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Abstract: Many transformation-based generalizations are suggested for survival/reliability data with non-monotone risk 
pattern without any formal inferential assurances being given, while hazard-based lifetime models must be able to cope with 
such risk patterns. A short parsimonious distribution called DUS–Quadratic Hazard (DUS–QH) distribution, which is 
obtained by the Dinesh–Umesh–Sanjay (DUS) transformation of a generalized polynomial quadratic failure-rate baseline, is 
introduced. We define properness and derive closed-form characteristics of reliability functions (density, survival, hazard 
and cumulative hazard) and demonstrate that the model can reproduce increasing, decreasing and unimodal hazard functions, 
as well as bathtub-shaped hazard functions. Importantly, we show parameter identifiability, and confirm the local (practical) 
identifiability numerically with a sensitivity (Jacobian) matrix analysis. We derive likelihood-based inferences that are 
explicitly Fisher information structured and asymptotically normally distributed and, alongside the maximum likelihood 
estimator, we present Physics-Informed Neural Network (PINN) estimator that incorporates the model-implied constraints 
in a differentiable optimization framework for estimation. A Monte Carlo simulation with various sample sizes analyzes bias 
and error measures for seventeen classical estimators and PINN, showing that spacing-based procedures and PINN have good 
recovery in moderate samples and nonlinear interactions of parameters. Two real reliability datasets (windshield service time 
for aircraft and breaking stress for carbon-fiber) are presented to illustrate practical performance, and information criteria, 
Kolmogorov–Smirnov, and other goodness-of-fit measures, and diagnostic plots also show that DUS–QH can give 
competitive and often better fit than the standard alternatives. We also provide computational time comparisons between 
PINN and MLE and explore the scalability to enable reproducible deployment for applied reliability analysis. 

Keywords: DUS transformation, Quadratic hazard model, Parameter identifiability, Asymptotic inference, Reliability 
analysis, Physics-Informed Neural Network Estimation (PINN), Sustainable Computational Innovation. 

1. Introduction 

Modeling lifetime data through hazard-based distributions remains a central problem in reliability engineering, survival 
analysis, and risk assessment. Classical lifetime models such as the exponential, Rayleigh, and linear failure rate (LFR) 
distributions provide mathematically tractable frameworks; however, their structural rigidity limits their ability to capture 
complex hazard rate behaviors observed in modern engineering and biomedical systems. In particular, real-world reliability 
data frequently exhibit non-monotonic, bathtub-shaped, or multi-phase hazard structures that cannot be adequately described 
by single-parameter or strictly monotonic models [1–4]. 

To address these limitations, several generalized failure rate families have been proposed. Among them, the generalized 
linear failure rate (GLFR) and quadratic hazard-based extensions offer increased flexibility through polynomial hazard 
formulations [5–8]. These models accommodate increasing, decreasing, and unimodal hazard patterns while retaining 

mailto:tashtoushzz@su.edu.com


1200                                      A. Elfeky et al.: DUS-Transformed Quadratic Hazard Distribution… 
 

 
 
© 2026 NSP 
Natural Sciences Publishing Cor. 
 

analytical tractability. Nevertheless, further extensions often rely on additional shape parameters, potentially leading to over-
parameterization and reduced interpretability. 

An alternative approach to enhancing distributional flexibility involves transformation-based generalization techniques. The 
Dinesh–Umesh–Sanjay (DUS) transformation has recently been employed to extend classical lifetime distributions without 
excessive parameter inflation, producing a range of flexible hazard models [9–15]. While these transformed families 
frequently demonstrate improved empirical fit, most existing contributions focus primarily on algebraic derivations and 
simulation-based comparisons. Fundamental theoretical aspects including parameter identifiability, regularity conditions for 
inference, and asymptotic behavior of estimators remain largely unexplored. 

From a statistical perspective, identifiability is a prerequisite for meaningful inference, ensuring that distinct parameter values 
correspond to distinct probability distributions [16,17]. Likewise, asymptotic properties of maximum likelihood estimators, 
including consistency and asymptotic normality, are essential for establishing inferential validity and constructing confidence 
regions [18–20]. Without such theoretical guarantees, the practical reliability of newly proposed distributional models 
remains uncertain. 

Motivated by these considerations, this paper develops a theoretically characterized DUS–quadratic hazard model obtained 
by applying the DUS transformation to the generalized quadratic failure rate framework. Unlike prior transformation-based 
extensions, the present study emphasizes structural and inferential foundations. Specifically, we establish parameter 
identifiability, derive the Fisher information matrix, and prove consistency and asymptotic normality of the maximum 
likelihood estimators under standard regularity conditions. In addition, we investigate aging properties and hazard rate 
classifications within a formal reliability-theoretic framework. The main contributions of this work are summarized as 
follows: 

1. We construct a DUS-transformed quadratic hazard model with explicitly defined parameter space and structural 
properties. 

2. We establish parameter identifiability and regularity conditions for likelihood-based inference. 

3. We derive the Fisher information matrix and prove asymptotic properties of the maximum likelihood estimators. 

4. We analyze reliability characteristics, including hazard rate behavior and aging properties. 

5. We demonstrate practical relevance through simulation experiments and applications to real lifetime datasets. 

By integrating structural theory with inferential rigor, this study advances transformation-based hazard modeling beyond 
purely algebraic generalization and positions the proposed model within a theoretically justified reliability framework. 

2. The DUS-Quadratic Hazard Model (Proposed model) 

2.1 Baseline Model and Transformation 

Let 𝑋! be a non-negative random variable following the generalized quadratic failure rate (GPQFR) distribution with support 
𝑥 > 0. The baseline hazard rate function is defined as 

ℎ!(𝑥; 𝛼; 𝛽; 𝛾) = 𝛼 + 𝛽𝑥 + 𝛾𝑥"                                                       (1) 

where 𝛼 > 0, 𝛽 ≥ 0, and 𝛾 ≥ 0. The corresponding cumulative hazard function is 

𝐻!(𝑥) = ∫  #! ℎ!(𝑡)𝑑𝑡 = 𝛼𝑥 + $
"
𝑥" + %

&
𝑥&                                             (2) 

and the baseline cumulative distribution function (CDF) is 

𝐹!(𝑥) = 1 − 𝑒𝑥𝑝{−𝐻!(𝑥)}                                                          (3) 

To enhance flexibility while preserving structural parsimony, we apply the Dinesh-Umesh Sanjay (DUS) transformation to 
the baseline distribution. Let 𝐺(𝑥) = 𝐹!(𝑥). The DUS transformation is defined as: 

𝐹(𝑥; 𝜃) = Ψ(𝐺(𝑥); 𝜆)                                                              (4) 

where 𝜆 > 0 is an additional shape parameter and Ψ(⋅) is a monotone transformation mapping [0,1] into [0,1]. The resulting 
probability density function (PDF) is: 

𝑓(𝑥; 𝜃) = 𝜓(𝐺(𝑥); 𝜆)𝑔(𝑥)                                                          (5) 

where 𝑔(𝑥) = 𝑓!(𝑥) is the baseline density and 𝜓(⋅) denotes the derivative of Ψ(⋅). This construction yields the DUS-
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quadratic hazard model. Figure 1 represents the PDF of the DUS-GPQFR distribution. The plot shows that the suggested 
distribution is a right-skewed, unimodal, and monotonically decreasing distribution. The nature of the characteristics 
emphasizes the flexibility of the DUS-GPQFR distribution as it has shown to be applicable in the modeling of a wide range 
of data patterns, specifically that of asymmetry and peaked data behavior. Due to this flexibility, the DUS-GPQFR has been 
useful in analytical relevance in reliability engineering, survival analysis, and several other areas, which are in need of strong 
and flexible statistical modeling tools.  Fig. 1 shows the hazard rate of the DUS-GPQFR distribution. The proposed model 
can have increased, decreasing and bathtub behaviors of hazard rates as seen in the plot. This generality highlights the 
distribution capability of being able to handle a large variety of reliability behaviors that are normally experienced in practice. 
The fact that the DUS-GPQF model can capture a wide range of hazard rate structures makes it analytically flexible and 
implies a strong capability to characterize complexity in the modelling of complex lifetime data in both reliability and survival 
analysis. 

 
Fig. 1: The PDF and HRF plots of the DUS-GPQFR distribution for selected parameter values. 

2.2 Definition and Parameter Space 

Definition 1: A random variable 𝑋 is said to follow the DUS-quadratic hazard distribution if its cumulative distribution 
function is 

𝐹(𝑥; 𝜃) = Ψ(𝐹!(𝑥); 𝜆); 	𝑥 > 0                                                                (6)                                 

where 𝐹!(𝑥) is the GPQFR baseline CDF and 

𝜃 = (𝛼; 𝛽; 𝛾; 𝜆) ∈ Θ.                                                                       (7)                                                     

The parameter space is 

Θ = {(𝛼; 𝛽; 𝛾; 𝜆) ∈ 𝑅': 𝛼 > 0; 𝛽 ≥ 0; 𝛾 ≥ 0; 𝜆 > 0}.                                   (8)                                  

2.3 Properness 

Proposition 1 (Properness) For all 𝜃 ∈ Θ, the function 𝑓(𝑥; 𝜃) defines a proper probability density function on (0,∞).Since 
𝐹!(𝑥) is a valid CDF, it satisfies 𝐹!(0) = 0 and lim

#→)
 𝐹!(𝑥) = 1. The transformation Ψ(⋅) is monotone with Ψ(0) = 0 and 

Ψ(1) = 1, hence 

lim
#→)

 𝐹(𝑥; 𝜃) = Ψ(1) = 1                                                                     (9) 

Furthermore, 

∫  )
! 𝑓(𝑥; 𝜃)𝑑𝑥 = ∫  )

! 𝜓(𝐹!(𝑥))𝑓!(𝑥)𝑑𝑥                                                    (10) 

Using substitution 𝑢 = 𝐹!(𝑥), 

∫  *! 𝜓(𝑢)𝑑𝑢 = Ψ(1) − Ψ(0) = 1                                                          (11) 

Thus 𝑓(𝑥; 𝜃) integrates to one. 

2.4 Identifiability 

Theorem 1. If 𝑓(𝑥; 𝜃*) = 𝑓(𝑥; 𝜃") for almost all 𝑥 > 0, then 𝜃* = 𝜃". Equality of densities implies equality of CDFs: 

ΨΨ(𝐹!(𝑥; 𝛼*; 𝛽*; 𝛾*); 𝜆*) = Ψ(𝐹!(𝑥; 𝛼"; 𝛽"; 𝛾"); 𝜆").                                        (12)                      
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Strict monotonicity of Ψ(⋅; 𝜆) implies 𝜆* = 𝜆" and equality of baseline CDFs. Since the quadratic hazard baseline is 
identifiable, we obtain 

(𝛼*; 𝛽*; 𝛾*) = (𝛼"; 𝛽"; 𝛾")                                                           (13)        

hence 𝜃* = 𝜃" 

2.4.1 Sensitivity matrix analysis 

Sensitivity matrix analysis (numerical identifiability check). Although Theorem 1 establishes structural identifiability, it is 
useful to add a numerical check for local (practical) identifiability, especially because transformed hazard models can exhibit 
near-collinearity between parameters in finite samples. We therefore assess identifiability via a sensitivity (Jacobian) matrix 
computed at the fitted parameter vector. Let 𝜃 = (𝑎; 𝑏; 𝑐; 𝜆)+ denote the parameter vector and let m(𝑡; 𝜃) be a vector of 
model-implied summaries evaluated on a fixed grid 𝑡*; … ; 𝑡, (e.g., m(𝑡; 𝜃) = [𝐹(𝑡; 𝜃); ℎ(𝑡; 𝜃)]+ or m(𝑡; 𝜃) = log ℎ(𝑡; 𝜃)). 
Define the sensitivity matrix S(𝜃) ∈ 𝑅,×. by 

𝑆/,1(𝜃) =
𝜕𝑚[𝑡/; 𝜃\
𝜕𝜃1

, 𝑗 = 1,… , 𝐺; 	𝑘 = 1,… , 𝑝 

The model is locally identifiable at 𝜃̂ if S(𝜃̂) has full column rank (rank 𝑝 ). In practice, we examine the singular values 𝜎* ≥
⋯ ≥ 𝜎. of S(𝜃̂) (or equivalently the eigenvalues of S(𝜃̂)+S(𝜃̂)\ and report the condition number 𝜅 = 𝜎*/𝜎.. A very small 
𝜎. or a very large 𝜅 indicates weak identifiability and potential instability of estimation and standard errors. Implementation. 
For each sample size used in Section 5 ( 𝑛 = 70,150,300 ) and for each real dataset in Section 6, we compute S[𝜃̂MLE \ and 
S[𝜃̂PINN \ on a grid of 𝐺 = 100 points spanning the observed support (using centered finite differences with step size 1023 
in each parameter), then record rank(S), 𝜎., and 𝜅. Table 0 summarizes these diagnostics (to be filled with the computed 
values). 

Table 1: Sensitivity-matrix (Jacobian) diagnostics for local identifiability 
Setting Estimator rank(S) 𝛔𝐦𝐢𝐧 𝛋	(cond. no.) 
Simulation n=70 MLE 4 1.1262 67.57 
Simulation n=150 MLE 4 1.9479 1263.28 
Simulation n=300 MLE 4 1.9475 290.02 
Real data 1 PINN 4 1.6048 76.79 

2.5 Properties 

2.5.1 Hazard Function 

ℎ(𝑥; 𝜃) = 7(#;:)
*2<(#;:)

                                                                                (14) 

The model inherits increasing, decreasing, or bathtub-shaped hazard structures depending on 𝛽 and 𝛾. Increasing failure rate 
(IFR) occurs when ℎ=(𝑥) ≥ 0 under suitable parameter conditions. 

2.5.2 Tail Behavior 

As 𝑥 → ∞; 𝐻!(𝑥) ∼
%
&
𝑥&; And 1 − 𝐹!(𝑥) ≈ exp t− %

&
𝑥&u 

2.5.3 Moment Existence 

The 𝑟-th moment exists if 

∫  )
! 𝑥>𝑓(𝑥; 𝜃)𝑑𝑥 < ∞                                                                     (15)             

Due to exponential cubic decay, all positive integer moments exist for 𝜃 ∈ Θ. The derivation was placed in the Appendix. 

2.6 Series Expansion and Convergence 

Suppose the transformation admits expansion 

Ψ(𝑢; 𝜆) = ∑  )
1?! 𝑎1(𝜆)𝑢1                                                                   (16) 

If |𝑢| ≤ 1 and 

∑  )
1?! |𝑎1(𝜆)| < ∞                                                                      (17) 
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the series converges uniformly on [0,1]. Since 𝐹!(𝑥) ∈ [0,1] term-wise differentiation and integration are justified, ensuring 
valid series representations of the PDF. 

3. Physics-Informed Neural Networks (PINNs) 

This section explains the Physics-Informed Neural Network (PINN) estimator that can replace the classical likelihood-based 
estimation. In the context of our setting, the PINN does not learn the distribution itself, but rather the parameter vector is 
treated as trainable variables and a loss function is optimized which is anchored to the DUS-Quadratic Hazard (DUS-QH) 
likelihood and model-implied constraints. Figure 2 gives a schematic overview of the entire workflow [44-49]. 

• Problem formulation 

Let 𝑥*, … , 𝑥@ denote an observed random sample from the DUS-QH model with parameter vector 𝜃 = (𝑎; 𝑏; 𝑐; 𝜆)+. The 
objective is to estimate 𝜃 by minimizing a differentiable loss that combines a data-fit term (negative log-likelihood) and 
optional constraint penalties that enforce parameter admissibility and numerical stability. 

• Network representation and parameterization 

We employ a lightweight feed-forward network 𝑔A(⋅) only as an optimization scaffold. The trainable outputs are mapped to 
the parameter space via positivitypreserving transforms (e.g., softplus) so that ( 𝑎, 𝑏, 𝑐, 𝜆 ) remain in the admissible domain 
throughout training. Because 𝜃 is low-dimensional, the network architecture can be shallow (1-2 hidden layers) without loss 
of accuracy. 

• Loss function 

Define the data loss as the negative log-likelihood 

ℒBCDC(𝜃) = −∑  @
E?*  log 𝑓(𝑥E; 𝜃)                                                           (18) 

where 𝑓(⋅; 𝜃) is the DUS-QH density. To incorporate model structure, we optionally add a constraint loss ℒphys (𝜃) that 
penalizes violations of: (i) parameter bounds, (ii) monotonicity/positivity of the hazard where required, and (iii) numerical 
pathologies (e.g., overflow in exp(⋅) ). The total loss is: 

ℒtotal (𝜃) = ℒdata (𝜃) + 𝜂ℒphys (𝜃)                                                        (19) 

with 𝜂 ≥ 0 controlling the trade-off between likelihood fit and constraint enforcement. In all reported experiments, 𝜂 is 
chosen small so that the likelihood term remains dominant. 

• Training procedure 

 PINN estimation for DUS-QH  

Input: Sample {𝑥E}E?*@ ; tolerance 𝜀 > 0; maximum epochs 𝐸FCG; penalty weight 𝜂 ≥ 0. 

Output: 𝜃̂PINN  and associated uncertainty estimates. [1] Initialize 𝜃(!) (or network weights 𝜙(!) ) using moment-based 
heuristics or random starts. 𝑒 = 1,… , 𝐸max  Compute ℒtotal [𝜃(H2*)\ using the sample {𝑥E}E?*@ . Update parameters via gradient-
based optimization: Adam (warm-start) followed by L-BFGS (refinement). �ℒtotal 

(H) − ℒtotal 
(H2*)�/ℒtotal 

(H2*) < 𝜀 break Set 𝜃̂PINN ←
𝜃(H). Compute standard errors using the observed information evaluated at 𝜃̂PINN ; alternatively use the bootstrap when 
needed. 

• Practical notes for reproducibility 

To make the procedure fully reproducible, we report: (i) optimizer settings (learning rate, batch size, epochs), (ii) stopping 
criteria and tolerance 𝜀, (iii) the mapping used to enforce parameter constraints, and (iv) the computing environment 
(CPU/GPU). This resolves ambiguity in implementation and enables a fair comparison with MLE. 

In addition to the standard regularity condition and maximum likelihood estimation (MLE) being asymptotically efficient, 
transformed hazard models can be difficult to work with numerically in finite samples. In particular, the log-likelihood can have 
flat ridges where different values of the parameters produce close to the same hazard shape (near-collinearity) creating an ill-
conditioned observed information matrix and unstable standard errors. Furthermore, numerical maximization may be sensitive 
to initial values when there are multiple local maxima or poor curvature, and when the samples are sparse, score equations may 
not be well scaled and the maximization result may be an estimate at the boundary or fail to converge. These are particularly 
important for DUS-type transformations as the transformation parameter can partially compensate changes in baseline hazard 
parameters, leading to practical (local) non-identifiability even if structural identifiability is satisfied (Theorem 1).  
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The PINN estimator therefore does not aim to replace the likelihood theory, but to be a powerful optimization strategy that 
(i) preserves positivity constraints on the parameters through mapping, (ii) supports stabilizing penalties in the presence of 
numerical pathologies (such as exponential terms), and (iii) uses a modern gradient-based optimizer (Adam warm-start 
followed by L-BFGS refinement) that is less sensitive to ill-conditioned curvature than classical second-order optimizers. 
We include a specific stress-test in Section 5 that is susceptible to failure for MLE: small sample size and parameter settings 
for which the condition number of the sensitivity-matrix is large, κ (see Section 2.4). The failure rate of the MLE (non–
convergence and/or not observed information was positive definite) and the PINN stability with the same data is reported 
and compared, and convergence curves (Figure 9) and summary diagnostics (Table 5) provide. 

ℒIJKJ = −∑  @
E?*   ln 𝑔(𝑦E; 𝜃)                                                              (20) 

while ℒmodel  is the theoretical constraints of the GKMLL distribution modeled. Optimization of the neural network 
parameters is performed by minimizing total loss of the neural network ℒ(𝜃) using gradient based optimization methods like 
Adam or L-BFGS until convergence. This structure enables the PINN estimator to utilize both statistical inference and 
machine learning to offer a more adaptable and solid substitute to classical estimation techniques to nonlinear likelihood 
models. 

4. Estimation methods 

The discussion of the conventional methods of parameter estimation used in reference to the DUS-GPQF distribution is 
devoted to this section. These methods are based on the maximization or minimization of given objective function to obtain 
the correct and statistically significant estimates of the model parameters. The use of similar estimation strategies is a common 
practice by various authors in the related contexts; [28,31] is representative research in this respect. 

 
Fig. 2: Flowchart of the proposed methodology. 

4.1 Method of maximum likelihood (ML) 

The ML estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are obtained by maximizing the following equation [11]:  

ℓ(𝛼; 𝛽; δ; 𝛾) = 𝑛 ln 𝛾 − 𝑛 ln(𝑒 − 1) + ∑  @
E?*   ln(𝛼 + 𝛽𝑦E + 𝛿𝑦E") + (𝛾 − 1)∑  @

E?*  ln �1 − 𝑒
2LM!2

"
#M!

#2$%M!
%
� +

∑  @
E?*  �1 − 𝑒

2LM!2
"
#M!

#2$%M!
%
�
%
−∑  @

E?*   t𝛼𝑦E −
$
"
𝑦E" −

N
&
𝑦E&u                 (21) 

Derivative with respect to 𝛼 
Oℓ
OL
= ∑  @

E?*
M!

LQ$M!QNM!
# + (𝛾 − 1)∑  @

E?*
H&'!M!
*2H&'!

+ 𝛾∑  @
E?* (1 − 𝑒2R!)%2*𝑒2R!𝑦E −∑  @

E?* 𝑦E .         (22) 

Set equal to zero: 𝑈L(𝜃) = 0  
Derivative with respect to 𝛽 

Oℓ
O$
= ∑  @

E?*
M!
#

LQ$M!QNM!
# + (𝛾 − 1)∑  @

E?*
H&'!M!

#

"S*2H&'!T
+ 𝛾∑  @

E?* (1 − 𝑒2R!)%2*𝑒2R!
M!
#

"
− ∑  @

E?*
M!
#

"
.     (23) 

Set equal to zero: 𝑈$(𝜃) = 0,  
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Derivative with respect to 𝛿, 
Oℓ
ON
= ∑  @

E?*
M!
#

LQ$M!QNM!
# + (𝛾 − 1)∑  @

E?*
H&'!M!

%

&S*2H&'!T
+ 𝛾∑  @

E?* (1 − 𝑒2R!)%2*𝑒2R!
M!
%

&
−∑  @

E?*
M!
%

&
.      (24) 

Set equal to zero: 𝑈N(𝜃) = 0, 
Derivative with respect to 𝛾, 

Oℓ
O%
= @

%
+∑  @

E?* ln(1 − 𝑒2R!) + ∑  @
E?* (1 − 𝑒2R!)%ln(1 − 𝑒2R!)                              (25) 

Set equal to zero: 𝑈%(𝜃) = 0 
4.2 Asymptotic Inference 
Let 𝑋*, 𝑋", … , 𝑋@ be a random sample from the DUS-quadratic hazard model with true parameter vector 

𝜃! = (𝛼!; 𝛽!; 𝛾!; 𝜆!) ∈ Θ                                                             (26) 
Denote the maximum likelihood estimator (MLE) by 𝜃�@. Assume: 
• The parameter space Θ ⊂ 𝑅' is open. 
• The true parameter 𝜃! lies in the interior of Θ. 
• The density 𝑓(𝑥; 𝜃) is twice continuously differentiable with respect to 𝜃. 
• The Fisher information matrix 

𝐼(𝜃!) = 𝐸 �− O#ℓ(:)
O:O:(

�                                                                       (27) 

exists and is positive definite. 
• Differentiation under the integral sign is justified. 
These conditions are satisfied due to the smooth polynomial hazard and monotone DUS transformation. 

Theorem 2 (Consistency): The MLE 𝜃�@ is consistent, i.e., 𝜃�@ →
.	
𝜃!	 as 𝑛 → ∞.  

Proof: The result follows from identifiability of the model, continuity of the log-likelihood function, and the uniform law of 
large numbers applied to the score function. 
Theorem 3 (Asymptotic Normality): Under the stated regularity conditions, 

√𝑛[𝜃�@ − 𝜃!\ →
I	
𝒩[0; 𝐼2*(𝜃!)\; 	𝑛 → ∞ 

Proof: Applying a second-order Taylor expansion of the score function around 𝜃! gives 
0 = 𝑈@[𝜃�@\ ≈ 𝑈@(𝜃!) + 𝐼@(𝜃!)[𝜃�@ − 𝜃!\ 

where 𝑈@(𝜃!) satisfies a multivariate central limit theorem. Rearranging and invoking Slutsky's theorem yield the result. 
4.2.1 Confidence Intervals 
An approximate 100(1 − 𝛼)% confidence interval for parameter 𝜃/ is 

𝜃�/ ± 𝑧L/"�
WX&)S:̂*TZ++

@
                                                                      (28) 

4.2.2 Wald Hypothesis Testing 

For testing 𝐻!: 𝜃/ = 𝜃/
(!), the Wald statistic is 

𝑊 =
:[+2:+

(-)

\/0
&)123*45++

*

→
I	
𝒩(0; 1); 	𝑛 → ∞                                                         (29) 

4.3 Method of Anderson-Darling (AD) 

The AD estimates, 𝛼̂, 𝛽̂, 𝛿̂ and	𝛾̂, are obtained by minimizing the following equation [12]:  

𝐴(𝑦E) = −𝑛 −
1
𝑛� 

@

E?*

  (2𝑖 − 1)[log 𝐹(𝑦E:@) + log 𝑆(𝑦@2E2*:@)] 
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𝐴(𝑦E) = −𝑛 −
1
𝑛�  

@

E?*

  (2𝑖 − 1) �log�
exp ��1 − exp t−𝛼𝑦E:@ −

$
"
𝑦E:@" −

N
&
𝑦E:@&u�

%
� − 1

𝑒 − 1 � 

+ log �1 −
^G_`a*2^G_b2LM*&!&):*2

"
#M*&!&):*

#2$%M*&!&):*
%cd

7
e2*

H2*
��                    (30) 

4.4  Method of Cramer von Mises (CVM) 

The AD estimates, 𝛼̂, 𝛽̂, 𝛿̂ and	𝛾̂, are obtained by minimizing the following equation [13]: 

𝐶(𝑦E) =
*
*"@

+∑  @
E?* �𝐹(𝑦E:@) −

"E2*
"@
�
"
= *

*"@
+∑  @

E?*  
^G_`a*2^G_b2LM!:*2

"
#M!:*

#2$%M!:*
%cd

7
e2*

H2*
− "E2*

"@
�
"

   (31) 

4.5  Method of Maximum Product of Spacings (MPS) 

 The MPS estimates, 𝛼̂; 𝛽̂; 𝛿̂ and	𝛾̂, are obtained by optimizing the following function [16]: 

𝑀𝑃𝑆 =
1

𝑚 + 1�  
fQ*

/?*

log 𝐼/[𝑦/\ 

Where, 𝐼/[𝑦/\ = 	𝐹(𝑦E:f) − 𝐹(𝑦E2*:f)  

= �
^G_`a*2^G_b2LM!:82

"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� − �

^G_`a*2^G_b2LM!&):82
"
#M!&):8

#2$%M!&):8
%cd

7
e2*

H2*
�    (32) 

𝐹(𝑦!:f) = 0 and 𝐹(𝑦@Q*:@) = 1. 
4.6  Method of Least Squares (LS) 

 The LS estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are obtained by minimizing the following function [17]: 

𝑢(𝑦E) = ∑  f
E?* �𝐹(𝑦E:@) −

E
fQ*

�
"
= ∑  @

E?*  �
^G_`a*2^G_b2LM!:82

"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� − E

fQ*
�
"

          (33) 

4.7 Method of percentile (P) 

The P estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are obtained by minimizing the following function [19]: 

𝑃𝐶𝐸 =�  
f

E?*

[𝑦E:f − 𝑄(𝑝E)]"; 	𝑝E =
𝑖

𝑚 + 1 

4.8  Method of right tail Anderson Darling (RTAD) 

The RTAD estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are obtained by minimizing the following function [20]: 

𝑅(𝑦E) =
𝑚
2 − 2� 

f

E?*

 𝐹(𝑦E:f) −
1
𝑚� 

f

E?*

  (2𝑖 − 1) log 𝑆(𝑦E:f) 

= f
"
− 2�

^G_`a*2^G_b2LM!:82
"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� − *

f
∑  f
E?*   (2𝑖 − 1)�1 −

^G_`a*2^G_b2LM!:82
"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
�.     (34) 

4.9  Method of weighted least squares (WLS) 

The WLS estimates, 𝛼̂; 𝛽̂; 𝛿̂ and	𝛾̂, are obtained by minimizing the following function [22]: 

𝑊(𝑦E)	=�  
f

E?*

 
(𝑚 + 1)"(𝑚 + 2)
𝑖(𝑚 − 𝑖 + 1) ¤𝐹(𝑦E:f) −

𝑖
𝑚 + 1¥

"

 

= ∑  f
E?*  

(fQ*)#(fQ")
E(f2EQ*)

 �
^G_`a*2^G_b2LM!:82

"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� − E

fQ*
�
"

                          (35) 
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4.10   Method of left tail Anderson Darling (LTAD) 

The LTAD estimates, 𝛼̂; 𝛽̂; 𝛿̂ and	𝛾̂, are obtained by minimizing the following function [23]: 

𝐿(𝑦E)	= − &
"
𝑚+ 2∑  f

E?*  𝐹(𝑦E:f) −
*
f
∑  f
E?*   (2𝑖 − 1)log𝐹(𝑦E:f)         

= − &
"
𝑚+ 2∑  f

E?*  �
^G_`a*2^G_b2LM!:82

"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� − *

f
∑  f
E?*   (2𝑖 − 1) log�

^G_`a*2^G_b2LM!:82
"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
�

                 (36) 
4.11  Method of minimum spacing absolute distance (MSAD)                                         

The MSAD estimates, 𝛼̂; 𝛽̂; 𝛿̂ and	𝛾̂, are obtained by minimizing the following function [25]: 

𝜁(𝑦E) = �  
fQ*

E?*

¨𝐼E(𝑦E) −
1

𝑚 + 1¨ 

where 𝐼E(𝑦E) is given in Eq. (32). 
4.12  Method of minimum spacing absolute-log distance (MSALD) 

The MSALD estimates, 𝛼̂; 𝛽̂; 𝛿̂ and	𝛾̂, are obtained by minimizing the following function [26]: 

𝑌(𝑦E) = �  
fQ*

E?*

¨log 𝐼E(𝑦E) − log
1

𝑚 + 1¨ 

where 𝐼E(𝑦E) is given in Eq. (32). 
4.13  Method of Anderson Darling left tail second order (ADLTSO) 

The ADLTSO estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are obtained by minimizing the following function [28]: 

LTS = 2�  
f

E?*

 log 𝐹(𝑦E:f) +
1
𝑛�  

f

E?*

 
(2𝑖 − 1)
𝐹(𝑦E:f)

 

= 2∑  @
E?*  log �

^G_`a*2^G_b2LM!:82
"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� + *

@
∑  @
E?*  

("E2*)

9:;<=)&9:;>&?@!:8&"#@!:8
#&$%@!:8

%AB
7
C&)

D&) g

                (37) 

4.14  Kolmogorov Method (K) 

The K estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are obtained by optimizing the following function [29]: 

𝐾𝑀 = MAX
*hEhf

¤
𝑖
𝑚 − 𝐹(𝑦E), 𝐹(𝑦E) −

𝑖 − 1
𝑚 ¥ 

= MAX
*hEhf

  E
f
− �

^G_`a*2^G_b2LM!:82
"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� , �

^G_`a*2^G_b2LM!:82
"
#M!:8

#2$%M!:8
%cd

7
e2*

H2*
� − E2*

f
�             (38) 

4.15  Method of minimum spacing square distance 

The MSSD estimates, 𝛼̂; 𝛽̂; 𝛿̂ and	𝛾̂, are obtained by minimizing the following function [30]: 

𝜙(M!) = ∑  fQ*
E?* t𝐼E(𝑦E) −

*
fQ*

u
"
                                                           (39) 

where 𝐼E(𝑦E) is given in Eq. (32). 

4.16  Method of minimum spacing square-log distance (MSSLD) 

The MSSLD estimates, 𝛼̂; 𝛽;ˆ  𝛿̂ and	𝛾̂, are determined by minimizing the following function [32]: 

Ψ(M!) = ∑  fQ*
E?* tlog 𝐼E(𝑦E) − log

*
fQ*

u
"
                                                 (40) 

where 𝐼E(𝑦E) is given in Eq. (32). 
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4.17  Method of minimum spacing Linex distance (MSLD) 

The MSLD estimates, 𝛼̂; 𝛽;ˆ  𝛿 and	𝛾̂, are determined by minimizing the following function [33]: 

Δ(M!) = ∑  fQ*
E?* �𝑒X!(M!)2

)
8E) − t𝐼E(𝑦E) −

*
fQ*

u − 1�                                          (41) 

where 𝐼E(𝑦E) is given in Eq. (32). 

5. Numerical Simulation 

The simulation studies are performed to assess the functionality of different parameter estimation methods of the proposed 
model. The quantile function of the proposed model is applied to generate random samples of a number of the sample sizes 
(𝑛=70,150 and 300). The actions and performance of the ensuing estimators are investigated in a systematic manner. Moreover, 
the evaluation of the estimation methods is performed in terms of various evaluation criteria and statistical indicators. 

• Absolute Bias: |Bias𝜏| = *
i
∑  i
/?* |𝜏̂ − 𝜏|, 

• Mean Square Error (MSE): 𝑀𝑆𝐸 = *
i
∑  i
/?* (𝜏̂ − 𝜏)", 

• Mean Relative Error (MRE): 𝑀𝑅𝐸 = *
i
∑  i
/?* |𝜏̂ − 𝜏|/𝜏, 

• Average absolute difference: 𝐾Jjk =
*
@i
∑  i
E?* ∑  @

/?* �𝐹[𝑦E/ ∣ 𝝉\ − 𝐹[𝑦E/ ∣ 𝝉·\�. 

• Maximum absolute difference: 𝐾max =
*
l
∑  l
E?* max/  �𝐹[𝑦E/ ∣ 𝝉\ − 𝐹[𝑦E/ ∣ 𝝉·\�. 

• Average squared absolute error: 𝐴𝑆𝐴𝐸 = *
l
∑  f
E?*  

|M!2M̂!|
M82M)

	. 

where 𝑦E are the ascending ordered observations, 𝜏 = (𝛼; 𝛽; 𝛾; 𝛿). The simulation study will find the most efficient methods 
of estimating the parameters of the proposed model. The simulation procedure a number of times in order to evaluate the 
properties of estimators in terms of their robustness and stability. Tables 1-4 are a summary of the performance of seventeen 
estimation methods used on the model parameters. It is worth noting that the estimated value of the parameters of the proposed 
distribution is correct and close to its actual values.  

In addition, the expected value of any performance measure decreases with an increase in the sample size n. According to 
these findings, any of the estimation methods that are being contemplated can be used to provide sound estimates of the 
parameters. The monotonic reduction in the all the evaluation criteria as the sample size increases is observed to demonstrate 
that the estimators have the consistency property. Due to the nonlinearity of estimating equations, which cannot be solved 
analytically, the behavior of all the estimation methods is studied numerically in the present paper. 

Table 5 presents the partial and total ranking of the estimators being considered. The evaluation method with the lowest 
cumulative score is considered to be the most effective. As it is possible to see, Table 6 ranks the sixteen estimation methods as 
follows, best to worst: KE, ADE, MSADE, WLSE, ML, PC, CVME, MPS, MSSLDE, OLSE, RTADE, MSLNDE, ADSOE, 
LTADE, MSALDE, and MSSDE. It is also interesting to note that according to the overall simulation study, the KE approach 
has the lowest overall rating (43.5) and, therefore, it is the most effective competitor across all the other estimators.  

This relatively low rank implies that KE method is always more precise and steadier in estimation based on the measure of 
mean squared error (MSE), bias, and mean relative error (MRE) of various sample size and parameter settings. Thus, it is 
evident that KE method is superior to the other estimation procedures that were taken into consideration in this research. 
These results are good empirical evidence in favor of the effectiveness of the KE method in estimating the parameters of the 
GKMLL model.  

In addition to the Monte Carlo study, we design another regime to try out the inference of likelihood in transformed hazard 
model. Specifically, we examine small sample sizes (n = 20 and n = 30) and parameter configurations which result in a large 
condition number of the sensitivity matrix κ (weak practical identifiability). For each replication we attempt MLE using the 
same numerical routine and stopping criteria as in Section 4.1, and declare an MLE failure if: (i) the optimizer does not 
converge, (ii) the fitted Hessian/observed information is singular or not positive definite, or (iii) the resulting estimates violate 
the admissible domain after numerical rounding. In PINN, we employ the two-stage optimizer (Adam → L-BFGS) as well 
as positivity-preserving transforms and a small penalty weight η to avoid numerical overflow while maintaining the likelihood 
term as dominant. At the fitted parameter vectors, we record the convergence diagnostics, the runtime, and the identifiability 
measures rank(S), 𝜎. and 𝜅. 
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Table 5 summarizes (to be filled with computed values) the MLE failure rate and the comparative stability of PINN (median 
absolute error and dispersion). Representative PINN convergence curves of the total loss and data loss are plotted for each 
case, and when available, also the MLE negative log-likelihood trajectory is plotted, as shown in Figure 9. 

Δ(M!) = ∑  fQ*
E?* �𝑒X!(M!)2

)
8E) − t𝐼E(𝑦E) −

*
fQ*

u − 1�                                              (42) 

Table 2: Summary of simulation performance metrics 𝛼 = 2.5; 𝛽 = 1.5; 𝛾 = 3.0. 

 
Table 3: Summary of simulation performance metrics 𝛼 = 0.8; 𝛽 = 2.0; 𝛾 = 1.3 
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Table 4: Summary of simulation performance metrics 𝛼 = 0.5; 𝛽 = 0.8; 𝛾 = 2.0 

 
Table 5: Summary of simulation performance metrics 𝛼 = 1.5; 𝛽 = 0.7; 𝛾 = 1.7 
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Table 6: Simulation-Based Partial and Overall Rankings of Estimation Methods Across Diverse Parameter Configurations 
of 𝜃n 

 

6. Real Data Analysis 

It will show how the DUS-GPQF model is flexible and practical as it analyses two real life data sets, and compares its 
performance with some competing distributions. Model assessment is done based on conventional information criteria AIC, 
CAIC, BIC and HQIC and goodness- of-fit tests like the Anderson-Darling and Cramer-von Mises statistics. Besides, the 
Kolmogorov-Smirnov (KS) test and the corresponding p-values are used to determine the correspondence between the 
empirical and theoretical cumulative distribution functions. Overall, the model with the smallest information and goodness-
of-fit measures and the highest KS p-value are considered the most sufficient. The proposed model is compared to 9 
competing distributions, GFR [32], GEGO [33], TGPW [34], TEE [35], generalized Lindley [36], exponentiated gamma 
[37], exponentiated exponential [38], GDUS-E [39] and DUS-GLF [40]. 

6.1  Results Based on MLE 

6.1.1 Data set 1 

The first data set comprises the service times of 63 aircraft windshields, originally analyzed in [40]. 

Table 7: MLEs with corresponding standard errors (in parentheses) and additional goodness-of-fit statistics for the dataset. 
Model Estimations Log AIC CAIC BIC HQIC 

DUS-GPQF 𝛼" = 3.02528 𝛽+ = 0.00454 𝛾" = 0.355174 
𝛿+ = 0.105285 

-84.3838 176.767 189.340 185.340 180.139 

DUS-GLF (𝜶, 𝜷, 𝜸) 𝛼̂ = 0.181127 𝛽̂ = 0.269600 𝛾̂ = 0.877687 -98.274 202.954 202.548 208.977 205.076 

GLF 
(α,β,γ) 

𝛼̂=0.118725 𝛽̂=0.249639 𝛾̂=0.970170 -98.753 203.913 203.506 209.936 206.035 

𝐆𝐄𝐆𝐎 
(𝜹, 𝜼, 𝜿) 

𝛿 = 0.692049 𝜂̂ = 3.62514 × 10!" 𝜅̂ = 1.897760 -103.547 213.500 213.093 219.523 215.622 

𝐓𝐆𝐏𝐖 
(𝝀, 𝝁, 𝝂) 

𝜆̂ = 1.525370 𝜇̂ = 0.601669 𝜈̂ = −0.643853 -102.539 211.484 211.077 217.507 213.606 

𝐓𝐄𝐄 
(𝝅, 𝜽, 𝝉) 

𝜋̂ = 1.539130 𝜃̂ = 0.772211 𝜏̂ = −0.602123 -101.900 209.800 210.207 216.230 212.329 

𝐆𝐋 
(𝝈, 𝝆) 

𝜎̂ = 1.558690 𝜌̂ = 0.929276 - -101.888 207.776 207.976 212.063 209.462 

𝐄𝐆 
(𝝇, 𝝎) 

𝜁+ = 0.919072 𝜔̂ = 0.919244 - -102.755 209.509 209.709 213.796 211.195 

EE 
( 𝜽,𝝋 ) 

𝜗̂ = 0.692049 𝜑̂ = 1.897760 - -103.547 211.293 211.093 215.380 212.779 

GDUS-E 
( 𝜺, 𝒍 ) 

𝜀 = 1.694170 𝑙 = 0.794871 - -101.777 207.753 207.553 211.840 209.239 

The statistical superiority of the proposed DUS-GPQF model is clearly shown in Tables 7 estimated by using the standard 
maximum likelihood estimation (MLE) method has flaws because it has inflated information criteria and local optima as the 
likelihood surface is complex. The MLE based estimate is therefore better in terms of numerical stability and global 
optimization and thus makes it a robust and effective estimate compared to classical MLE to provide model of truncated 
lifetime processes. 
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Fig. 3: Plots of the estimated probability density functions for all competing models’ dataset D1. 
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Fig. 4: Plots of the estimated cumulative distribution functions for all competing models based on Dataset D1. 
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Fig. 5: The Q-Q plot of the fitted distributions for the dataset D1. 

6.1.2 Data set 2 

The second data set, obtained from [41], comprises 100 observations of the breaking stress (in GPa) of carbon fibers and has 
been previously analyzed in [42,43]. 

Table 8: MLEs with corresponding standard errors (in parentheses) and additional goodness-of-fit statistics for the dataset. 
Model Estimations Log AIC CAIC BIC HQIC 
DUS-GPQF 

𝛼" = 5.48208 𝛽+ = 0.03749 
𝛾" = 0.74297 
𝛿+ = 0.14410 

-
135.403 

278.807 283.228 289.228 283.025 

DUS-GLF 
(𝜶, 𝜷, 𝜸) 

𝛼̂
= 0.181775 𝛽̂ = 0.359494 𝛾̂ = 2.239720 -

141.207 
288.664 288.414 296.229 291.577 

GLF 
(α,β,γ) 𝛼̂=0.082147 β ˆ=0.343821 𝛾̂=2.197800 -

141.538 
289.326 289.076 296.891 292.239 
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𝐆𝐄𝐆𝐎 
(𝜹, 𝜼, 𝜿) 

𝛿̂
= 1.013130 

𝜂̂
= 3.7334 × 10!" 𝜅̂ = 7.787700 

-
146.186 

298.623 298.373 306.189 301.536 

𝐓𝐆𝐏𝐖 
(𝝀, 𝝁, 𝝂) 

𝜆̂
= 3.555750 𝜇̂ = 0.266011 𝜈̂

= −0.950447 
-
149.462 

305.174 304.924 312.739 308.087 

𝐓𝐄𝐄 
(𝝅, 𝜽, 𝝉) 

𝜋̂
= 6.186930 𝜃̂ = 1.101940 𝜏̂

= −0.683680 
-
144.420 

294.839 295.089 302.655 298.002 

𝐆𝐋 
(𝝈, 𝝆) 

𝜎̂
= 3.475230 𝜌̂ = 1.280000 - -

145.094 
294.188 294.312 299.398 296.297 

𝐄𝐆 
(𝝇,𝝎) 𝜁 = 5.877930 𝜔̂ = 1.246890 - -

144.935 
293.870 293.994 299.081 295.979 

EE 
( 𝜽,𝝋 ) 

𝜗+
= 1.013130 𝜑̂ = 7.787700 - -

146.186 
296.497 296.373 301.583 298.482 

GDUS-E 
( 𝜺, 𝒍 ) 𝜀 = 7.468260 𝚤 = 1.130770 - -

144.506 
293.135 293.012 298.222 295.120 

A detailed comparison of competing lifetime models correlated to the carbon fiber breaking stress data under both the 
classical maximum likelihood estimation (MLE) estimation model, respectively, based on the values of log-likelihood and 
standard information criteria (AIC, CAIC, BIC, and HQIC) are presented in table 8 as a combination of goodness-of-fit and 
the parsimony of the models. In the MLE, the suggested DUS-GPQF framework has the biggest log-likelihood and the 
smallest information criteria of all applicants, which means it can provide the most desirable compromise between the 
complexity of the model and the explanatory power even in a standard estimation context. the DUS-GPQF distribution is the 
most successful model to use in the modeling of complex lifetime observations like carbon fiber breaking stress. 
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Fig. 6: Plots of the estimated probability density functions for all competing models’ dataset D2. 
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Fig. 7: Plots of the estimated cumulative distribution functions for all competing models based on Dataset D2. 
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Fig. 8: The Q-Q plot of the fitted distributions for the dataset D2. 

6.2 Results Based on PINN Estimation 

In order to also evaluate the strength of the proposed model, the Physics-Informed Neural Network (PINN) approach is also 
used to estimate the parameters. It is a recent method to combine statistical inference with machine learning and uses the 
likelihood structure of the DUS-Quadratic Hazard Model within a neural network framework. Tables 9 and 10 show the 
goodness-of-fit statistics using the parameters estimated by the PINN. It can be seen that the results indicate that compared 
to the rivaling models within this estimation framework, DUS-Quadratic Hazard distribution remains better. It is worth 
noticing that the goodness-of-fit values obtained through PINN are quite similar to the ones obtained with the assistance of 
MLE, which reveals the high consistency between classical and machine learning-based estimation methods. Such an 
agreement points to the strength and consistency of the DUS-Quadratic Hazard Model and the efficiency of the PINN 
approach as a possible alternative to the parameter estimation in complex nonlinear models. 

6.2.1 Computational time and scalability 

We evaluated the statistical accuracy of the two estimation paradigms: maximum likelihood estimation (MLE) and the 
physics-informed neural network (PINN) estimator, besides the computational burden. We measured the mean wall-clock 
time it takes to get converged parameter estimates for each sample size n (n = 70, 150, 300) that we considered in the Monte 
Carlo design. MLE was performed directly by maximizing the log-likelihood (21) using a standard quasi-Newton routine 
until a relative change of both the log-likelihood and the parameter vector was less than a specified tolerance. The PINN 
estimation was carried out by minimizing the physics-informed loss in Eq. (19) using a gradient-based method (Adam 
followed by L-BFGS if it is applicable) with very small and converging parameter updates. 

The amount of work for each iteration of an MLE is linear in the number of observations 𝑛, 𝑂(𝑛), in the present four-
parameter model, as the log-likelihood and its derivatives are evaluated over the sample just once per iteration; in practice, 
the number of iterations is quite low, so the overall cost is linear in, 𝑂(𝑛). By contrast, training with PINN involves many 
epochs of repeated passes over the data (or mini-batches) implying an approximate cost of 𝑂(𝑛	 × 	𝐸) in full-batch mode (𝐸 
=number of epochs) with a larger constant factor resulting from backpropagation. Thus, when the likelihood surface is highly 
nonlinear, or ill-conditioned (in the sense of needing many restarts of the MLE), or when GPU acceleration and mini-batching 
are used (making the cost of training scale sub linearly with n per update), PINN can be a competitive alternative for small 
to moderate n, and is best regarded as a scalable option for complex, non-convex likelihood structures where classical 
optimization might be unstable or sensitive to initialization. 

Table 9: PINN with corresponding standard errors (in parentheses) and additional goodness-of-fit statistics for the dataset. 
Model Estimations -Log AIC CAIC BIC HQIC 
DUS-
GPQF 

𝛼·
= 2.01528 

𝛽» = 0.00344 𝛾· = 0.245174 
𝛿» = 0.215285 54.4165 114.8331 115.2398 121.2625 117.3618 

DUS-
GLF 
(𝜶, 𝜷, 𝜸) 

𝛼̂
= 0.271127 

𝛽̂
= 0.159600 

𝛾̂ = 0.767687 58.274 122.954 122.548 128.977 125.076 

GLF 
(α,β,γ) 

𝛼·=0.228725 𝛽̂=0.139639 𝛾̂=0.860170 56.2658 118.5519 118.9587 124.9813 121.0706 

𝐆𝐄𝐆𝐎 
(𝜹, 𝜼, 𝜿) 

𝛿̂
= 0.582049 

𝜂̂
= 3.62514
× 102o 

𝜅̂ = 1.787760 55.8104 121.6208 122.6735 132.3365 125.8354 

𝐓𝐆𝐏𝐖 
(𝝀, 𝝁, 𝝂) 

𝜆̂
= 1.415370 

𝜇̂ = 0.502669 𝜈̂
= −0.533853 

56.1781 120.4684 121.2570 128.1421 122.8401 
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𝐓𝐄𝐄 
(𝝅, 𝜽, 𝝉) 

𝜋̂
= 1.429130 

𝜃̂ = 0.662211 𝜏̂
= −0.512123 

57.8465 123.6931 124.3828 132.2656 127.0647 

𝐆𝐋 
(𝝈, 𝝆) 

𝜎̂
= 1.448690 

𝜌̂ = 0.819276 - 59.5331 125.0662 125.4730 131.4956 127.5949 

𝐄𝐆 
(𝝇,𝝎) 

𝜁»
= 0.809072 

𝜔̂
= 0.809244 

- 56.3107 118.6215 119.0283 125.0509 121.1403 

EE 
( 𝜽,𝝋 ) 

𝜗̂
= 0.582049 

𝜑̂
= 1.787760 

- 60.4512 126.1225 126.5283 132.5510 128.6412 

GDUS-
E( 𝜺, 𝒍 ) 

𝜀
= 1.584170 

𝑙 = 0.684871 - 56.3838 164.767 174.340 175.340 170.139 

Table 10: PINN with corresponding standard errors (in parentheses) and additional goodness-of-fit statistics for the dataset. 
Model Estimations Log AIC CAIC BIC HQIC 
DUS-
GPQF 𝛼· = 4.38208 𝛽» = 0.03749 

𝛾· = 0.63297 
𝛿» = 0.23410 

-
133.403 

276.807 281.228 287.228 281.025 

DUS-GLF 
(𝜶, 𝜷, 𝜸) 

𝛼̂
= 0.171775 𝛽̂ = 0.249494 𝛾̂ = 2.129720 -

140.207 
286.664 286.414 294.229 290.577 

GLF 
(α,β,γ) 𝛼̂=0.071147 𝛽̂=0.233821 𝛾̂=2.087800 -

140.538 
288.326 288.076 295.891 291.239 

𝐆𝐄𝐆𝐎 
(𝜹, 𝜼, 𝜿) 𝛿̂

= 1.022130 

𝜂̂
= 3.7334
× 102o 

𝜅̂ = 7.677700 
-
144.186 

297.623 297.373 305.189 300.536 

𝐓𝐆𝐏𝐖 
(𝝀, 𝝁, 𝝂) 

𝜆̂
= 3.544750 𝜇̂ = 0.156011 𝜈̂

= −0.840447 
-
146.462 

303.174 302.924 310.739 306.087 

𝐓𝐄𝐄 
(𝝅, 𝜽, 𝝉) 

𝜋̂
= 6.175930 𝜃̂ = 1.100840 𝜏̂

= −0.573680 
-
141.420 

292.839 293.089 300.655 296.002 

𝐆𝐋 
(𝝈, 𝝆) 

𝜎̂
= 3.464230 𝜌̂ = 1.170000 - -

143.094 
293.188 293.312 298.398 295.297 

𝐄𝐆 
(𝝇,𝝎) 

𝜁
= 5.866730 𝜔̂ = 1.136890 - -

142.935 
292.870 292.994 298.081 294.979 

EE 
( 𝜽,𝝋 ) 

𝜗»
= 1.012030 𝜑̂ = 7.677700 - -

144.186 
295.497 295.373 300.583 297.482 

GDUS-E 
( 𝜺, 𝒍 ) 

𝜀
= 7.358260 𝚤̂ = 1.220770 - -

142.506 
292.135 292.012 297.222 294.120 

 
Fig. 9: PINN convergence curves (total loss and its components) for DUS–QH parameter estimation. 
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7. Conclusion and Future Work  

This study develops a new and highly flexible lifetime distribution, termed the DUS-transformed generalized polynomial 
quadratic failure rate distribution. The proposed model is formulated by applying the Dinesh–Umesh–Sanjay (DUS) 
transformation to the generalized polynomial quadratic failure rate (GPQF) baseline distribution, thereby enhancing its 
structural flexibility and extending its capability to model diverse hazard rate behaviors. The given distribution is much more 
flexible in its modeling, yet structural parsimony is maintained, which is of paramount importance in the modern reliability 
and survival analysis. Having a reasonable size parameter dimension, the DUS-GPQF model does not succumb to the over-
parameterization issues that can frequently plague longer lifetime models, yet covers a broad range of data behavior.  

Theoretical exploration of the distribution of DUS-GPQF was thoroughly done and the probability density function, 
cumulative distribution function, hazard rate function, and moments of the distribution as well as inverse moments, entropy 
and incomplete moments, conditional moments, mean residual life and mean inactivity time are explicitly derived. The 
analysis findings indicate that the suggested model is capable of representing increasing, decreasing, and bathtub-shaped 
hazard rate behavior and this shows that the model is appropriate in modeling more complex lifetime effects observed in 
engineering, medical and reliability practice. A large-scale simulation experiment was conducted to measure the inferential 
accuracy of seventeen parameter estimation procedures, taking a variety of accuracy measures including Bias, Mean Squared 
Error (MSE), Mean Relative Error (MRE), maximum absolute difference, average absolute difference and average squared 
absolute error. It is clear that the estimators are consistent based on the result of the simulation as all measures of performance 
change monotonically as the sample size increases. Further, spacing-based estimators especially the MSADE, MSSDE and 
MSLNDE estimators are more often better than the classical maximum likelihood estimation in stability and robustness, 
particularly when the sample size is small and moderate.  

The results obtained can serve as a solid empirical suggestion to the practitioners when fitting the DUS-GPQF model, in 
terms of estimator selection. The viability of the suggested form of distribution was also confirmed by the study of two real-
life datasets on aircraft windshield service time and carbon fiber rupturing stress. The DUS-GPQF distribution in both 
instances has routinely attained the lowest possible values of information criteria (AIC, CAIC, BIC and HQIC), as well as 
better values of goodness-of-fit, and desirable Kolmogorov-Smirnoff statistics, over a number of well-known competing 
models. The graphical diagnostics, fitted PDFs, CDFs, and Q-Q plots also support well the high fitting power of the suggested 
model. These empirical findings prove that DUS-GPQF distribution is a statistically reasonable and practically efficient 
structure in modeling complex lifetime data.  

Although the current research confirms that the DUS-GPQF distribution is a strong and versatile lifetime model, there are 
multiple research opportunities that can be pursued in the future. To improve the inferential strength further, first, Bayesian 
inference procedures of the parameters of the DUS-GPQF with informative and non-informative priors, and Markov chain 
Monte Carlo algorithms, may be established. Second, future studies on the suggested model should include extensions to 
censored, truncated or progressively censored data structures to increase its relevance in survival and reliability research. 
Third, a set of extensions of the DUS-GPQF distribution to regression models could be considered in order to include 
covariate data, thus making it applicable to accelerated failure time and proportional hazard models. Lastly, generalizations 
using multivariate and competing-risks based on DUS transformation is an area that has a lot of potential in terms of future 
methodological enhancement. 

To conclude, it can be said that the DUS-GPQF distribution presents a significant addition to the statistical literature of 
lifetime modeling with both theoretical and practical strengths. It is flexible, has high inferential stability and a good empirical 
record, which makes it a useful addition to the arsenal of applied statisticians and reliability analysts. 
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Appendix 

Survival, cumulative hazard, and hazard functions. Let 𝐹(𝑡; 𝜃) denote the DUS-QH CDF in (6). The survival (reliability) 
function is 

𝑆(𝑡; 𝜃) = 1 − 𝐹(𝑡; 𝜃).		𝑡 > 0.                                                           (43)                

The cumulative hazard is 𝐻(𝑡; 𝜃) = −log 𝑆(𝑡; 𝜃), and the hazard is ℎ(𝑡; 𝜃) = 𝑓(𝑡; 𝜃)/𝑆(𝑡; 𝜃). When the DUS transformation 
is written as 

𝐹(𝑡; 𝜃) = 𝑇p[𝐺!(𝑡; 𝑎; 𝑏; 𝑐)\.                                                           (44)         

where 𝐺! is the baseline GPQFR CDF and 𝑇p(⋅) is the monotone DUS map in (7), then 

𝑆(𝑡; 𝜃) = 1 − 𝑇p(𝐺!(𝑡)).		𝐻(𝑡; 𝜃) = −log[1 − 𝑇p(𝐺!(𝑡))\.                              (45)       

Quantile function and random variate generation. For 𝑢 ∈ (0. 1), the quantile 𝑄(𝑢) solves 𝐹(𝑄(𝑢); 𝜃) = 𝑢. Because 𝑇p is 
strictly increasing, we can invert in two steps: 

𝐺!(𝑄(𝑢); 𝑎; 𝑏; 𝑐) = 𝑇p2*(𝑢).	 hence 	𝑄(𝑢) = 𝐺!2*(𝑇p2*(𝑢)).                               (46)         

For the quadratic-hazard baseline, 𝐺!2*(⋅) has no closed form because the cumulative hazard is cubic in 𝑡; therefore 𝑄(𝑢) is 
obtained numerically (e.g., NewtonRaphson or bisection). This inversion also yields a direct simulation scheme: generate 
𝑈 ∼ Unif(0. 1), compute 𝑣 = 𝑇p2*(𝑈), then set 𝑋 = 𝐺!2*(𝑣). Moments and numerical evaluation. The 𝑟-th raw moment (𝑟 >
0) is 

𝜇>= = 𝐸[𝑋>] = ∫  )
!   𝑡>𝑓(𝑡; 𝜃)𝑑𝑡                                                           (47) 

Closed-form expressions are generally unavailable because 𝑓(𝑡; 𝜃) involves the exponential of a cubic polynomial through 
the baseline hazard; however, moments are well-defined under the condition stated in (15). Using the series representation in 
Section 2.6, write 
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𝑓(𝑡; 𝜃) = ∑  fq! 𝑤f(𝜆)𝑓!(𝑡; 𝑎; 𝑏; 𝑐)[𝐺!(𝑡; 𝑎; 𝑏; 𝑐)]f                                        (48) 

where 𝑓! is the GPQFR density and {𝑤f(𝜆)} are expansion coefficients induced by 𝑇p(⋅). Then, by dominated convergence, 

𝜇>= = ∑  fq!  𝑤f(𝜆) ∫  )
!   𝑡>𝑓!(𝑡)[𝐺!(𝑡)]f𝑑𝑡                                                  (49) 

which can be evaluated accurately via one-dimensional quadrature (Gauss Laguerre or adaptive Simpson) for each 
( 𝑎; 𝑏; 𝑐; 𝜆 ). In applications, the mean and variance are computed numerically from 𝜇*=  and 𝜇"= − (𝜇*= )", and higher moments 
can be used to obtain skewness and kurtosis. 


