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1 Introduction

The subject of fractional calculus has gained considerable
popularity and importance during the past four decades or
so, due mainly to its demonstrated applications in numerous
seemingly diverse and widespread fields of science and
engineering (see [1,11,13,14,23]). In recent years, due to
the above-mentioned motivation, certain extended
fractional derivative operators associated with special
functions have been actively investigated. Many authors
have introduced certain extended fractional derivative
operators (see, e.g., [4,10,16]).

Very recently, Al-Gonah and Mohammed [2] introduced a
new extension of extended Gamma and Beta functions and
studied some properties of these functions. The extended
Gamma and Beta functions are defined by [2, p.259 (2.1)

(2.2)]:

W * - p
F}()“ﬁy)(x) — f px-1 EZ,B (—t - ?) dt, (1.1)

0

(Re(a) > 0,Re(B) > 0,Re(y) > 0,Re(p) > 0,Re(x) > 0),

1 —
BV (x,y) = fo T - )T Ey, (t(1 —p t)) e, (12

(Re(a) > 0,Re(B) > 0,Re(y) > 0,Re(p) > 0,Re(x)
> 0,R(y) > 0),

where E;"B (2) denotes the generalized Mittag-Leffler
function defined by [18, p.7 (1.3)]:

SO

~ T(an + B) n!’ (1:3)

E};_B (2) =

(a,B,y € C,Re(a) > 0,Re(B) > 0,Re(y) > 0).

It clears that

T(BYE 4(2) = 1F(v; B 2), (1.4a)
E(}l,l(z) = Ea(z)' (14b)
Ef,(z) = €7, (1.4¢)

where E,(z) is the classical Mittag-Leffler function
given in [8].
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From equations (1.1) and (1.2), we note that

F;l,ﬁ,]/) (X) — F(ﬁ) F;(Jy B) (X), (15(1)
B (x,y) = D BYP (x,y), (1.5b)
r{ D) =T, (), (1.5¢)
By () = B, (x,9), (1.5d)

where I‘g"ﬁ ) (), BZE”* )(x,y) and I,(x), B,(x,y) denoted
the various forms of generalized Gamma and Beta
functions given in (see Ozergin [15]) and (see Chaudhry et
al. [5]) respectively.

Also, we not that

B (x,y) = BE (x, ), (1.6)

where BY(x,y) denotes the new extended Beta function
given (see Shadab et al. [19]).

Along with, generalized Beta function (1.2), Al-Gonah and
Mohammed [3]. introduced and studied a family of the

following  potentially = useful  generalized  Gauss
hypergeometric function defined as follows:
(a.By)
B, (b+nc—>b)z"
(@.By) -
E, (a,b;c;2) = Z(a)n B.c—Db) vy .7

n=0

(Re(p) = 0;|z| < 1,Re(c) > Re(b) > 0,Re()
> 0,Re(B) > 0,Re(y) > 0),

and the generalized confluent hypergeometric function

® p(apy)
@(a,ﬁ:}’)(b_c_z) _ ZBP (b+Tl,C—b)ﬁ
g T B(bc—b)  n!’

n=0

(Re(p) = 0; Re(c) > Re(b) > 0,Re(a) > 0,Re(p)
> 0,Re(y) > 0).

(1.8)

1
B ¢y, . 7))
, " (b;c;2) = r(/;)(by (b; c; 2), (1.10a)
(1) rp, .. — .o
D, (b; c;2) = @y (b ¢; 2), (1.10b)
cp;l'l'”(b; c;z) = ®,(b; c; 2), (1.10¢)

cDga,l,V)(b; c Z) — 1F1(b; C; Z) =0 (b, C; Z), (llod)

where Fp(y‘ﬁ )(a, b;c;z) and d);y'm(b; c;z) the extended
Gauss hypergeometric and confluent hypergeometric
functions defined by Ozergin et al. [17], E,«(a,b;c; z) and
@, 4(b;c;z) the extended Gauss hypergeometric and
confluent hypergeometric functions defined by Shadab et
1. [19], E,(a, b; c; z) and @, (b;c; z) the extended Gauss
hypergeometric and confluent hypergeometric functions
defined by Chaudhry et al. [6], and ,F,(a, b;c;z) and
@ (b;c;z) the classical Gauss hypergeometric and
confluent hypergeometric functions (see [9]).

Motivated by the various extensions of the fractional
derivative operators which have recently been considered
by many authors, here we aim to introduce a new extended
Riemann-Liouville fractional derivative and operator study
its properties and applications.

2 Extended Riemann-Liouville Fractional

Derivative Operator

In this section, we consider the extended Riemann-
Liouville type fractional derivative operator and then
determine the extended fractional derivatives of some
elementary functions. For this purpose, we begin by
recalling the classical Riemann-Liouville fractional
derivative of f(z) of order u defined by [8]:

1 Z
DS @) = s f £6) (2 — ) P=1dt, (Re () < 0),

(AY)

where the integration path is a line from 0 to z in the
complex t-plane. When Re () <0, let meN be the smallest
integer greater than Re(p) and so m — 1 < Re(p) < m. Then
the Riemann-Liouville fractional derivative of f(z) of order
wis defined by:

dm
DHf (@)} = —D; " {f(2)},

N S mou-ige { (2.2
—dz—m{mfof(t)@—t) t}-(-)

The fractional integral and derivative operators involving
various special functions have found significant importance

We observe that
1
LBy .5
E (a,b;¢;7) = < Ey;""(a,b; c; 2), (1.9a)
P re)
(a,1,1) ) — o
E, %" (a,b; c;2) = Fy4(a,b; c; 2), (1.9h)
Fp(l‘l'l)(a, b;c;z) = E,(a,b; ¢; 2), (1.9¢)
(al}')(a b;c;z) = ,F,(a,b; c; z), (1.94d)
and
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and applications in various areas, for example,
mathematical physics as well as mathematical analysis. In
recent years, many authors have developed various
extended fractional derivative formulas of Riemann-
Liouville type. Here, we present some new extended
Riemann-Liouville type fractional derivative formulas.

Definition 2.1. The extended Riemann-Liouville fractional
derivative of f(z) of order p is defined by:

2
1pY —pz
u- E“5<t(z )>
(2.3)

aﬁ]/#{f(z)} —

e NiCIE

(Re(n) < 0,Re(p) > 0 Re(a) > 0,Re(B) > 0,Re(y) > 0).

When Re(u) < 0, let m € N be the smallest integer greater
than p and so m —1 < Re(u) < m. Then the extended

Riemann-Liouville fractional derivative of f(z) of order u
is defined by:

Dy "M (@)} = —= Doy T (@),

am 1 z
- {—F(m — f £ (2

-omeegy (g e

Remark 2.1. The special case of equations (2.3) and (2.4)
when p =0 and f =1 becomes the classical Riemann-
Liouville fractional derivative. The special case of
equations (2.3) and (2.4) when « = 8 =y =1 is seen to
reduce to the known one given in [16].

(2.4)

Theorem 2.1. Let Re(4) > —1, Re(u) < 0, then

B+ 1,-p)
—Z

aﬁyu 72
b= T(—p)

(2.5)

Proof. Using equation (2.3) and then putting t = uz, we get

aﬁyu{ZA}_F( #)f u (1

-p

— ) #1

W HIEY (u s )) du, (2.6)

which on using equation (1.2), yields the desired result.

Remark 2.2. Using the following known relation [2]:
B y) = Y B et ky+ 1, @)

k=0

in the R.H.S. of equation (2.5), we get the following result:

Corollary 2.1. Let Re(1) > —1, Re(u) < 0, then

DYk ,1}_ B(A+11 WESY @2+ 124

+ /1,- 1). 2.8)

Theorem 2.2. Let Re(4) > 0,Re(é) > 0,Re(u) <
0 and |z| < 1, then

r@)

aﬁyl H(_A-1
Dy MK

Z#ECP (€ 2 12). (2.9)

2)~¥} =

Proof. Applying equation (2.3) in the L.H.S. of the above
equation to the function z*~1(1 — z)~¢, we have

aﬁyl #{Z)I 1(1_2) 5}

t’l‘l(l )7 (z

p 2
— ok 1Eozﬁ(t(z t)) a

Putting t = uz in the above equation and using some
simplification, we get

=r(u—z) 0

(2.10)

aﬁyl #{Z)I 1(1_2) 5}

Z#Ir () 1 11
= TA-wrt
MW Bau-nl" T
—zu)” Eaﬁ (u(l u)) (2.11)
Now using the following relation (see [3]):
Fp(“’ﬁ’y)(a, b;c;z)
1 1
— b-1 _ c-b-1
_B(b,c—b)fo“ a-w=a
-P
— af N —
) EY, (u(l P u)) du, (2.12)
in the above equation, we get the desired result.
Theorem 2.3. Let Re(u) < 0 and |z| < 1, then
D ﬁ Yilg,zy _ (a.B.y)
{e’} = I‘(1 )CD L1-w2), (2.13)
D% ﬁ V¢ zy _ (a.By) —
) =7z H)ZB (41— —, (2.14)
Dy " (oFy(a, b; ¢; 2)}
_ (a)n(b)n (a.By) z"
=D 2, o. B, n+1,—w T (2.15)
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Proof. Applying equation (2.3) in the L.H.S. of equation
(2.13) to the function e?, we have

aﬁyﬂ{ez}
pz?
F( M).f et (z—t)™# 1E"‘ﬁ<t(z )>dt (2.16)

Putting t = uz in the above equation and using some
simplification, we get

aBy, z _ zu P
Dz:pyﬂ{e }— H)f u Tt (1 —uw) e E“ﬁ(u(l—u)>
217)
Using the following relation (see [3]):
@y oy Lt
P, (b'c’z)_B(b,c—b)fo ub1(1
c— zZu _p
—w)eb1e EZB (u(l — u)) (2.18)

in the above equation, we get the desired result (2.13).

Similarly, following the same procedure leading to result
(2.13), we can get the results (2.14) and (2.15) and thus the
proof of Theorem 2.3 is completed.

Theorem 2.4. Let f(z) be an analytic function in the disc
|z| <p and has the power series expansion f(z) =
Yoo Ay Z", then

A O

Zl—u—l had
= T anB;a’ﬁ’y)(/l +n,—wz" (2.19)
provided that Re(4) > 0,Re(p) < 0 and |z| < p.
Proof. We have
De ﬁyu{za ()} = D;.pﬁ.m {21—1 Z anz"},
n=0
= Z anDEP T gAn=1, (2.20)

n=0

Using equation (2.5) in the above equation, we obtain the
desired result,

Remark 2.3. Using the following known relation [2]:

(a.By) (}’)k
B, x,1—-y)=

k=0

B(“”’V)( +k1), (221)

in the R.H.S. of equation (2.19), we get the following
result:

Corollary 2.2. Let f(z) be an analytic function in the disc
|z| < p and has the power series expansion f(z) =
Yoo Gy Z™, then

aﬁy#{za 1f(z)}

Zl—u—l

= a,B(1+mn, 1)Fp(“'ﬁ'”(1 —wAl+ni+n
F(-w) &

+1;1) 2 (2.22)

Theorem 2.5. Let Re(p) = 0,Re(1) >0 and m—1<
Re(u) < m where m € N, then
aﬁyu{za}
BV Q+1,m - TA+m -+ 1) e
'(m—p) TA—u+1)

(2.23)

Proof. From equations (2.3) and (2.4), we obtain

&k

Y.l /1} dzm{F(m M)f(z

—pZZ d
ﬁ(t(z—t)) t}

Setting t = uz in equation (2.24), we get

__t)m u— 1t1EY

(2.24)

aﬁyu{za} m+i—p

(52 )ﬁ f:ua a

—u)mHLEY P )) du.

. (u(l— (2.25)

Now using equation (1.2) and the following formula:

ak o= n ok
dzk (n—k)!

, (2.26)
in equation (2.25), we get the desired result.

Theorem 2.6. Let f(z) be an analytic function in the disc
|z| <p and has the power series expansion f(z) =
Yoo Gy Z™, then

DEFTHF@) = ) anDp ",

n=0

(2.27)
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Proof. Applying equation (2.4) and using the series
expansion of the function f(z), we have

Dy Mf ()}
dzm{l‘(m u)f (

—)mH 1E"”’<%)Z t"dt}.

Since the power series Y,—q@, z"u"™ is uniformly
converges in the disk |z|] <pforO0<u <1 and the
foz |u’1‘1(1 —u)*E) (u(zfu))| du in
convergent provided that Re(1) > 0,Re(un) <
0 and Re(p) > 0,Re(a) > 0,Re(B) > 0,Re(y) >0, we
can change the order of integration and summation, and
obtain

T A S S
SRR dzm{r(m_ NG

o —pZ2
m—-u—1 vV n
t) Eyp <t(z t)) t"dt }

[ee)

= Z anDZf'y'“{z"}.

n=0

(2.28)

integral

(2.29)

3 Integral Transforms

In this section, we derive some integral transforms for the
new extended Riemann- Liouville fractional integrals and
fractional derivatives of the potential function f(z) =
z¥,v > 0 by applying certain integral transforms (like Beta
transform, Laplace transform, Mellin transform, Varma
transform and Wittaker transform).

Theorem 3.1. The following Beta transform formula holds
true:

B {DE (7] < 1 m)

(a.By)

&) B(l+ A —p,m).

(€RY)

Proof. We know that the Beta transform is defined as (see
[20]):

B{f(u) : a,b} = flu“_l(l —w)Pt f(u) du. (3.2)
0

Then, we have

B {Dg'pﬁ'y'”{z’l} 1, m}

1
= J; 11 —-z)mt Dg;f'y'”{zl} dz. (3.3)

Using equation (2.5) in the R.H.S. of the above equation,
we obtain

B {DE (57 : 1 m)

(@.By)
B A+1,-w [t

—__P I+A-pu-1 _ \ym-1
) J; z (1-2) dz, (3.4)

which on using the following relation [22]:

! r)re)
A -t dt = =, 3.5
[ ea-o e 35)

yields the desired result.

Theorem 3.2. The following Laplace transform formula
holds true:

L {Dg;f'y'”{zl} : s}

B+, T - p + 1)
T(=w sA-urt

(3.6)

Proof. We know that the Laplace transform of f(z) is
defined as [20]:

Lf @) : s} = f e=5f () d. 3.7)

Then, we have

{aﬁyu{Z;L} } f —szDgf.y.u{Za} dz. (3.8)

Using equation (2.5) in the R.H.S. of the above equation,
we obtain

{ aﬁyu{ZA} }
B+ 1,—p)
I'(=w)

which on using Gamma integral in the R.H.S., yields the
desired result.

f e SZz2k dz,  (3.9)
0

Theorem 3.3. The following Mellin transform formula
holds true:

{aﬁyu{zx} }
p(aﬁy)(s) w

F(—) B(A+s+1,s—p).

(3.10)

© 2019 NSP
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Proof. Using the definition of Mellin transform [20], we
get

(3.11)

{aﬁvu{zz} } f SlD“By”{z’l}dp

Denoting the L.H.S. of equation (3.11) by A and using
equation (2.3) in the R.H.S., we obtain

2
f P 1(r( )f =07, (t(zp ))dt> . (12

Setting t = uz in equation (3.12), we get

1 ®
) ur(—u)# 1 U; P> Egg (Tp)) dp] du.
(3.13)

zA-H

T

Now using the one-to-one transformation (except possibly at
the boundaries and maps the region on to itself) t = —2—in
u(1-u)

equation (3.13), we get

Zl—u 1

T

u1+5(_u)—#+s—1 duf ts_lEZ’ﬁ(—t) dt, (3.14)
0

which on using equation (3.5) and using equation (1.1) (for
p =0) in the R.H.S. of the above equation, yields the
desired result.

Theorem 3.4. The following Varma transform formula
holds true:

V{ aﬁy”{zl} k,m; s}

(ab’y)

At B, A+, -WrA—p+2m+1DIrA—u+1)
=S .

I(=p) TG+m+2A—k—p)
(3.15)

Proof. We know that the Varma transform of f(z) is
defined by [12,p.55(2.38)]:

V(f, k,m;s)

= fm(sz)m_% exp (— %sz) Wym(s2)f(z) dz, (Re(s)>0),
0
(3.16)

where W, ,,(z) is the Whittaker function defined by
[7,p.50(1.7)]:

2
W) = %Mkm(z)

2

re
@m) ) My —m(2), (3.17)

rC+m-—

where M, ,(z) is the other Whittaker function see
[22,p.39(23)]:

z 1
My m(2) = Pl e z.F; (E —k+m;2m+1; z). (3.18)

Now applying equation (3.16) in equation (3.15), we have
%4 {Dg;f'y'”{zl}: k,m; s}

@ 1 1
= f (sz)™ zexp (— Esz) Wy m(s2) Dg;f'y'”{zl} dz. (3.19)
0

Using equation (2.5) in the R.H.S. of equation (3.19), we
obtain

Vv {Dg;f'y'”{zl}: k,m; s}

(a,By) )
B, A+1,-p) 1
= s""%pTy)# f 2R exp (— 552) Wim(s2) dz.

(3.20)

Now using the following integral formula (see Mathai et al.
[12,p.56(2.41)]):

© 1
f zP lexp (— ESZ) Wi m(sz) dz
0

_pF(§+p+m)I‘(§+p—m)
r1—k+p)

. (321)
(Re(s) > 0,Re(p + m) > —%)

in the R.H.S. of equation (3.20) and
simplification, we get the desired result.

after little

Theorem 3.5. The following Whittaker transform formula
holds true:

f 20 1e73" W, (62) D;‘f‘y’”{zl} dz
0

BYP (A +1,

_Sulq 14 M)F(§+V+q+l—;¢)[‘(§—v+q+l_#)
T(=w) :

rl-x+q+A—w

(3.22)

Proof. Denoting the L.H.S. of equation (3.22) by A and
using equation (2.5) in the R.H.S., we obtain

(a,By)
B, A+1, -8z
A= I‘E 5 “)f ZA+A—p-1 p=2 W, (6z)dz.  (3.23)

Setting 6z = u in the above equation, we get

B(aﬁy)(ﬂ-l- 1,_l1)

=gH-1-q L yam yd+i-u-t e%Wm(u) du.
- 0

(3.24)
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Now using the following integral formula involving the
Whittaker function [7, p.57 (2.24)]:

f zV"le W, (2) dz
0

G +v+v)rG—v+v) 1
= Td—-r+0) ,(Re(viv)>—§), (3.25)
in the R.H.S. of equation (3.24) and after little

simplification, we get the desired result.

Theorem.3.6. Let Re(p) = 0,Re(a) > 0,Re(B) >
0,Re(y) > 0,Re(a) > 0 and |z| < 1, then

M{ Dlﬁ]/ll{(l 2)79} : S}

_ [@B1()B(s + 1,5 — )
B ZFT(—p)

JFila,s+1;2s —u+1;z). (3.26)

Proof. Using the following binomial series expansion [22]:
e LN @n

a-p= Zn—t . Q<

and definition (3.11) in the L.H.S. of equation (3.26), we
have

(3.27)

[oe)

{ aﬁ]/#{(l z)"%}: S zz a)n

n=0

DY /3' Vs !’-{Zn} S}
(3.28)

Now using equation (3.10) in the R.H.S. of the above
equation, we get

M{ aﬁ]/#{(l Z)_a}!S}

I‘(“ BY)(s)
Y -mu

T(—p) Z(a)n B(n+s+1,s— u) ot (3.29)
Using the following formula [6, p.590 (1.5)]:
_ - B +n,c—b)z"
oFi(a,b;c;z) = Zo(a)n Wﬁ, (3.30)

(Iz| < 1,Re(c) > Re(b) > 0),

in the R.H.S. of equation (3.29) and after little

simplification, we get the desired result.

4 Generating Function

In this section, we obtain linear generating relation for the

extended hypergeometric function Fp(a’B Y(a,b;c;z) by

following the method described in [22]. We have the
following theorem:

Theorem 4.1. For the extended hypergeometric function,

we have

o]

a
Z n F(a'ﬁ‘y)(a +n,b;c;z) t"

n=0

=1 -0 E"" (a,b;c; lf t), (4.1)

(Izlmin {1,11 — ¢[}; Re(c) > Re(b) > 0; Re(a), Re(a), Re(p), Re(y) > 0).

Proof. Considering the elementary identity

(A-2-g°=@a-0°(1- &)_a, (4.2)
and expanding the L.H.S., we have
¢ (a), _ t \"
5 0as e ()
=a-o(1- &)_a, (el <1-z).  (43)

Now, multiplying both sides of the above equality by z°~*

and applying the extended Riemann-Liouville fractional

aﬁyb c{f

derivative D, (2)} on both sides, we can write

=(1- t)—aD;’jf”’b‘c {zb—

' (1 1 i t)‘“}_

Interchanging the order in the L.H.S. of the above equation,
which is valid for Re(a) > 0 and |t]| < |1 — Zz|, we get

(4.4)

o]

Z Cl)n a[i’yb c{ b— 1(1 Z)_a_n}tn

n=0

= (1 - t)-ap@brh=e {zb—l (1- (4.5)

1 i t)_a}'

which on using result (2.9), we get the desired result.
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