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Abstract: In this paper, we establish recurrence relations for single and product moments based on progressively Type-II censored
from three parameters lindley Weibull distribution (LWD) and doubly truncated LWD. Also, we can use it to compute all the means,
variances and covariances of lindley Weibull progressive Type-II censored order statistics.
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1 Introduction

The most common right censoring schemes are Type-I and Type-II censoring, but the traditional Type-I and Type-II
censoring schemes do not have the flexibility of allowing removal of units at points other than the final point of the
experiment. So, a more general censoring scheme called progressive Type-II right censoring is suggested. Under this
general censoring scheme, n units are placed on test. only m are completely observed until failure.At the time of the first
failure, R of the n — 1 surviving units are randomly removed (or censored)from the test. At the time of the next failure, R,
of the n — 2 — Ry surviving units are removed from the test at censored, and so on. Finally, at the time of the m-th failure,
all the remaining R,, =n—R| — R, — ... — R,,_| — m surviving units are censored. The m ordered observed failure times

denoted by X ](fri:’r'l"’R’”) ,Xz(:]:,i:’r'l"’R’”), ...,X,Ef,},‘{,;"R"’) are called progressively Type-II right censored order statistics of size m
from a sample of size n with progressive censoring scheme (Ry, ..., R;,) It is clear that n = m+ Y /" | R;. The special case
when R =R, = ... = R,,_1 = 0 so that R,, = n —m is the case of conventional Type-II right censored sampling. Also
when Ry = R, = ... = R,, = 0, so that m = n, so in this case, the progressively Type-II right censoring scheme reduces
to the case of no censoring (ordinary order statistics). Many authors have discussed inference under progressive Type-
II censored using different lifetime distributions, see for example, [1,2,3,4,5,6,7,8,9] and [10]. A thorough overview
of the subject of progressive censoring and the excellent review article is given in [11]. [12] developed an algorithm to
simulate general, progressively Type-II censored samples from the uniform or any other continuous distribution. The joint
probability density function for progressively Type-II censored sample of size m from a sample of size n is given by, for
details see [13]

m

fxl:m:,,,...‘xm;m;,, (X[ b ----7xm) == Cn,R,,,,l Hf(xl)[l 7F(-xl')]Ri7 (1)
i=1

o0 X <X < L. < Xy < oo,

where

C",qu = I’l(l’l—Rl — ])(H—Rl —R2—2)...(H—R1 —Ry—...—R,_1—m+ ]), 2)
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The probability density function (PDF), cumulative distribution function (CDF), reliability function S(x), and hazard rate
function h(x) of the LWD are given respectively, by

_ B8 b s BB o)

f0) = 0P 0P el -6 (o)), 3
Fx) =1 - expl-8(a)f[1 + 5o (o)), @
S(6) = expl-0(@0P 1 + 5o (@0, ©

and ,
hx) = g—il [oPxP=1 4 P21 ©
[1+ 555 (ax)P] ’

also, the characterizing differential equation given by

_ BO%[aPxPl 4 2PN — F(x)]
B 0+1+6(ax)P ’

From Eq. (2), we see that if @ = 1 and 8 = 1; then LWD reduces to lindley distribution. with parameter 6.

This paper is organized as follows: In Sections (2,3) the recurrence relations for single and product moments of
progressive Type-II censored order statistics from LWD are derived. Finaly, in section 4 is devoted to get recurrence
relations for the single and product moments of progressive Type-II right censored order statistics from the doubly
truncated LWD. In this paper, we derive new recurrence relations satisfied by the single and product moments of the
progressively Type-II censored order statistics from the LWD and doubly truncated LWD. Several authors have been
developed new recurrence relations satisfied by the single and product moments for different distributions. [14] have
established recurrence relations for moments of generalized order statistics within a class of doubly truncated
distributions. [15] have established recurrence relations for single and product moments of order statistics from a
generalized logistic distribution. [16] have established recurrence relations for moments of progressively censored order
statistics from logistic distribution. [17] have established recurrence relations and identities for moments of order
statistics.

) )

2 Recurrence Relations for the Single Moments

Let X = (X1.mn, Xoumms - - s Xmzmen ) be the progressively Type-II censored order statistics of size m from the sample of size
n with censoring scheme (R;,R5, ...R,,) taken from the lindley Weibull distribution whose PDF and CDF are given by (3)
and (4) .The single moments of the progressively Type-II can be written as

a0 G, [ = Fea®
0<x] < <. <Xy <00

X f(x2)[1 = F(x2)]®2 ... f(om)[1 = F ()| R dxy ...dxm.

®)

where
CuR,, , is defined in (2).

The following recurrence relations gives the single moments of progressively Type-II censored are derived on the
basis of the Lindley Weibull distribution .

Theorem 1. For2 <m <n, k,f>0and6 >0,

R R o) (4B) —(0+1)(B0) [n —Ri—1 (R 4+Ry+1.Rsr..r.Re) (k+B)
1:m: - I:m—1:
i g 0+1)po+1] k+p i
)
n—Ri—1 (Ri4Ry+1,R;,....R») (k2B Ri+1 (R .RyRs. . Rn) (k2B
el i T o P e
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Proof. From (8), we have

R JETCDIEENE
JJ0<x <ap <. <xpy <oo

(10)
X f(x2)[1 = F(x2)]® . f () [1 — F(x))Rmdx, ......dxm
By using (7) we get,
”y?l.,Rz ..... Rm)(k) _ CnR l // /‘x2 I(XZ)f(X2)
e T S Jo<x <xo <. <xm<oo JO (11)
x [1 —F(xz)]R2....f(xm)[1 —F(xm)]R'"dxz ..... dxm,
where
X
I(x) = / B[P AP 4 BB — )R dx.
0
Integrating by parts, we get
X 2B
/ K BO2 BB 4 0B 2B1[1 — F(x )+ dx, = PO O KB ()R
0 k+pB
0%aP (R +1) [
POCCRILL) [ 88 a1 — Fey e
k+pB 0 (12)
lmzazﬁ k+2p 14+R,
k+2ﬁ X2 [1 F()Cz)]
BO%a?P (R +1) /'x2 k2B R
_= 1-F ! .
Ki28 b T O[T =F(x1)] dxy
Substituting the above expression into (11) we get (9) .
Theorem 2. For2 <i<m-—1, k,f>0and 6 >0,
”.(RI,RZ,...,R,,I)(H[}) __ —(6+1)(B9) [(n —Ri—Ry—...—R;—1i) (R1yeo Ri+Rig 1+, R ) (KB)
iim:n [%(9+1)ﬁ0+1] k+ﬁ iim—1:n
(mn—Ry—Ry—...—Ri_1 —i+1) (Ry...Rii+Ri+1,..Rn)(k+B)
- K+ B M tim—1n
(mM—=Ri—Ry—...—Ri—1) (Ry,...Ri+Rir +1,.Ro)(k+2
+aﬁ k+2ﬁ l ”i(imiljn AR P (13)
g(M—Ri—Ro— .. —Rio1 —i+1) (R, R +Ri+1,...R) (k+2B)
- k+2ﬁ M 1m—1:n
(Ri+1) (RyRy,..R)(k+2
ol g b )
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Proof. Making use of (7) and (8), yields

aiga Y ~Co, [ [ 65 10) % FG) = PG
0<ap <xp <... <X <X <...<o0

, . 14
Sl )1 = F )l fsn)[1 = Flain)5 (1
X oo f () [1 = F ()| Rmdixy ..dxi_ dxiy 1 ... dXp,
where
Xi
I(Xi—1,%i41) = o K BO% [P xP 1+ oPP P [1 — F ()Rt dx;.
Xi-1
Integrating by parts, we get
po’al g 4R _ K+ 14R;
I(xi-1,%i11) = B Peicer (1= F Q) =227 [T = F )] ]
[39206[3 (Rl—f— 1) i1 k+B R;
+T~/x X; Fxa)[1—F(x;)] " dx;
i—1
15)
Bo*a*f ., v ;
g it 1= F )]0 =221 = F )]
020B(Ri+1) (¥ _
e e I IRt e
Substituting the above expression into (14) we get (13) .
Theorem 3. For2 <m<n, k,>0and6 >0,
u({?l{?z ----- Ra)(k+p) _ __—(0+1)(B6) [*(n —Ri—Ry— ... — Ry —mA+1) (Ry. Ry +Ryt 1) (k)
m:m:n [12,3[;1 (9 + 1)ﬁ9+ 1] k+ﬁ m—1:m—1:n
p(n—Ri—Ro— ...~ Ry1—m+1) (R R, +Rut1)(k+2B) (16)
- k—l—Zﬁ Mo —1m—1mn
Ry +1
o (kl 2[3) e R (425,
Proof. Using (7) and (8), we can write
uati Y = Gy [ el = P x sl = )
1 <X <o <Xy <0
A7)

X f(xm,1 )[1 — F(xm,1 )]R’"’l dxidx;..... dx,_1.

where

I(xp_1) = / x* B0 [P xP1 + a?P P11 — F ()R dix.

m—1
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Integrating by parts, we obtain

6%aP
B Pl )]

I(xmfl) =

ﬁgZ(xﬁ (Rn+1) [ k+P _ R
[ -/xmq X DS () [1 = F ()| doxim
(18)

pora* .,
g e 1= )]

ﬁ@z(xzﬁ (Rn+1) /w k2B R
_ X P f () [1 = F ()] d X
k+2B Y1 ( [ ( )]

Substituting the above expression into (17) we get (16) .

3 Recurrence Relations for the Product Moments

For any continuous distribution, we can write the (i,j)-th product moment of progressively Type-II censored order statistics
are derived on the basis of the Lindley Weibull distribution

(R] aR2~,----,Rm) — (Rl aRZa“'aRm) (R] -,R2-,---~,Rm)
'ui,j:m:n - E[Xi:m:n Xj:m'n ]

xixjf(xl)[l —F(xl)]Rl (19)

Theorem 1.For 1 <i< j<m—1, m<n, f,0>0,

(R1,Rp e Rm) 7(94’1)([39) [H—Rl—Rz—...—Rj—j .(l?],Rz,...,quLRHl+l,..,Rm)(ﬁ)
106+ 1)(1+R))] B i
n—R —Ry—... —Rj;] —Jj+ 1 (R1Rps,Rj 1 +Rj+1,R 1,....Rm)(B)
- ﬁ i,j—1l:m—1:n

'ui,j:m:n

—Ry—...—Rj—j '(RI,RQ ..... Rj+Rjs1+1.Rjy2...Rm)(2B)
Zﬁ i,j:m—1:n (20)
gpn—Ri—Ry—...—R;_ 1 — j+ L (RiRyveiRj  +RA1R 1o sRi) (2B)

- 2[)» i,j—1l:m—1lmn

ﬁlJer (R1,R2,..., Rm)(Zﬁ)]
2[)» i,j:m:n

+aanR1

+a
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Proof
R1,R2, ;R (R1,Ry...Rm) (v (R|,R 0
l(:inllh a ):E[ lﬂ’llnz { jl’rllf’lz )} ]
=CuRr,,_ // /xil(xjflyijrl)
O<X|<x2<...<xj,|<x1-+]<...<xm<oo
R, R . @1)
X fle) [T =F )™ e f e ) [1 = F e )] f (e ) [ = F ()]
X o f () [1 — F(xm)]R'"dxl cedxj1dxjpy.....dxy,
where
Xj+1 _ _ )
I(xj-1.xj1) = / WO+ PP 1 — F ()R ;.
-1
Integrating by parts, we get
I(xj-1,xp01) = 020P [ 11— F )]0 = 1= F ()]
Xjt+1
+6%aP (R 1) [ )1 - Pl
Xj,]
02a2P 5 _ (22)
+ = b = F )] = [ F (o] )
02a?P(R;+1) [ri+1 5 _
= [T [ - P
xj,|
Substituting the above expression into (21) we get (20) .
Theorem 2. For 1 <i<m—1, m<n, f,0>0,
.(RI!RZV"!R))I) — 7(94»1)([39) [7(117R] 7R27"'7Rm*1 7m+1) (RIaRZa---aRm—I+Rm+])(ﬁ)
im:m:n [] 4 9(9+ 1)(1 +Rm)] ﬁ iim—1:m—1:n
B aﬁn—R1 —Ry—...—Ruy—1—m+1 (R Ry..Ry 1+Ru+1)(2B)
2[3 im—1:m—1:n (23)
L+Riyn (R Ry, .R) (2
ol i)
Proof.
Ri,Ry,...Rm R{,Ry,....Rm R1,Rp,....Rm) 1 0
l'Lz(mIn : ) = E[Xt(m]n ){X( 7}1 n2 )} ]
=GR, / / / xil (Xm—1) (24)
O<)r|<...<)rmI <oo
xf(xl)[l 7F(X])]Rl ..... f(xm,])[l —F(xm,l)]R’"*‘dxldxz ..... dxmfl,
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where
H(xp 1) = / X BOX (BB 4 2B 2BV (1 F () FrH .
Xm—1
Integrating by parts, we get
It 1) = —020P P [1—F(x, )] R
+ 02 Ry + 1) / B )1 = F (o)X
Xm—1
(25)
92062[3 2
— b [ Fla)]
020 (R, +1) [~
4 SO ™38 a1 Fon) o
Xm—1
Substituting the above expression into (24) we get (23) .
Theorem 3. For 1 <i< j<m—1, m<n, f,0>0,
p(RURs o) r5B) (9+1Xﬁ9) [H—Rl—Rr<~—Rf—hﬁm&wmﬁ&ﬂﬂwmmmwm
i,j:m:n 0(0+1) i,j:m—1:n
[1+ 28208 (1+R))] s+B
n—Ri—Ry—...—Rj 1 —j+1 (R ,Ryc..hi {+R+ 1R} 1 ,ecsRin) (15 B)
- s+ B My jm—1n
apn—R1—Rz—~r—R —J  (Ri.Rye.Rj+Rj 11+ 1R 2R (15 +2PB)
S—I—Zﬁ 'ul]m Lin (26)
aBn—Rl—Rz—...—Rj71—j+1“(Rl R Rj 1 TR AR 1R (rs+2PB)
S+2ﬁ i,j:m—1:n
L+R; (R Ro,....Ri)(rs+2B)
+aﬁs+2é”ulmrf ” ]
Proof
R1.Rp,.;R) (r: Ri.Ry,...Rp)(r R1,Ry,..Rp
L 2
=C 7// /xflxv, ,Xj
"R 0= <X <o KX X ] < gy <00 il i JH) 27

X fn)[ = F )R o) [ = F (o))
X f(xhq )[1 — F(Xj+1 )]Rj“ ..... f(xm)[l — F(xm)]R’”d)qdxz...dxj,ldxjﬂ Xy,

© 2024 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

8 NS B D. M. A. El-Agoz et al.: Recurrence Relations for Moments of Progressively...

where

10ej-1,x1) = Jo ) B0 (Pl 4 a?PP )1 — F (xRt dx,

Integrating by parts, we get

ﬁ92aﬁ [xS+B
s+p

Ixj—1,%j41) = T L= F ()] —xjt?[l — F(xj_1)]""]

8%aP(R;+1 Nl .
+%ﬁl)/le xfﬁf(xj)[l*F(Xj)]Rdej

50278 (28)

s+2pB

eI = F )] 0 =P = F )]0

ﬁGQO‘Zﬁ(R'-F]) X o .
g L = F

Substituting the above expression into (27) we get (26) .

4 The Doubly Truncated lindley Weibull Distribution

In this section, we present recurrence relations for the single and product moments of progressively type-II censored order
statistics from the doubly truncated lindley weibull distribution. PDF of the doubly truncated LWD is given by:

2
Jilx) = %[aﬁxﬁl + 0P P Nexp[ -0 (ax)P), (29)
0<Qi<x<P, a06,>0 x>0,
where
0

Q="F(01) =1-exp[-0(aQ)][1+ 5= (@01)’],
(30)

P=F(P) = 1 - exp[-0(aP ][I + 5o~ (aP)f].

Here, 1-P is the proportion of right truncation on the LWD and Q is the propotion of the left truncation.Thus CDF of
doubly truncated LWD can be put in the form

() = g lepl-0(a0nPI[1 + g (001)] - expl-6(@0P1-+ g (o)) (1)
So, the characterizing differential equation for this distribution is given by
__ Be? B -1, 26261 1 =P
0= 5 prap @+ = 1 - A 32)

Thus, we can conclude new recurrence relations for the single and product moments of progressively type-II censored
order statistics from the doubly truncated lindley Weibull distribution.
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4.1 Recurrence Relations for the Single Moments based on Truncated Lindley Weibull Distribution
Relation 1. For2<m<n—1 and f,0>0

(RiRo Ru) k) _ _ —(0+1)(B6) 1*P)(H*R171 (Ri+Ry. ., Rm)(k+ﬂ)7anf+ﬁ

m:n - ”:mfznf
' I LR K+

Ri  (Ri—1Ry....Rp)(k+B) aﬁn*lel (R1+Ry,....Rp) (k+2PB) [;anfHﬁ

+ mﬂlzm:nq + K+ 2B My 1:n—1 VTS
Y kflzﬁ l(frl:;l,fez,...,k,,,)(k+zﬁ)) n _kilﬁ_ 1ul(frlljﬁi+l,R3,...,Rm)(k+B) a3
_ ng"’ DY Lt Ri—1 pRIHRLRS o) (2B) ﬁ
k+ B k42B Tlm-ln k+2p
4 ab (1+Ry) (R Ra R i) 42

kJrZﬁ l:m:n

Relation 2. For2<i<m—1 and f,0>0

(R R ) (B) _ —(6+1)(Bo) ( 1—-P )(n —Ri—...— R — iu.(Rl,.i.,R,-+lR,-+l,...,Rm)(k+[3)
iim:n [1 +6§f:;)ﬁ(1 +R,’)] P*Q k+ﬁ iim—1:n
n—Ri—..—Ri—i+l (R Ri 1 R:R 1R (K B) Ri Ry Ri_1,..R)(k+B)
k+ﬁ 'uiflszlznfl k-i—ﬁ'ui:m:n71
n—Ry—...—Ri—1 (R, .R+Ris1,..Rm)(k+2B)
+aﬁ k+2ﬁ l ”i:mlflznfl o
B n —Rl — ... —Ri71 — l+ 1 (Rl,...,R,-,1+R,',R,'+1,...,Rm)(k+2ﬁ)
- k+2B M 1m—1:n—1
(34)
Ri  (Ry,..Ri_1..Rn)(k+2B)y , BW—Ri— ... —Ri— 1 (R, ..Ri+Rit1+1,..Rp)(k+B)
+aﬁk_i_lzﬁl'li:ml:nfl 1 ) k+ﬁ l ”i:mlflzn o
n—Ri—...—Ri 1 —i+1 (Ry,..Ri 1 +Ri-+1Ri1s.Rin) (k+B)
- K+ B M tm—1m
n—Ri—...—Ri—1i (R, . R+Ris1+1,..Rn)(k+2B)
+aB k+2B l l'Li:le:n .
. n—R—...—Ri_1—i+1 (Rp oo Riot 4R+ Ry 1R (k+2B) 4 oB 1+R; .(Rl,...,Rm)(k+2[3)}
k-l—zﬁ i—l:m—1:n k+2ﬁ iim:n
© 2024 NSP
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Relation3. For2<m<n—1 and f,60>0

ur(nl-erl{-ﬁz"“’RM)(Hﬁ) _ —(6+1)(BO) ] _P)[”_Rl — o Rnoi—mmH lu(R"',"’R’”T'JrR’")(Hﬁ)
" 1+ O 0p (1R, PO k+p

R (Ry,...Ru—1)(k+B n—Ri— . =Ry =m+1 (R, Ry +Rn)(k+)

- k+mﬁ "Lr(n:r]n:nfl )( ) +aﬁ k—i-zg 'umill:mil:nlil

_ of_Bm B R (0s26)) n—Ri—...—Ry1—m+]l (R Ry 1+ Rt 1)+ B) (35)

k+2ﬁ mim:n— k+ﬁ m—Lm—=1l:n

pn—Ri— ... —Rp1—m+1 (R R, |+Ru+1)(k+2B)

— kJrZﬁ umflszl:n

+aﬁ1+Rm (Ry,..., Rm)(k+zp)}_

k + 2[3 ,um:m:n

4.2 Recurrence Relations for the Product Moments based on Truncated Lindley Weibull Distribution

Relation 1. For 1 <i<j<m—1m<n and f,60>0

(Ri-Reve ) B) _ —(6+1)(B0) {(1*P)[n*R1 o TR (Ri R R R (B)
i,j:m:n []+9(9+1)(1+Rj)] P—Q ﬁ i,j:m—1n—1
—niRlimiﬁijl7j+1Ni(,ffi'{,ffﬁrﬂjﬂjﬂ ..... Rm)(ﬁ)—’—%“i(j:ln;':;fjl;l ..... Rin)(B)
n—Ri—...—Rj—j ([R...Rji+R;1,..Rn)(2B)
Jra[i J TR
2B i,j:m—1n—1
_aﬁn_Rl_-'-_ijl_j+]M(Rl,...,Rj,1+Rj,Rj+1,...,Rm)(zﬁ)
zﬁ i,j—lim—1:n—1
. (36)
R (R R R)2B), MR =Ry — Ry R R+ Rin) (B)
to zﬁtui,j:m:nfl ]+ ﬁ i,j:m—1:n
n —Ry— ... —Rj 1= j+ 1 (R Rj|+R+1.Rs1..Rin)(B)
ﬁ i,j—1l:m—1:n
n—Ry—...—Rj— ] (R,.Rj+R;j1+1,...R»n)(2B)
+af A
2B i,j:m—1:n
n—Ri—..—Rj_1—j+1 (Ry,..Ri 1 +R;+1.R;+1...Rn)(2B) L+R; (Ry,..Rn)2
— aﬁ 2[3 J M[}jl]:miljln J J+1 + (Xﬁ 2[3 ]ui(’j:lm:” ) ﬁ)}
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Relation 2. For 1 <i<m—1,m<n and f,0>0

(RiRz e n) (B) —(0+1)(B6) {7(17P)[n7R1 — =Ry *mﬁL1”(R|,...,R,,1,|+R,,l)(ﬁ)
im:m:n [1 i 9(9 T 1)(1 +Rm)] P— Q ﬁ im—1:m—1:n—1
Ry (Ry,..Rm—1)(B n—Ri—..—Ruy_1—m+1 (R . Ry +Rn)2B)
- Fnui(,m]:m:rzfl " + aﬁ zﬁm ui,mlflszlzlnfl
Ry (Ry,..Rm—1)(2B n—Ry—..—Ruy_1—m+1 (R . Ry +Ru+1)(B)
7aﬁ£”i(,ml:m:n71 . )] - ﬁ - i,mlfl:mfl:ln (37
B —Ri— ...~ Ry 1—m+1 (Rl..Ry 1 +Rn+1)(2B)
2[3 im—1:m—1:n
L4+Ru (Ry,...R)(2
ol
Remark 1. Setting P= 1 and Q= 0 in Relations (33),(34),(35),(36),(37),we obtain theorems (9),(13),(16),(20),(23).
Remark 2. Setting Ry = R, = .... = R;, = 0, so that m = n in which the case of the progressively Type-II censored order

statistics become the usual order statistics Xj.,,X2.,...,Xum, the relations established for the LWD reduce to the
corresponding recurrence relations based on the usual order statistics.
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