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Abstract: Lorenz knots are the knots corresponding to periodic oibitee flow associated to the Lorenz system. This flow induces
an iterated one-dimensional first-return map whose orbitste represented, using symbolic dynamics, by finite wéksls result of
Thurston’s geometrization theorem, all knots can be diasisas either torus, satellite or hyperbolic knots. Birmad @illiams proved
that all torus knots are Lorenz knots which can be repredédnta class of words with a precise form. We consider aboud@®@rds
corresponding to all non-trivial permutations of a samglevords associated to torus knots and, using the TopologyGemmetry
softwareSnapPy we compute their hyperbolic volume, concluding that itignfficantly different from zero, meaning that all these
knots are hyperbolic. This leads us to conjecture that atskim this family are hyperbolic.
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This paper is dedicated to the memory of Professorto periodic solutions, also have interesting topological
José Sousa Ramos. and geometric properties. The closed (periodic) orbits of
the Lorenz system are callégbrenz knotswhile Lorenz
links are sets of (possibly linked) orbits.

1 Introduction

Lorenz knots

In 1963 Edward Lorenz introduced a simplified nonlinear
model for convection in the atmosphe@ yhich was at
the origin of Chaos Theory and provided an example of
what came to be known as a strange attractor. ddrenz
systemis a three-dimensional flow determined by the
Lorenz equations which, for the original parameters use
by Lorenz, are

Williams [7],[8] introduced theLorenz templateor
knot-holder, which is a branched 2-manifold with
boundary with one joining chart, one splitting chart and
an expanding semi-flow defined on them. Fid.
Jepresents the joining and splitting charts, while Rj.
depicts the Lorenz template built from gluing the bottom
of the joining chart to the top of the splitting chart and the
bottom of the splitting chart to the branches of the joining

! —
x =—10x+ 10y chart. Every Lorenz knot and link can be embedded in the
y =28x—y—xz 1) Lorenz template, a conjecture formulated by Birman and
Z= —§z+ Xy Williams [3] and later proved through the work of Tucker

[9]. Birman and Williams used the Lorenz template to
While initially interest was focused on the study Lorenz knots and links3]. This study was later
nonperiodic solutions of this system and their properties,continued by Birman and Kofmard]. For a review on
it soon became apparent that closed orbits, correspondingorenz knots and links, se8][
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Fig. 1: Joining (left) and splliting (right) charts

Fig. 3: Positive crossing

Fig. 2: The Lorenz template

Lorenz braids

An openn-braid can be informally thought of as a setrof

strings that conneat points in a line (represented at the 1 2 3 4 5 6 7
top in our diagrams) ta points in a (bottom) line parallel . .
to the first, such that (see Fig) each point at the top is Fig. 4: A Lorenz braid

connected to a single point at the bottom, distinct top
points are connected to distinct bottom points and each

string intersects any horizontal plane exactly once. o .
Each opem-braid determines a permutatienwhere ~ €ach subseL or R. These sets can be subdivided into

n-(|) — J |f point | at the top is Connected by a String to Subsetil_, LR, RL and RRlaCCOI‘dIng to the pOSItlon of

point j at the bottom, foi = 1,...,n. There is in general the startpoints and endpoints of each string. An example

an infinite number of-braids corresponing to the same Of @ Lorenz braid with 7 strings, of whicp = 4 arel

permutation which differ in the pattern and number of Strings andj = 3 Rstrings, is shown in Fig.

string crossings. The set of braids om strings can be given a group
Every knot and link is the closure of a (non-unique) Structure. Letoj, i =1,....n—1 be the simple positive

open braid. In the case of Lorenz knots, if the LorenzPraid where the-th string crosses over thiet 1-string.

template is cut open along the dotted lines in Rigeach ~ The inverse ofg is the simple braids;* where thei-th

knot and link on the template can be regarded as thétring crosses under thet 1-string. Thebraid group on

closure of an open braid on the cut-open template. AN strings B is generated by, i =1,...,n—1and itis

braid is callecsimpleif any two strings cross at most once defined by the presentation

and positive if in any crossing, the left string always o

crosses over the right string (Fi@).This definition of Bn=(01,...,0n-1|0i0j = 0j0;, |i— j| = 2

positive crossing follows Birmar3] instead of the usual 0i0i110i = 0i+10i0i+1, i=1,...,n—2)

convention in knot theory. In this figure we adopt the

convention of drawing the overcrossing)(strings as In particular, all Lorenz braids can be expressed as

thicker lines than the undercrossin®)(strings. This  products of these generators.

convention will be used in all braid diagrams in this paper. ~ TheLorenz maps the first-return map induced on the

The open braid associated in this way to the knot or linkbranch line(the horizontal line in Fig2, where the two

is called aLorenz braid([3]). Lorenz braids are simple branches of the joining chart meet) by the semi-flow on

positive braids composed of= p+ g strings, where each the Lorenz template. The branch line can be mapped onto

of the p left (or L) strings crosses over at least one of thethe interval [-1,1]; the resulting Lorenz mag is a

g right (or R) strings, with no crossings between strings in one-dimensional map fronj—1,1] \ {0} onto [—1,1],
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1 of wand a word in the orbit ofv will be generally called
a shift ofw.

Given a finite aperiodic wordv of length n, its
associated Lorenz braid can be constructed as follows:
order the successive shiftsw),s?(w),...,s'(w) = w
lexicographically and let the ordered wordsweg. .., Wn,
such thatv; < ... < wy lexicographically. Associate these
0 words to then startpoints and endpoints of a Lorenz
n—braid. Each string in the braid connects the startpoint
corresponding t&*(w) to the endpoint corresponding to
*1(w). Fig. 6 exemplifies this forw = LRRLR The
permutation associated to the braid is definedtiy = j

if s(wi) =wj, i =1,...,n. The corresponding Lorenz
1 knot is the closure of the braid, as shown in Fig.
-1 0 1 A (finite or infinite) sequenc¥ is calledL-maximalif
Xo =1L and fork > 0, X = L = $(X) < X, and
Fig. 5: Lorenz map R-minimalif Xo = Rand fork > 0, X, = R= X < &¢(X).

An infinite periodic sequencéXp...Xn—1) with least
periodnis L-maximal (resp. R-minimal) if and only if the
) ] o o o finite sequence Xp...X,-10 is L-maximal (resp.
with one discontinuity at 0 and stricly increasing in each R-minimal).
of the subinterval$-1,0[ and]0, 1] (Fig. 5). The braid indexof a (Lorenz) link is the minimum
number of strings necessary to represent it as the closure
) ] of an open braid. It is a knot invariant. Thé numberis
Symbolic dynamics for the Lorenz map the number of syllables (subwords of typ@RP with
_ _ maximal length). The trip number of a Lorenz link is the
Let fl = f o fI=1 be thej-th iterate of the Lorenz map sum of the trip numbers of its components. After an initial
f anf f° be the identity map. We define tfinerary of  conjecture by Birman and Williams3], Franks and

a pointx underf as the symbolic sequenci (x));, j =  Williams [10] proved that the braid index of a Lorenz link
0,1,... where is equal to its trip number. In [3], for each Lorenz knot,
o a braid with minimal numbet) of strings was presented,
Lif f1(x) <0 as a product of generators:
(i1(x))j = 0 if 1(x) =0
Rif f1(x) >0 t-1

1
Azrl(al...ai)“i [ (6-1...0)™"

The itinerary of a point in[—1,1] \ {0} under the = I=t=1

Lorenz map can either be an infinite sequence in thevhereA? is the full-twist int strings, and, denoting by
symbolsL,R or a finite sequence ib,R terminated by a  m the permutation associated with the Lorenz braid, the
single symbol 0 (becaust is undefined ak = 0). The  exponents are

length|X| of a finite sequenc¥ = Xg...X,-10 isn, so it S . . .

can be written as< = Xo...Xx_10. A sequenceX is ni=#{j 7)) — ] =i+ 1A7(]) < 72())}

periodic if X = (Xo...Xp_1)® for somep > 1. If p is the m = #{j 1 j—m(j) =i+ A7) > ()}
least integer for which this holds, themis the (least) This minimal t-braid will be used in computations
period ofX. below.

The space of all finite and infinite sequences can be Thus, each finite aperiodit,R word determines a
ordered in the lexicographic order inducedlby: 0 < R: Lorenz braid and a minimal braid which represent the
givenX,Y € Z, letk be the first index such tha& # Yc. ~ same Lorenz knot (their closures are equivalent).
ThenX <Y if X < YgandY < X otherwise. Given a pair of relatively prime integerp,q, the

The shift map s >\ {0} — 2 is defined as usual by T(p,q) torus knotis (isotopic to) a closed curve on the
S(XoX1...) = X1... (deleting the first symbol). From the surface of an unknotted tord€ that intersects a circle of
definition above, an infinite sequenceis periodiciff  constant latitudep times and a circle of constant
there isp > 1 such thasP(X) = X. We will also define  |ongitudeq times. Birman and Williams3] proved that
the shift operator on finite aperiodic words. Given a every torus knot is a Lorenz knot.
p-periodic  sequence X = (XoX1...Xp-1)® where A satellite knotis defined by taking a nontrivial knot
W = XoX1...Xp-1 is a finite aperiodic word of length,  C (companion) and another nontrivial knBt (pattern)
we define s(XoXi...Xp-1) = Xi...Xp-1X. Then  contained in a solid unknotted tor@isand not contained
S(X) = (Xg... Xp-1X0)® = (S(XoX1...Xp-1))". The in a 3—ball in T; the satellite knot is the image &
sequencey,s(w),....,sP~1(w) will also be called therbit under an homeomorfism that takes the cor& ehtoC.
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LRLRL  LRRLR  RLRLR  RLRRL  RRLRL T(p,q) with p < g only. Lorenz knots corresponding to
orbits in the Lorenz template which are represented by
evenly distributed words in the alphabfdt, R} are torus
knots B]. Also, given a torus knof (p,q) there is an
evenly distributed word witlp symbolsL andqg symbols
R that represents it. There is thus a bijection between
torus knots and cyclic permutation classes of evenly
distributed words. We will call the L-maximal word that
representd (p,q) the standard word wp,q) for T(p,q).
These are also the words generated in the symbolic Farey
tree (see 11]). Let k > 0 be the quotient of the integer

LRLRL LRRLR RLRLR RLRRL  RRLRL division of g by p and O0< r < p the remainder
(g = kp+r). Thenw(p,q) has p syllables:r of type
Fig. 6: Lorenz braid corresponding o= LRRLR LR! and p—r of type LR, evenly distributed. This

aperiodic word is unique for each,q satisfying the
conditions aboved].

Any word resulting from permuting the syllables of
the standard word of (p,q) is aperiodic and therefore
corresponds to a Lorenz knot with the same trip number.
Let n_(w) andngr(w) be the number of letterls andR in
the wordw, respectively. If the wordv resulting from
syllable permutation was not aperiodic there would be a
subwordv of w such thatv = V! for somej > 1, then we
would havep = n.(w) = jn_(v) andq = nr(w) = jnr(Vv)
and p,q wouldn’t be relatively prime. Since any cyclic
permutation of a finite word represents the same knot we
will consider the L-maximal form of all distinct
permutations corresponding to each torus knot.

For example, for the standard word
LRRLRLRRLRLRRLRLRorresponding toT (7,10) the

Fig. 7: Lorenz knot corresponding 1= LRRLR syllable permutations in L-maximal form are
LRRLRRLRRLRLRLRLRLRRLRRLRLRRLRLRLRANd
LRRLRRLRLRLRRLRLR

Hyperbolic knots

A hyperbolic 3-manifolds a 3-manifold with a complete 3 Computational test
Riemannian metric of constant curvature -1. Such a
manifold may be decomposed intmleal hyperbolic
tetrahedra The hyperbolic volumeis the sum of the kg each aperiodic L-maximal word testeg, is the
volumes of these tetrahedra; it is a topological invaridnt o , mber of symbold., q is the number of symbol&, k

the manifold Mé /A knot is called hyperbolic if it anqr are respectively the quotient and remainder of the
complement inS° is a hyperbolic 3-manifold. A knot is integer division of by p.

therefore hyperbolic if the volume of its complement is We first generated, using the CA@axima all the

nonzero. Thurston proved that all knots that are neithek,ords in the alphabel,R satisfying the following
satellite knots nor torus knots are hyperboli§][ Birman conditions: ’

and Kofman f] listed hyperbolic Lorenz knots taken ) .

from a list of the simplest hyperbolic knots. In a previous —P andqare relatively prime

article the authors generated and tested families of Lorenz —P <4

knots that are a generalization of some of those that —2< P < 19and 6< g <100 -
appear in Birman and Kofman’s list and conjectured that —£ach word hap syllables with the formL.R?, with b
the families tested are hyperbolitd]. {k k+1}.

Remarki-or words with 1< p < 4, all the syllable
permutations of each word are equivalent to the standard
2 Torus knots and syllable permutations word (they have the same—maximal form), therefore
they were not included in the test.
As mentioned above, all torus knots are Lorenz knots.  The list of words generated contains 196552 different
Since T(g,p) = T(p,q) we will consider torus knots words. It includes all the evenly distributed (standard)

Description
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words that are known to correspond to torus kriogp, q) [3]1J. Birman, R. Williams, Knotted Periodic Orbits in
with5< p<19and6<q< 100. Dynamical Systems—1: Lorenz Equatiofispol. 22, 47-82
(1983)
The generated words were converted, also using 4] J. Birman, I. Kofman, A New Twist on Lorenz Link3. Topol.
Maximascript, into minimal Birman-Williams braids in a 2,227-248 (2009)
format suitable as input for the Geometry and Topology[5] J. Birman, Lorenz knots. arXiv:1201.0214 [math.GT]
softwareSnapPyThis program was then used to compute  http://arxiv.org/abs/1201.0214

the hyperbolic volume of the complement of the knot [6] E. Lorenz, Deterministic Nonperiodic Flowournal of the
corresponding to each braid. Atmospheric Science), 130-141 (1963)

[71R. Williams, The structure of Lorenz attractors, In: P.
Bernard, T. Ratiu (Eds.);Turbulence Seminar, Berkeley
1976/77 Lecture Notes in Mathematics, Volume 615.

Hardware and software Springer, 1977
[8] R. Williams, The Structure of Lorenz AttractoiRublications

—CPU: Intel Core i7 CPU M620 @2.67GHz Mathématiques de I'.H.E.S0, 73-99 (1979)
—Memory (RAM): 8GB [9] W. Tucker, A Rigorous ODE Solver ans Smale’s 14th
—0OS: Debian GNU/Linux 7.5 (http://www.debian.org/) Problem.Found. Comput. Matt2, 53-117 (2002)
—Maxima 5.27.0 (http://maxima.sourceforge.net/) [10] J. Franks, R. Williams, Braids and the Jones Polynamial
—SnapPy 2.1 (snappy.computop.org) Trans. Amer. Math. So803 97-108 (1987)
—Python 2.7 (http://www.python.org/) [L1]N. Franco, L. Silva, Effective computation of the

multivariable Alexander polinomial of Lorenz linkBhysica
D 237, 3322-3328 (2008)
[12] P. Gomes, N. Franco, L. Silva, Families of hyperbolic

Results Lorenz knots, In: C. Gracio et al. (EdsNonlinear Maps and
p
their Applications Springer Proceedings in Mathematics &
1.The volumes computed bnapPyfor the evenly Statistics, vol. 57. Springer, 2014
distributed words are all less or equal than the volume[13] E. Thurston, Three Dimensional Manifolds, Kleinian
of an ideal regular tetrahedrows(= 1.101494 . .) and Groups and Hyperbolic Geomet&ull. Amer. Math. Soc. (N.

thus less than the minimum volume of a knot S.)6, 357-381 (1982)
complement (23 = 2.02988...) [2]. This is expected,
since the corresponding knots are torus knots
(non-hyperbolic) and therefore the computed volume
should be zero. The small non-zero values can be
attributed to numerical errors.

2.The volumes corresponding to all the other words in
the list are greater than.®L791.. and therefore
greater than the minimum volume of a knot
complement, which can be interpreted as the
corresponding knots being hyperbolic.

Paulo Gomes

is a PhD student
in  Mathematics at the
University of Evora,
Portugal. His research
interests are in the areas of
dynamical systems, symbolic
dynamics and knot theory.

4 Conclusion and conjecture
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