =

1

2σi
2 (

σi
2

∂xj
), 

One determines exp (𝛼𝑖𝑡) as the integrating factor for the 
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equation (54). Multiplying the integrating factor by all 

terms in equation (53), 

𝑑[𝑒𝑥𝑝(𝛼𝑖𝑡)𝑢𝑖]

𝑑𝑡
= 𝛽𝑖𝑒𝑥𝑝(𝛼𝑖𝑡) + 𝛾𝑖𝑢𝑖

2𝑒𝑥𝑝(𝛼𝑖𝑡) +

(𝐶0𝜀)
1

2⁄ 𝜉𝑖(𝑡)𝑒𝑥𝑝(𝛼𝑖𝑡)        (54) 

ui = (e−αit) ∫ [
t

t0
βiexp (αit́) +

γiui
2exp(αit́) ((C0ε)

1
2⁄ ξi(t́)exp(αit́)] dt́)                      (55) 

Let         

ui
0 = exp(−αit) ∫ ((C0ε)

1
2⁄ ξi(t́)exp(αit́)] dt́

t

t0
            (56a) 

The general iterative step is 

𝑢𝑖
𝑛+1 = 𝑒𝑥𝑝(−αit)[[ui

0 + ∫ exp(αit́))(βi + γi(ui
2)n +

t

t0

((C0ε)
1

2⁄ ξi(t́)exp(αit́)] dt́] × (ui
n → ui

0)       (56b) 

14. Results and discussion 

The Iterative Langevin solution (ILS) approach is evaluated 

using the ground-level concentration data measured during 

the Copenhagen tracer experiment [73]. The Copenhagen 

experiment was carried out in the northern part of 

Copenhagen. The tracer (SF6) was released without 

buoyancy from a tower at a height of 115 m and collected 

at the ground-level positions in up to three crosswind arcs 

of tracer sampling units. The sampling units were 

positioned 2–6 km from the point of release. A total of nine 

tracer experiments were performed in stability conditions 

that are the result of the relative combination between 

neutral and convective (Table I). The site was mainly 

residential with a roughness length of 0.6 m. Wind speeds 

at 10 and 115 m are used to calculate the coefficient for the 

exponential wind vertical profile, which is used to obtain 

the wind speed as follows: 

γ = [
log (u(115)

log (
115

10
)

]                                                                (57) 

where, u (10) is the wind speed in 10 m and u (115) is the 

wind speed in 115 m 

u(z) = u(10) [
z

10
]

ν

                                                         (58) 

Table 1: Meteorological parameters measured during the 

Copenhagen experiment 

Exp u(ms1) u*(ms-1) L (m) w*(ms-1) h(m) 

1 3.4 0.36 -37 1.8 1980 

2 10.6 0.73 -292 1.8 1920 

3 5.0 0.38 -71 1.3 1120 

4 4.6 0.38 -131 0.7 390 

5 6.7 0.45 -444 0.7 820 

6 13.2 1.05 -432 2.0 1300 

7 7.6 0.64 -104 2.2 1850 

8 9.4 0.69 -56 2.2 810 

9 10.5 0.75 -289 1.9 2090 

U wind speed (m/s), u* the friction velocity (m/s), L Monin 

Obukhov length(m), W* the convective vertical velocity 

(m/s) and h mixing height. 

In this section we present the numerical simulations and 

comparisons with measured data of the Copenhagen 

experiment. Moreover, the results obtained with the ILS 

approach Eq. (44) are compared and a Gaussian model [72] 

and [73] using Eq. (56b) as in Table (2). 

Table 2: Observed ground-level cross-wind-integrated 

concentration (Cy) and simulated by the ILS approach, and 

Gaussian model 

Run Downwind 

distance 

(m) 

Observed 

(μg/m2) 

Predicted concentration of Cy 

(μg/m2) 

ILS Gaussian Gaussian 

1 1900 2074 2550 2022 

1 3700 739 715 1312 

2 2100 1722 1670 1187 

2 4200 944 1355 825 

3 1900 2624 2699 2410 

3 3700 1990 2050 1728 

3 5400 1376 1562 1393 

4 4000 2682 2850 1989 

5 2100 2150 2235 1965 

5 4200 1869 2355 1802 

5 6100 1590 2100 1530 

6 2000 1228 855 989 

6 4200 688 730 741 

6 5900 567 730 611 

7 2000 1608 1650 984 

7 4100 780 950 629 

7 5300 535 833 533 

8 1900 1248 1320 1263 

8 3600 606 575 960 

9 2100 1511 1720 1188 

9 4200 1026 1250 805 

9 6000 855 880 637 
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Fig. 1: Variation of the concentrations with downwind distance. 

 

Fig. 2: Variations of predicted and Gaussian plume models with the observed 

Additionally, Fig. (1) demonstrates that the predicted ILS 

and Gaussian iterative Langevin equation agree well and 

are closer observed concentrations Additionally, as Fig. (2) 

illustrates, the concentrations of the predicted ILS and 

Gaussian iterative Langevin equation are within a factor of 

two of the observed data. 

15. Evaluation Statistics 

For testing model accuracy, a statistical method is 

presented and comparison between predicted and observed 

results as offered by [74]. The following standard statistical 

performance measures that characterize the agreement 

between prediction (Cp = Cpred Q⁄ ) and observations (CO =

CObs Q⁄ ): 

Fraction Bias (FB) =
(Co−Cp)

[0.5(Co+Cp)]
 

Normalized Mean Square Error (NMSE) =
(Cp−Co)

2

(CpCo)
 

Correlation Coefficient (COR) =
1

Nm
∑ (Cpi − Cp) ×

Nm
i=1

(Coi−Co)

(σpσo)
 

Factor of Two (FAC2) = 0.5 ≤
Cp

Co
≤ 2.0 

where σp and σo are the standard deviations of predicted Cp 

and observed Co concentration respectively. Over bars refer 

to the average over all measurements. A perfect model must 

have the following performance: NMSE = FB = 0 and 

COR= FAC2 = 1.0. From the statistical evaluations, one 

finds that the two models are inside a factor of two with 

observed data; also, NMSE, FB, and the correlation 

coefficient are in good agreement with the observed data. 

Also ILS predicted and Gaussian model achieved 100% and 

95% respectively. 

Table 3: Statistical evaluation of predicted model in 

unstable condition. 

Model NMSE FB COR FAC2 

ILS Predicted 0.03 -0. 1 0.96 1.12 

Gaussian Predicted 0.05 0.1 0.90 0.95 

16. Conclusions 

The predicted ILS and Gaussian iterative Langevin 

equation agree well and are closer observed concentrations 

additionally, as Fig. (2) illustrates, the concentrations of the 

predicted ILS and Gaussian iterative Langevin equation are 

within a factor of two of the observed data. From the 

statistical evaluations and stochastically analysis between 

the observed and predicted data, one finds that the two 

models are inside a factor of two with observed data, and 

also, NMSE, FB, and the correlation coefficient are in good 

agreement with the observed data. Also ILS predicted and 
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Gaussian model achieved 100% and 95% respectively. 
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