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Abstract: In this research, the basic definitions of an operad, graded algebra, and .<Z.-module are introduced. The .o7.-algebras and
their (co)homology are studied to obtain the relations between the cyclic and dihedral (co)homology. The .Z..-algebras are discussed,
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1 Introduction

An operad is important algebraic tool used to study the
operation on the elements of the given type of algebra.
For example, the algebraic operads include commutative
algebra, associative algebra, and Lie algebra. Recently,
numerous algebras have received attention, including
Poisson, Jordan, Gerstenhaber, Pre-Lie, Leibniz,
Batalin-Vilkovisky, and dendriform algebras.

The operadic point is crucial because it applies the known
results from classical algebras to other algebras, and the
operadic language can express statements and proofs.
Further, the operad theory can provide new results.
Dmitry Tamarkin and Maxim Kontsevich applied the
operadic theorem for the deformation-quatization of
Poisson manifolds [1]. Operads play a fundamental role
in many objects, including algebraic topology,
¢*—algebra, non-commutative geometry, differential
geometry, symplectic geometry, quantum field theory,
deformation theory, renormalization theory, category
theory, string topology, combinational algebra, computer
science and universal algebra.

In the mid- twentieth century, Michel Lazard started the
operation composition of theoretical study [1].

In the sixties, F. Adam, J. Michael, A. Joyal, G. Kelly, P.
May, S. Maclane, J. Stasheff, R. Vogt and numerous
topologists used the operad theory in the algebraic
topology as the efficient tool [2]. During the nineties, the
deformation theory had envolved from algebra into

topology by many scientists as E. Getzler, V. Ginzburg, V.
Hinich, J. Jones, M. Kapranov, M. Kontsevich, Y. Manin,
M. Markl, V. Schechtman, V. Smirnov and D. Tamarkin
[3].

We encounter difficulties in the relationship between
algebraic study and homotopy theory because the
algebraic structure of a chain complex cannot be
converted to a homotopy equivalent chain complex.
.,—algebras are the higher structure of associative
algebra, which was discovered by Stasheff [1]. However,
Kontsevich studied the higher structure of Lie algebras,
called £, —algebras.

This problem was the main reason for defining the
concept of an operad.

In the early sixties, Stusheff studied .7, —algebras [5]. It
was then developed by Kadeishvili, Smirnove,
Huebschmann, Proute and others, who also applied it to
topology [4].

Recently: in [6] and [7], A. H. Noreldeen introduced the
Hochschild  (co)homology of  .@Z.—algebras and
P..—differential module. Then, in [8] he studied
differential <Z.—algebras. In [9] and [10], Alaa
thoroughly studied everything related to &..—algebras.
Here, the .Z.—algebras and .Z.—algebras were
discussed. Further, @/.—algebras was defined by
examining it properties and providing a .oZ.—module
definition.

The second section provides a simplified definition of an
operad and an explanation of its various types.
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In the third section: the definition of graded algebra in a
simple form is presented with some examples.

In the fourth section: the 7.—operad is presented as an
introduction to the study of f.—algebras, the
..—algebra is investigated, the .o7.—algebra is defined,
and some important definitions and properties are
provided.

In the fifth section: the (co)homology theory of
e.—algebras and some of it properties were studied as
Hochschild, Cyclic and Dihedral (co)homology of
o,—algebras are introduced.

In the sixth section: the Lie algebra and .Z..—algebras are
investigated. Further, the Hochschild, Cyclic and Dihedral
(co)homologies of .Z..—algebras are probed.

The seventh section is divided into two parts, the first of
which introduces and establishes relations between both
Hochschild and Cyclic homology of <7.—algebras, and
between Cyclic and Dihedral homologies of
e.—algebras. In the second part, the isomorphism
between primitive and indecomposable elements in the
%.,—algebras is introduced, and the relation between the
Cyclic and Dihedral (co)homologies of Z..—algebras iss
obtained. Finally, the Mayer-Vietoris sequence of
Z.,—algebras is studied and proved.

2 What is the Operad?

J. Micheal, J.Peter and Ranier M. pioneered the study of
operads, a concept introduced in algebraic topology [1].
In the early nineties, Kontsevish, Ginzburg, and Kapranov
developed Operads, which enabled them to clarify the
duality phenomena in rational homotopy theory by
utilizing the koszul duality of operands [11]. In
mathematics, operad divided into two types:

(i) Non-Symmetric operad, which consists of:

1.The Sequence (7 (n))
operations elements,
2.The identity element 1 € & (1),

3.The composition function

»cN » Which is the set of all n-ary

o: )X P(x)) XX P (xy) = P (x1+...4+x),
(aaala"'van)Hao(ala"'van)a

forall n,xy,...,x, € Z, satisfying that:

ao(l,....I)=a=1oa,
oo(oo(0 1, .., 00 x), 3OO (O 1y, 0ny,))

= (oo (a,...,0)) 0 (O 1. s O xyseey Onlyeens Oy,
ey

(i) Symmetric operad (called operad) is the same

non-symmetric operad, but there is a symmetric group X,

action on & (n)and satisfy (1) and:

VteXy, reX,;

Hence, the morphisms of the operad can be defined. For
two operads, &, 2, there is a morphism f : &2 — 2:

fp: P (n) — 2(n); neN,

1L£(1)=1,
2f (oo (oy,...,0n))=f(a)o(f(oy),...,f (o)),

3f(xxt)=£f(x)*t

Then, there is a category of operads, denoted by the term
oper [3].

Example (2-1)

By considering the field ¢ and the vector space ¥ with
finite-dimensional over ", the operad endomorphism of
¥ can be defined, as &ndy = {&ndy (n)}, where
&ndy (n) is the set of all linear maps, satisfying the
following:

1.6ndy (n): V®" — ¥,

2.B(£,81,---,8n)
VORI R... ©y®n8E B8 y@nt .y

3yix— Endy (1), 1—idy,

4.(B (£.81,---,8n)) * n =
fogn71(1)® ®g77"(”)’ nex,.

For another operad O, the operad algebra can be
obtained as the morphism O — &nd.
Similarly, the operad algebra in algebraic topology can be
obtained by substituting ¥ and computing the tensor
product with the topological spaces and the Cartesian
product [1].
The following section discusses the graded algebras and
introduces some examples for clarification.

3 Graded algebra

In mathematics, the degree of any element has a
multiplicative property. For example, the polynomial ring
with n-variables has a degree equal to the number of
variables in the vector. The product of two polynomials is
equal to the sum of their vectors, and its degree is equal to
the sum of the vectors’ degrees. After that, the graded
algebras were defined as algebras with an additional
property.

Along with defining graded algebra, we must first state
that the polynomial of a single variable is unique and
denoted by

cxlzchePe.P-- ..

since Cy» is the polynomial on the form a,x". For a semi-
group ¢, the ¢-graded algebra is the algebra <7, which is

defined by:
(0% V)o (Qpyy...,C,) = (o (0,...,0))*T, o =P o,
(XO(OC]*t],...,*tn:( O(OC],...,(Xn))*(t],...,tn). ge¥
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since ® : J27> X ,Q%‘ — JZfM. The elements in Q%> are called
homogeneous elements, but the value of i is the degree
[12]. Some examples of graded algebras would be
demonstrated:

Example (3-1)

Consider the group ¢, and ¢ [¢] is the algebra of the
¢ —group; the direct sum is defined as;

%[%] = @ggv

g9’

given that %} is a free h-module with one-dimensional,
the structure of graded algebra is as follows:

6163 :gl‘]

For more examples, consider the vector ¥, where n—
degree homogeneous elements of the tensor product 7"
are graded algebraic elements. The symmetric algebra
Y and exterior algebra A" are graded algebras. The
n'" —cohomology ring in the cohomology theory is also
graded [13].

Graded algebra applicable to various fields, including
commutative algebra, homological algebra, algebraic
topology and algebraic geometry.

The study aims to demonstrate some properties of
.,—algebras as propositions.

4 A..—Operad

Before defining .o7.—algebras, some basic definitions
would be introduced
We consider a field .# and graded vector space as:

7/:@7”, peZ

then we could define the shift of ¥ or the suspension . ¥
in terms, satisfying:

(LYY =yPl Vpez,

the tensor product of two homogenous maps g: ¥ — 7,
£f:W — W as

RtV QRQW — QW

and defined by

ERf) (Y QW) =(-1)""g(V)QL (W),
vev,wew,

where ¥V, VW, W ‘are graded spaces [7].
Example (4-1):

Consider the field £ and the polynomial ring £ [x,y]. For
the homogeneous polynomials, if
P, = span{x™y" ™ ;n €N} with degree n, then
flx,y] =P, n=0,1,2,... is an example for the

graded vector space since the degree of every terms in &,

isn. Then £ [x,y] =@ X, n=0,1,2,... is also graded
algebra since;

(xmym) (xhy! k) = gmtkylnth=(n+k) e p, ).

Consider 7,7 as complexes with homogeneous
first-degree differentials d, and a2 =0. If, dg¥ = —dy,
forg: ¥ — ¥*, we obtain the following:

d(g) =dy-og—(—1)8gody.

We stated that g is a morphism of complexes if and only if
d(g) = 0. If there is morphism h between graded spaces,
and g = g+ d(h), then g, g* are homotopic [7].

The o/.—algebra can be defined as the graded space </
defined by

by (SO — S, n>1.

For n = 1, the map is homogenous but for n > 1, then we
have:

Z bit1410 ([®i®bj®l®l) =0,

i+j+l=n

where [ is the identity map of . <. For analyzing little
value of n:

If n =1, then b} = 0. So, we get a complex (.-¥<7,b;) and
m; = —bj.

If n =2, then we get

biby + Db (b1®1+1®b1) =0.

Since the differential of ..o/ Q..o is b1 QI +1Qby,
then we get d (by) = 0.
If n = 3, then we obtain the following:

by (b2 ®1+1@by) +bib3+
b3 (b1 QIR+ IR QI +IRIQb1)

We define m; : o Q &/ — of as:

my (X7Y) = (_1)xb2 (X7Y)'

If n > 3, then «/,—algebra can give the higher
homotopies. If b, vanished at n > 1, then the differential
graded (dg) algebra (7, m;,m;) could be obtained [3].
Definition (4-2):[14]

Assume that & is the graded space defined by the
formula by : F — .¥.«7, |n;n > 0. Then, we can say that
o/ is week f,—algebra in the sense that:
Yot jienPit1410 (I®"Q@b;@1%") =0; n>0.and we

have:
bi = —|2(bo @7 +1(Q)bo) # 0.
Definition (4-3): [24]

For any two <7, —algebras <7, 8, the morphism f : &/ —
A can be defined as:

0.

£, (SO — Sy n>1,
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which is homogenous at n = 0. For n > 1, we get

):i+j+l:n fiv14i0 (1®i®bj ®I®l)
=Yt 4, bs0 (£, Q... Qf;)

, then, we obtain their algebraic morphism f; as
I of — A, If £1 is quasi-isomorphism, then £ is
Aoo— quasi-isomorphism.

The composition of £ and g can be defined as:

Y fio(an®- Q).

i1+...+is=n

(fog), =

Given that £; = 1 and £, = 0 Vn > 2, we can obtain the
morphism of identical ..o .

Proposition (4-4):[16]

If U(</) is the dg-algebra and & is <7,—algebra, then
the .o/, —quasi-isomorphism ¢ : & — U (&) is the
universal o7, —algebra morphism.

If there is another dg-algebra morphism y : U (%) — 4,
then we have @Z,—morphismh: &/ — Zash = yo@.
Proposition (4-5):

Consider an .<f.—algebra o/ and a complex 7, if
f . o — ¥ is quasi-isomorphism, then ¥ is
e —algebra, and f can be extend to
Sor—quasi-isomorphismh : o7 — 7.

Definition (4-6):

Consider the homological unital 7. —algebra <7 then the
eo—module is defined as ., which is the graded space
defined by

(S A),

b S MR (S ) — n>1,

which is homogeneous at n = 1, satisfying the following:

Z bi+1+lo<l®i®bj®l®l) =0.

i+j+l=n
and inducing the action:
%”*///@%”*sz — M

which is unital.

The following section discusses the theory of
(co)homology for Z.—algebras and defines the
Hochschild, Cyclic and dihedral homology, and
cohomology of .7, —algebras.

5 (Co)Homology theory of A..—algebras

For the differential module (%,d) such that
d: %, — 6,1 and if the simplicial faces are defined as

016, — 6,—1, 0 <i<n, since 8,~3,~ = (9];1(9,', i<,
then we refer to this as d; being the simplitial faces of
(¢,4d) (for more see [17], and [5]).

Given the arbitrary permutation ¢ in the symmetric group

Xn of the m-elements of permutations, such that its

components are (o (i),...,0(in)) which acts on
(i1,...,im) such that i} < ... < iyand then we can define
(G (il),...,G(im)) as:

o (i) =0 (i) —a(c(iy), 1<s<m,
since o (o (is)) is the number of
(o(i1),...,0(is),...,0(im)). Now, the Fe—module

(‘5, d, 5) can be defined as the differential module (%,d)
with the family map;

a {all .....
i<m<n, O§11<

2 Cpn — G m}

L<iw<ny iy in€Z

and satisfy that

d (9,

)1+wgn( ) ps

—

O'(il+1),...,6(im)> :

,G(im))
<@,andm)<...<m.

i)} is the Fo—differential of (%,d,0),
whereas dj; ;.

77777 is the co— simplitial of faces of Fo
module (see [2], and [11]).
Then, form = 1, we get:

Zoez,,, ZIU (_ 1

Since I denotes all permutations of ((S(il)7 .

suchthatG/(-;) <...
Then d = {d;;,

.....

Form =2
d(9.5) = 9-1)9) = 99y, i<
For m=3,
d(9iin) = =904 ~ 9%ip %) — Fu-2)%. )
8J 1k— ](9 +(9 (9 k)+a(i,kfl)a(j)7 l<]<k

If we define the differential module (4,d) with the map
t ={t,: 6, — €,} such that:
Vn>0; t9 =1, dt, =t,d.

Then we get the cyclic differential module (¢,d,t), and
if we also define the map r = {r,: %, — %é,} such
r2 = Iy, then we get the dihedral differential module

(¢,4,t,r) and we get:

Tptn =t ',
dr, = r,d.

For cyclic and dihedral module, we get;

Oty =tp-10i—1, 0<i<n
aO'tn:any airn:rrzflarzfla 0<i<n

@© 2022 NSP
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Then we can define 2.%..—module (‘g,r,t,d,g), also

known as a dihedral module, because it is with
co-simplitial faces [11], since (¢, r,t,d) is the dihedral
differential module and satisfies that:

= (—l)mq 3(i261,...,im—1,n)7 (2)

m(m—1)
a(il,...,im)rn = (*1) 2 rnfma(n—im ..... n—ip) (3)
Definition (5-1): [5] If we have a complex

of = {dp}, Vn >0, n € Z, then we can define the
lo—algebra (7 ,d, ), as the differential module (<7, d),

since d: o — | and T, : (ﬂ%@(”“)) — oin,
*
which satisfy that:
dom, | =dm,— + (_])n Th—1 = Zlel ;n:jL]]

(71)n+t(n7m)+l Tn—1 (I®(t71) ®7rn7m71 ®Im7t+1)7
4)
sincen=1: domy=0.
Forn =2:

dom =m (n0®l) —n0(1®7t0).
For n = 3:

dom = 7[0(7[1®I+[®7'61)
—T (71'0®[®27 1®ﬂ0®1+[®2®ﬂ0)

Now, the involutive .«7,—algebra can be defined as the
complex («7,d, m,, %), since (<7,d, m,) is the %, —algebra
and defined by automorphism * : <7, — <7, such that
Vx € &/; x(x) = x* and the following conditions are
satisfied:

()" =x,
d(x") = d(gx)* T (0 @X1 Q-+ @ %0 @Xpi1)”
=(—-1)"m, ()c;‘lJrl ®x;®®xf®x(*)) .
Since € = @ + Yo<icj<n Xl |xj|, 7> 0. Then the
module of the dihedral differential is the complex
(%A (),t,r,d),since a = £1 and:

th (xo®...®x,,)
= (_l)ﬁxn®x0®xl®---®xn717
In (x0®---®xn)
=a(-1)"xRxQRx | Q...Qux,
A0 Q... Qxn)
=Y o (D" x0®.. Qxi 1 Qd(x) ®xit1®)... Qxn.

Where

B = |xu| (Ixo| + -+ |xal) Y= Yo<i<j<n |l ’xj"
= |xo| + ...+ [xu—1]-

Since Vn>0; t"t =1, r2=1, t,r, =1,t,".
Theorem (5-2): [15]

If («/,d,m,,*) is the involutive «Z.—algebra, then
(“///(Q%),t,r,d,&) is the dihedral module

(9.F.. — module). The notations £.# and X~'.# denote
the one-dimensional vector space with degree —1 and 1
with O-differential, respectively, for the field % with
characteristic zero. 7.2 is the free formal augmented
differential of a graded associative algebra, which
generated by 2 and given by

f%:ﬁ%®":fx%x(%®g)...
n=0

By 7-;2°, we mean the sub-algebra with an order of
element equal to or greater than i.

Definition (5-3): [18]

Consider the graded vector space %27, then the
o,—algebra structure on 27, which is defined as the
derivation m : 751 X712 — 75, X7'2* with the
degree 1 and m®> = 0.

Definition (5-4):

If we consider two @, —algebras (:Z",m) and (#,m‘), we
have % —morphism of (2',m) and (#',m‘) as an
associative algebras map ¢ : 75 X2~ '%* — 75, 271277,
wheremo @ = @om*.

Definition (5-5): [18]

For a space of derivations Der(T>;X~'2*) for the
ooo—algebra (2 ,m), we can define the Hochschild
cohomology complex of 2  as the differential graded
vector space Z’;

CAN(L, X ) =Der(Ts 271 27%)

and we denote it by J2.°( 2, Z).

Definition (5-6):

With the graded vector space 7 and the involution map
Y — ¥* as defined (”f/*)* = ¥, then we can define the
differential graded associative algebra 2~ with involution
satisfying for a,b € A;(ab)’ = (—1)‘aHb‘ b*a* and
d(a)" =d(a%).

Definition (5-7):

If 2 is an involutive graded vector space, the structure of
oo —algebra on X2 is the derivation
m: T X' 2% — 75, X727, with the one-degree and
m? = 0. -

Definition (5-8):

If Deu(lex’i%*) is a subspace of the space of
derivation Der(T51X~'2*), the involutive Hochschild
cohomology complex 772 (£, Z") can be defined as the
differential graded vector space

CAHNL ) =E ' Der, (1o 7' 27)

noting that space Der, (T>1Z7'27*) is eigenspace
corresponding to eigenvalue +1, while
Der (T X' 27*) is the eigenspace corresponding to
eigenvalue -1. Since we have that:

Der <T2127] 3&’*) =Dery (T5, 27! %*)@Der,(lelq 2.

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

114 NS E

A. H. Noreldeen, S. A. Abo-quota: Dihedral cohomology of an infinity...

Definition (5-9):

For the involutive @.—algebra (2 ,m), the
skew-involutive  Hochschlid cohomology complex
(X, Z) of (2 ,m) is defined as the differential
graded vector space as

CHN(AX, L) :27]Der(f‘2]27]3{*) .

Theorem (5-10): If (2", m) is the involutive 7%, —algebra,
then we have

HANL L) = HANL X NPAANL,X).

Definition (5-11): [19]

For an involutive «f.—algebra (2 ,m), the cyclic
cohomology #Z€°(Z") of 2 can be defined as the
differential graded vector space €'6*(.Z") scince:

CE D) = Zﬁ (12®]

for the cyclic group Z; of the order i.

Definition (5-12):

For two cyclic %, —algebras (2",m) and (#',m) with d,
the cyclic @%,—morphism can be defined as the map ¢
such that ¢ (H°) = a foralla € X '2* QX2 and
a‘c X'\ QX% with d + 2 degree.

Definition (5-13):

Consider the graded vector space 2~ with involution and
the dihedral group of order 2n is denoted by D,; since
D, = (r,s;r" = s> = 1,srs~! = r~1), then we define the
dihedral action as Vx; € 2;

1.r(x]®x2@...®xn) =
()T, @1 @ @xn 1,
25(x10%Q.. Q%) =% ®xQ...Qx,)".

And the skew-dihedral action as

lr(x®@xQ...Qx,) =

(—) R, @%@ .. @ %1,
25(x1R%Q.. Q%)) =—x1R%Q...Qx,)".

Proposition (5-14): [18]

If we consider involutive .27, —algebra (2",m), we obtain
the graded vector spaces € %% (2") and €2°(Z) as
follows:

L7 () = X1, (5 2)®]
269°(2) = Y117, [(27‘5{*)@’}]}.
Since D; is the dihedral action in (i) but a skew-dihedral
action in (if).

Definition (5-15):

For the involutive <%, —algebra (.:2",m), then the dihedral
cohomology ' Z%(Z) is space €Z%(Z") which
differential with m and the skew-dihedral cohomology

HD*(X) is space € 2° (Z") which differential with m.
Theorem (5-16): [18]

If (2",m) is /. —algebra with involution, then we have
HC(X)=2HD( X ) HD(X).

Proof: We know that both of ¢ 2% (27) and € 2° (") are

quotients of €€ (2 )by two distinct actions of Z, with
involution on 2. By the relation

AL X = NI XS AHAN(X X,

And from the isomorphism with the involution of
CE* (X)), we get the result.

Definition (5-17): [15]

Let («7,d,m,,+) be the involutive %.—algebra and
(0‘/// (#),t,1,4, 5) is YF.—module, then we can
define the dihedral homology *.7° % (<) as the dihedral
homology % (*.4 (/) of (a///(d) ,t,r,d,é)
which is also defined as the homology of a chain complex
(m (.@ (W)) ,3).

Corollary (5-18): [15]

For any involutive «%,—algebra (/,d,n,,*) and chain
o« (;z%)) ,b), then the dihedral
homology *# % (/) is isomorphic to the homology of
(//z (W) ,b).

Definition (5-19):

If ', %, 4 are examples of .«7.,—algebra which related
in the short exact sequence as;

complex (/// (

0— He — Lo— Me — 0.

With connected morphism o, : J,(Ms) — | He.
Then the long exact sequence is in the form;

o A (M) DA
g}%(f.)g%m (M) 0,701 (o).

Now, we study the dihedral cohomology of %, —algebra
as a form of graded algebra.

6 Graded Lie algebra

The Z..—algebra is a strong homotopy Lie algebra. M.
Gerstenhaber introduced the bracket structure on cochain
spaces of an associative algebra, demonstrating that the
bracket can be the co-derivations bracket [13].

In this section, the Lie algebra ([14], [21], [22], [23], and
[24]) and Z.—algebra with some examples ([2], [19],
[25], and [26]).

For the field 7, let ¥ be Lie algebra over % with
[—,—]. The linear map A" ¥ — ¥ gives the bracket
antisymmetry. If .# is 7' — module, then the antisymmtry

@© 2022 NSP
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functions space is 6" (¥, #) = Hom(A"V ,.#) with
n-degree. We can define the coboundary operator d of ¥
since d : €"(V, M) — C" TV (V, M) as

do(ar,....an1) = Licicjensr (1)
(p([aiaaj] aala':'7aia"'7aj7"'aan+1)

+Zl§i§n+l (—l)l .0 (al, ce ,éj, ce ,a,,+1).
Then the cohomology of Lie algebra ¥ is

ker (d:€"(V, M) — €T (V, A))
Im(d:C =1V, M) — C"(V, M))

AV, M) =

If # =%, ,then " (V,V)=%"(V)and " (V,V) =
A" (V) [13].

If we relate 77" (¥) to the deformations of ¥/, this relation
is given by % (7). If we consider / as the bracket in ¥’
and ¢, as the infinitesimally deformed product since ¢, =
{+t@ such that 1> = 0, then we find that ¢ : A" ¥ — Vs
cocycle and thus we have:

b (a1, b (a2,23)) =4 (4 (ar,a2) ,23) + 4 (22,4 (ar,23)) .

Then
[a1, 9 (a2,23)] + @ (a1, [22,23))
= [¢(a1,22),a3] + @ (a2, [a1,23])

since dg = 0.
Consider the inner product of ¥ (—, =) : ¥V @V — A
such satisfy that

([a1,22],23) = (a1[a2,23])

and the tensor / is given by

l(ar,a,a3) = ([a1,a2],a3),

since £ € Hom (A3 7,%) and we have

l(ar,a,a3) =l (a3,a;,a).

Hence, we find that ¢ is invariant under cyclic
permutations. The cohomology with trivial coefficients is
denoted by 77 (¥,.¢) ([14], and [21]).

If ¢ € €"(¥) is the cyclic element of the following
formula:

(p(ay,....,an),anr1) = (= 1) (a1, 0(az,...,an))

then ¢ is cyclic. If and only of ¢ : ¥" — ¥ is
anti-symmetric such that

a(alv"'5aﬂ+]) = <(P(ala"'7an)aan+l>a

and we have also, ¢ € Hom (A" ¥ ,.¢), then ¢ is
cyclic, satisfying that

O(al,...,an1) = (=1)"0(anr1,a1,..-,an)-

If the map ¢ — @ is the isomorphism between €¢" ()
and 61 (¥, ), then d@ is cyclic if ¢ is cyclic, and thus
the cyclic cohomology of ¥ is as follows:

_ker(d:€C" (V) —CE" (V)

A V)= Im(d:€¢" " (V) —€¢" (V)

We notice that the isomorphism between €+ (7,7
and €%€"(¥) is commutative with respect to the
coboundary operator [26], and thus that

HEC" (V) =NV, H).

Definition (6-1):[26]

Assuming .7 is the graded vector space, the graded Lie
algebra can be defined as the vector space . with the map
[—,—]: X®.ZL — .Z since this map is said to be Lie
bracket and satisfy the following formula for all -, |, | €
Z

[a,[b,c]] = [[a,b],c] + (— 1) [b, [a,c]] = 0.

The graded Lie algebra is denoted by (.Z, [—, —]).

For an example, if 2" is the graded associative algebra and
defined with the graded commutator [—,—]: 2" Q 2" —
X as;

[Xl,Xz] :XIXQ—(—])‘Xluxz‘szl Vx1,x2 € X,
then 2" is graded Lie algebra.

Definition (6-2): [11]

DGLA is an abbreviation of the differential graded Lie
algebra which is defined as DG algebra, since the algebra
is graded Lie algebra.

If £ is graded Lie algebra and a € . since 1[a,a] =0,
thend = [a,—];d*> =0 and (&, [, —],d) is DGLA.
Definition (6-3):

If (¥£,[-,—].d) is DGLA, then the Maurer-Cartan
element is a € . satisfying the Maurer-Cartan equation:

For example, if (L,[—,—],d) is DGLA and b € .%, then
1
3 [a+Db,a+Db]=0,

only if b satisfies the Maurer-Cartan equation.

Definition (6-4): [22]

For the graded vector space .7, the Z..—algebra is &
with the maps [ : Ok 5 < which are
anti-symmetric linear and |l;| = 2 —k since 1 < k < oo,
satisfying the following:

Litjontt Zoegt, (CDV TV 2(0) 0 (U (a1, ai) i ) =0,
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where aj,...,a, € %, n>1.Theset {[;: 1 <k <oo}is
the .Z.,—structure of .Z.
Definition (6-5): [22]

For two %Z.—algebras, £ with the _Z.—structure
{li}ren and £ with {l,;}keN, the strict homomorphism
of Z,—algebra is the degree to which the linear map
f: L — £ preserved while satisfying that:

foly=104of® VI <k<oo

Definition (6-6): [26]

If (g,[—,—]) is the graded Lie algebra and ¥ is the vector
space, then the representation of g on 7 is the
homomorphism of (g,[—,—]) as p : g — gl(¥"). Thus,
the Chevally-Eilenberg cohomology of the complex
(B,>0Hom(A"g,¥),8) denotes the cohomology of

(g,[—,—]) where @ : g®" — ¥, and satisfying the
following
80 (Frowv2n) = X () p(a)
(w(al""7éia"'7an+1))+Zl§j<k§rz+l(_])jJr X
a)([aj,ak],al...,éj,...,é,,,...,a,,ﬂ).
All aj,...,a,4+1 € g and the element &; are deleted.
Definition (6-7):
If B is the polynomial algebra of the form:
B=B'DB*=BBD...DB"D...,since B=lim4,

then 1? is also polynomial algebra. If natural mapping:
B — B exists, then B is said to be perfect algebra.
Definition (6-8):

For .Z..—algebra .£ and the Massy sequence (xz, . ,x”) ,
where x' € §.2® satisfies the following conditions:

(TR - Q1+1Q..®=(2) (") =

T3)Q..Ql+..+1Q...Qx(3)(x")
T12)Q.. . Ql+.. +1Q...Qr(2)) ) =0,

(Tn—1)R1+1Q®m(n—1)) (x")
+(m ( ~2)Q@1+1Q7(n—2)) (x" ")+
L(T2)Q1+1Q7(2)) (x') =0,

the Massy product is defined as
w(, ) =m(2) () .+ (2) (3.

The decomposable element x € .Z is similar to a massy
product, except J.Z that is considered indecomposable
elements.

Definition(6-9):

If # is £, —algebra and F.# is co-B-construction from
the short exact sequence:

0=F'x S Exrd oo,

by using the connecting homomorphism we get the long
exact homology sequence:

s HF) B D AP H) —

If x € Ker Vs K — %(F]%) or
x€lm *:%(F%)%%andP%isthemoduleof

the primitive element of .Z.co-algebra .7, then the
element x € % is called primitive.

Whereas in this research we have thoroughly studied two
important topics in the infinity algebras, which are the
e.—algebras and £, —algebras, so the next section will
review the results we obtained, which are explained as we
will explain now.

7 Main result

In the first and second parts of this section, we present the
of our study of .of.—algebras and _Z.—algebras,
respectively.

7.1 Main result of A.—algebras

After a thorough examination of A.—algebras, we
present the relation between the cyclic and dihedral
homology, which is one of the most important
relationships in the homology theory, and we prove
several of them in the following theorems.

Theorem (7-1):

Consider the involutive A.—algebra (<7, d, ,,*), where
“H D () is its dihedral homology and J#€ (&) is the
cyclic homology. The relation between them is as follows:

s A D () D Y AHD () L HEC, () S

+
“HD(A) S Dy () ...

where
in: HCn ()=~ H Dy (),
Jn: THD (A ) — HC (A,
0: ~HD(A)—= T H Dy (A)
Proof:

By the short exact sequence;

0— Tot ~ 9 () — Tot * P () — Tot € (/) — 0,
then we get the required.
Theorem (7-2):
For the involutive «%.—algebra (<7, d, 7, *), we have the
following:

HCn (o

V=@ CH D (), a=%].
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Proof: If we define the morphisms:

n(n+1)

Wix = x+DRpnx, Vix—>Xx—Rnx, n=(—1)"2 1y,

then we get the required from the diagram:

@, a
= YHD,(A) S *HDpoy(A) = = THD, (A) = *HDy(A) ~ 0
iMu iMu i iMu
y 2
o= HC, (A) = HCy1(A) = == HCy (A) = HCy(A) =0
illy illy iy illy
9, a &
= THD(A) S THDpy(A) = - THD(A) = HDy(A) =0

It has been reported that the results for cyclic and
Hochschild cohomology of .f,—algebra can also be
applied to Z.—algebra [22]. Therefore, the following
section applies some results about the homology of
Zo—algebra and the dihedral cohomology of
.,—algebra to the dihedral cohomology of %, —algebra.

7.2 Main result of £—algebra

After a thorough examination of .f,—algebras, we
present the relation between the cyclic and dihedral
homology, which is one of the most important
relationships in the homology theory, and we prove
several of them in the following theorems.

Theorem (7-3):

Consider the perfect algebra . and the B-construction
BYZ. If J (BX) is the homology of B.Z, then for the
primitive element space P, (B.%), we find that:

P, (BL)=J.L.

Proof: We obtain the following from the definitions (6-9):
P, (BZL) =Im (. (FA#.(BL)) — #.(BL)),
given that 77, (FB.Z) = & exists, we obtain
P, (BL)2Im(¥ — . (BY))2JL.

Theorem (7-4):

If # is the perfect co-algebra, 7. % is the
co-B-construction and 47 (FK) is the homology of
F#, then we obtain the following for the
indecomposable elements space

JHNTH)  JHNTFH) = PH,

where &2 is the primitive element space.
Proof: We obtain the following from definitions (6-8):

JHNTFH) = 1(HNFH) = H(BH(F X)),

since S, (B (F X)) = &, then
JANF )2 Im(H(FH)— )= PH .

The following theorem explains the relationship between
cyclic and dihedral cohomology of _Z.—algebra.
Theorem (7-5):

For the .Z,—algebra £ with involutive, we obtain the
following:

HC(L)2AHD (L) DA DL (L).

Proof: As we have that in ./,—algebra’s dihedral

cohomology:
HC(X)=2HD( X ) HDL(X).

Then, similarly, we obtain in the dihedral cohomology of
Z.—algebra:

HC(L)ZAHD (L) & ADL).

The Mayer-Vietoris sequence relates between any
complex 6" (£) and its sub-complexes .Z"(.£) and
N L) suchthat € = .4 UN .

Theorem (7-6):

For the .%.,—algebra .2, we denote €™ (.Z) for the chain
complex of %, —algebra and .Z" (), A" (L) for the
sub-complexes of 6" (.£), since their sequences are:

Ei s (L) L e (L) et (L)

M (L) SN (L) S (L)
and

N ALY B () Sy et ()
Then, the Mayer-Vietoris sequence is:

S HDNL) — kA D (MDA D (N)
Mg (NS (L)

Sincei: M — HMNN, j:N > HNN, k: L —
M, and : L — N,
Proof: If we relate the dihedral cohomology of three

sequences to the two sub-complexes .# and .4 of ¥,
then .# U .4 = €, as shown in the following:

Ei (L) L e (L) Bt (L)

{//";..-—>///”*l(,ff) dy—y %n(o(f)in%%r’b&*l(j)*).”’

and

Ny () D () Sy i () s
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8 Conclusion

In the current study, the o7, —algebras and .Z..—algebras
were investigated. The relations between Hochchild and
Cyclic homology of .«%.—algebras and between Cyclic and
Dihedral homology of <7, —algebras were found, as shown
in the following:

e HDus (D) D D () L HEC, ()
L - AHDA) S T ADy () > ...

The isomorphism between primitive and indecomposable
elements in the Z,,—algebras was introduced. It has been
proved that

PA,(BL) = JLand] H.(FH )= PH

The relation between the Cyclic and Dihedral cohomology
of .Z.,—algebras was obtained as

HC (LY HD(L)DHD(L).
Finally the Mayer-Vietoris sequence of %, —algebras was
studied in the form of

i P (L) S D D (N)
Sy D (MON) D D (L)
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