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Abstract: We study the electromagnetic field in this work because we are particularly interested in the gauge sector of
Podolsky's generalized electrodynamics, where higher-order derivatives form. To represent Podolsky's generalized
electrodynamics, canonical quantizations and a lower-order derivatives model are applied. We demonstrate that Podolsky's
model is equivalent to one with reduced-order derivatives. The differential equations for both models should then be
compared. After obtaining the Hamiltonian formulation, we applied this new formula to the Podolsky Generalized
equation. This method is used to construct a combined Riemann-Liouville fractional derivative operator as well as a
fractional variational theory. The fraction variational notion is utilized to build fractional Euler equations and fraction
Hamilton equations. The Hamilton equations of motion are compatible with the Euler-Lagrange equations.

Keywords: Euler Lagrange Equations, Fractional Derivatives, Hamiltonian Formulation, Lagrangian Formulation,

Reduced Order Model.

1 Introduction

Dirac's idea of restricted systems is significant in theoretical
physics, and it is frequently utilized in modern basic
particle physics [1,2,3,4]. By adding the constraints
imposed by the Hessian matrix singularity to the
conventional Hamiltonian and enabling the system to lose
certain degrees of freedom, this approach determines the
consistency requirements. Because first-class constraints
result in gauge transformations that lead to gauge freedom,
it's necessary to provide gauge fixing conditions for each
one, which isn't always easy. Higher-ordered systems
Lagrangians have piqued researchers' interest since they
arise in a wide range of physical issues. Higher order
regularization of quantum gauge field theories and so-
called rigid strings [5, 6], rigid particles [7, 8], a relativistic
particle with curvature and torsion in three-dimensional
space-time [9], and the work of Podolsky [10] and Bopp
[11], who independently proposed generalization of
electrodynamics containing second order derivatives, are
perhaps the most well-known examples.

Green  [12,13] suggested an gauge invariant
supersymmetric theories [14, 15] and the -effective
Lagrangian in gauge theories [16] are two more examples.
Ostrogradski [17] was the first to tackle higher-order

derivative theories, which led to the Euler-Lagrange
equations and Hamilton equations of motion. [18] discusses
how to quantify route integrals in higher-order derivative
systems. Major Hamilton-Jacobi formalism applications,
particularly for higher order derivatives, have been found
[19, 20] .The action function is obtained by solving a set of
Hamilton-Jacobi partial differential equations for both
restricted and unconstrained systems, and it is then utilized
to solve the equations of motion using the WKB
approximation, as detailed in[21, 22]. Some authors
investigated the Hamiltonian formulation of higher order
dynamical systems utilizing Dirac's approach to restricted
dynamics, where Hamiltonian formulation of regular higher
order Lagrangians is created and Ostrogradski's traditional
description of such systems is recovered [23, 24]. In
reference [25] , a breakthrough was made for systems with
higher order derivatives and degenerate coordinates.

A wunique development of systems with higher order
fractional derivatives has been reported in reference
[26,27], which recovers the route integral quantization for
both conservative and non-conservative systems. The
discrete variational approach is used to derive discrete
Euler-Lagrange equations for higher-order Lagrangians and
the associated discrete Hamiltonian in reference[28].The
essential features of the fractional derivative, on the other
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hand, are as follows [29,30,31].

e It imitates all of the ideas and features of an
ordinary derivative, such as the quotient, product,
and chain rules, that aren't satisfied by other
common definitions.

e It has lately piqued the interest of a lot of
academics, and several applications have been
rebuilt using this definition.

e It solves ordinary differential equations and
systems quickly and correctly.

e It's a technique for combining the Lagrange and
Hamiltonian equations into
differential equations modeling.

system ordinary

e It enables the creation of new comparisons and
applications.

As a consequence, we recreate the Podolsky field in this
work using the fractional derivative, which the authors
utilized in equation modeling, and then apply the
Generalized fractional derivative to generate Hamiltonian
equations for this system. In actuality, solving the new
fractional derivatives equations is more difficult. As a
result, we've proposed a new generalized solution approach
for these equations. These formulae have been generalized
in continuous systems to operate with second-order
derivatives. This method is used to address the Podolsky
problem in generalized electrodynamics.
The main goal of this paper is to introduce an auxiliary
massive vector field B, lower the order of the derivatives
in Podolsky's generalized electrodynamics, and investigate
quantization of the resulting model. The dynamical
development is shown to occur in a phase space with two
first-class and two second-class constraints, for a total of
five degrees of freedom, which is the same as in a typical
higher order model.
The remainder of the article is arranged as follows: The
definitions of fractional derivatives are briefly discussed in
Section 2. The fractional structure of the Euler-Lagrangian
equation is discussed in Section 3. The equations of motion
in terms of fractional Hamiltonian density are discussed in
Section 4. One illustrative example is examined in Section
5. The Euler-Lagrange equations are then used to obtain
fractional Podolsky equations in section 6. In Section 7, we
show that Podolsky’s model is equivalent to a reduced
order derivatives one. The article ends with some final
conclusions (Section8).

2 Definitions and properties of Fractional
derivative of Riemann-Liouville

Some of the basic concepts used in this work are briefly
presented in this section of the study. The fractional
derivatives of the Riemann-Liouville left and right are
defined as follows:

The fractional derivative left of Riemann-Liouville:

1 d\" *
DR f(x) = T(n—a) (@) L (x
- )" (Ddr. (1)

The right Riemann- Liouville fractional derivative

1 d\" r*
10~ |
X bf(x) F(n_a) dx " (T
— )" f(T)d. (2)
where I' denotes the Gamma function, and « is the order

of the derivative such that n— 1< a< n. If a is an
integer, these derivatives are defined in the usual sense, i.e.

D2FG = () £ 3
Difw=(2) f©  a=12. @

3 The Euler-Lagrangian Formula in fraction
form with Podolsky's Generalized Equation.

In the Lagrangian, the dynamics of a physical system are
encoded as a function of the positions and velocity of all
the degrees of freedom comprising the system. One
considers paths in the configuration space to extract the
dynamics. The position and velocity at each time and also
the value of the Lagrangian are determined for a given
direction. The continuous structure of Lagrangian density
denoted by the dynamic field variables, generalized
coordinate 1, and its second-order derivatives, generalized

Velocitiesquf def Y, (x, t)defined as

L

_ | e DS, DI, (), -
oD, DE W,(x,0), 2, Df . DY, (x,1)

For this Lagrangian density, the Euler-Lagrange equation

can be given as a fractional form.
aL aL aL

+ +
0y 9 aDZPp(x,t) 0, DI, (x,1)
oL oL

* d aD)(cZ# anglpp (x,t) * aqufngfll)p (x,t)
=0 (6)
Using the variational principle, we can write:
8S = [6L d*x=0 @)

Using Eq. (5), the variation of £ is:
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6L

oL

oL

oL

_l_ —_—
9 D%, (x, 1)

= B
3, D5, (x,t)

8 D&, (x, ) +

8, D5, (x, t) + d

oL

9 D%, DL P, (x,0)

8 D%, D&, (x, ) +

1)
| 0,08« Dy, )

2, Db x,Dh W, (e, )

3x (8)

Substituting Eq. (6) into Eq. (7), and using the following
commutation relation

6 D&, (x, ) =

we get,

0L

aw, Y

oL

. L
» 79 D2 P, (x,0)
oL

+ —_—
f 05, Db, (x, )

oDE, 59, (x, t)}
85, D5, (x,t) = D 6, (x, )

6 oDE, DS W, (0, 1) = oDE, D 5P, (x, t)}
8,08 %, DhW,(x,t) = 1, Df x D 6, (x, )

8 D2 P, (x, )

8, DE,(x, )

oL

+
9 D%, D2 p,(x, )

8 D2, D& P, (x, 1) +

| 0
=0

Xu~b Xa"b

Integrating by parts the second and the third and the fourth

B nB
Dy x,Dp 0,¥,(x,t)

8,05 x, Db (2, )

9

(10)

d*x

1)

and the fifth terms in Eq. (11), this lead to Euler —

Lagrange equations.

B

- - D —
0P, K9 DI P, (x,0)

xu“p T 5. . <
“0 0, DI, (x, )

aL

aL

oL

+ oD, DS

B nB

+
70 DE, oDEW,(x,1)

oL

%, Pp

D
9, D DE,(x,0)

Xu~b Xa"b

=0

(12)

As a special case, taking o,u= 0,i. the Euler — Lagrange
reduce to the original relations like:

oL . oL
0P, 79 DEP,(xt)
5 oL oL
_ D ——
"9 DEp,(x 1) 10 oD, (x, )
oL
wDf ———
9. DEW, (1)
oL
a a +
9 oDf Dy Ipp(x; t)
oL
9 DY DLW, (x,t)

+ oDE oD e +
GHETG D DEPY,H(x, 1)

Xi Xi
P 9, D Dy, (x, 1)

Xi~b Xi”b
=0 (13)
Other motion equations are derived from the variables of
the other fields (¢p and A4; ), using the Euler-Lagrange

theorem, as follows:

t

+ oD o D¢

.Df .pf

oL oL oL
= WD e — D
op T IDfe o, D
oDEDE—2E 4 pp pp O
|0 DE DEG TP g, pE DEg
=0 (14)
oL oL oL
a1~ WD~ D
04; “' 9 DA, ‘9 ,DEA;
+ D& D& oL +.DP _DF oL
| YT 9. DF DEA; TP 5 DF L DE A,
=0 (15)
4 New Derivatives with Fractional

Hamiltonian Formulation Using Podolsky's
Generalized Equation

The Lagrangian of the classical field containing fractional
partial derivatives, is in the form

L

Yy, DLW, 1), 2, D, (2,)
oDE, DL P, (x, 1),
%, Db x, D5 W, )

=L (16)

Eq. (16) can be written as follows: (i, 0 = 0,1i), we get:
L =

1I)p' aDézlpp' aD)lcinIJp' athalppr

(7)
aDEZ aDgIIJp: aD)[cli aDEIIIJp' aDJ‘cli aDgi‘pp'

We introduce the generalized momenta as [17]:
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oL
0 oDf,(x,t)

g

R e I

SN

L
= (19)

9 DE* Py (x, )

In many cases, we take rrll? =0 and ”l% = 0 because we
define (in the Lagrangian density and the Hamiltonian

density) the time derivative in the right side as

a 2a 1 — oL —
DY, and DY, so  that m, = 3 DFUGD

« aL _ 5 _ aL
oDt [a aDtZ"‘lpp(x,t)] =0, and g = 3 WDE%Pp(xt)
0,Therefore take T[é =0 and ”l% = 0 .Thus, the
Hamiltonian reads as :
H = 1 DY, (x, ) + 17 oD%, (x,t)

1I}p' aDglpp' aDJ(cZL-II)p: athalpp'

—L aDtgx anllpp' (20)

aD¢ aDEPy, oDx; oD Wy

When we calculate the Hamiltonian's total differential, we
get
dH

dny DfP, + mhd DiP, +
dﬂ.’é aDéz aDglpp + nad Dt aDéxlpp

+d71',3, anl aDg aDéZ‘pp - dlpp -

aL
P,

oL d D¥
7.0rw, e

o, Do
— aaD](Cxi‘pp e (21)

0L, pe D&Y
3 (DF D, “TH TP

oL
0 aD éx aD)[clrII}p
oL
0 oDF, oD,
oL
0 D¢ DY,
By substltutmg the conjugate momenta Values we get

d aDél aDJ‘cxill}p -

d oDy; DEYPp —

d ,DE D,

dH
_ AL }
anzll)p d ntll + aDg aDglldenft - Wdlpp
P
aL
9 ,DiY, DY,
= a—Ld D¢ DEy
B a aDJ‘cxi aD)(cZTII)p GrraTmTe
aL
d aD)(cli aDézlpp
aL
i 0 oD%, JDEY,
This means that, the Hamiltonian is a function of the form
H=
T'-'(%u Tl'é, Ippi aD)(cZilppi aDéz aD)[clrlpp'
aD)[cli aDEIIIJp' aDJ‘cli aD;?ﬂI)p,
The total differential of the Hamiltonian, therefore, takes
the form of

D)‘Cxitl}p -
(22)
d aD)?i aDglpp -

d oS, oD, -

(23)

dH
[ 1 2
Sepdml + S dmd + i, +
a o a a
aaoxw dalxthy + 9 D, Dy 4 oD DY,
N % __ 4 pa pe (24)
5 o0 apiy, & @DE @ %W t
OH (24 a
3 D% DEUy Da%d aDx; D2 W)

We get the Hamllton equations of motion by comparing

(22) and (24),
0 oL
au;,,‘ Y,
o0H
i = DfY, (25)
oH s
ﬁ: DY,

The equation (25) is rewritable with the Euler Lagrange and

this is the form of the equation.
oH

— = —m + i —
atpp
e rn M e
oH oL (26)
0 DL D&, 0 ,DE DI,
oH oL

0 Df DEW, 9 Dff DEP,
oK _ oL
0 aDJ?i aDJ‘clilpp 0 aD)(cZL- aDJ?iIIJp
We can re-write Eq(26) using the field variables (4, 4;)so
that we get
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£ =\ o00

o0H E, =04, —
- DO( 1 D wv uetv
A, + DM - 3,4, (30)
and an is a variable-length argument. The Greek indices
aDX; 6( DA ) 6( DA ) run from 0 to 3, and we use the Minkowski metric (+, —, —,
or %70 570 —).This is a simple Lagrangian, with just the second-order
— D¢ + D23 — derivative term proportional to the parameter serving as a
aAi roundabout. In reality, because Podolsky's term is entirely
oL @27) reliant on Ay through the combination F, v the model
aDx 6( Dxl A ) a Xl 6( DL A; ) exhibits the same gauge invariance as ordinary
oK electrodynamics. That is, Eq.(29) remains constant during
Froee DEA, the transition.
aZ; 8A, = D& A (31)
— = DfA; when it comes to a particular function (x). Cuzinatto and de
omy Melo [33] demonstrated that if one requires invariance
6_57'[ — pzag under Eq. (31) and allows for a second order derivatives
oml — a7t 70 Lagrangian with suitable assumptions, then Eq.(31) may be
oK . obtained by following Utiyama's program [34].
oz oDt A; So, we can write the Lagrangian (29) as:
2 — _lp rpoi _ 2777 500y2 _ 0iy2
Expand 7}, %, with the equation taking the form L= 2 FoiF™ = a®[(0,F™)" = (9, F*)7] (32)
of (7r11, w3,k n'%) respectively, we get: In Riemann - Liouville fractional form we use these
relations for rewriting the Podolsky Lagrangian density :
Fy = oDy, Ay — oDy, A
9 o1 200,21 [ !:1// v xa !:1.] (33)
m:_aDtﬂl—}_aDt 11%) F*¥ = DJuA DA
O0q = = D"‘, Dy
— D¢ 6—L + D2« 6—L ¢ ¢ ax,u. (a at ¢ x;) (34)
al’xj 6( aD%iAo) avxj 6( aD%iAO)_ 0% = aDyn = (aDt ,— ani)
aH E.F L
A aDgT[% + aD%aT[%
' . = 2[uDg, 4, (DAY
— D¢ o + D2« o (28) a
D% |aTogay| T P |aTgan)] WD, Ay (D% 4| (35)
oH _ A= (A
al_ DgAO [ (¢ 2 (36)
OH _DEA, a=(¢,—A)
omz a7t using definition of left Riemann — Liouville fractional
a}[ _ DA derivative, the fractional electromagnetic lagrangian density
oni — art 70 formulation takes the form :
6 DZaA L
o 1[(DFA)" = 2 DEA; (DS
The above equations describe the form of Hamiltonian — _ —|\@7t“% aDi' Ai oDz, P
equations, with regard to field variables(4y,4;) and 2 +( aD,‘j‘igb)z
fractl.onal. derlvatlyes of Lagranglan. Equatlons .(29). is the [ DE DA — D& D@ ¢]2
Hamiltonian equation using the fractionary derivatives of _ avx; a@t L art avxg (37)
Riemann—LiouVillcj:. a —1 is taken, we obtain the classical —[ aDf DEA; — DE aDg‘(p]z
integer case equations[32].
. Equations of motion, using Euler- Lagrange Eq.(14), by
5 Illustrative Examples taking the derivative with respect to ¢ , we get:
E,(;(::,)ISky's Generalized Electrodynamics in fractional [1 n 2a2( aD;‘fi)z] aDJ‘cXi[aD @ DEA, — (DE JD% ¢]
The most general form of Lagrangian density for a four- = 0 (38)
tor field is gi the so-called Podolsky L i
ngs(i)try Eg ;d] is given by the so-called Podolsky Lagrangian Now use the general formula (15) for the other field
1 variable A*. to get other motion equations.
— 2 2
Liw=— ZE‘VFW_ a9, F**9°F,, (29) [1+2a2(aDta)2] anz[an?i _DIA,
Where Df aD%9] =0 (39)
© 2022 NSP
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Adding equations (35) and (36) to get

1+2a2 (D) = (aD)°)
[ aDg + aDJ?i] [ aDJ‘cXid) - aDgAi]

=0 (40)

This is the second non-homogeneous fractional equation.
If a goes to 1,then Eq. (38) and (39) become:
[1+2a(35 — 0919, + 0:]Fio
=0 (41)
or equivalently

[1+ a%0,0%]0,F, =0 (42)

The sign 0,0* represents the D'Alembertian operator,

which is ] in this case. It's worth noting that the equations
of motion are invariant under a variety of circumstances
Eq.(31). Podolsky's expanded version of Maxwell
equations, incorporating Gauss' rule for v = 0 and the
Maxwell-Ampere equation for spatial values of the index,
may be thought of as Eq.(42). Because the Maxwell
equations are definitional rather than kinematic equations,
the second half of the equations remains the same Eq.(30).
As can be shown, the duality symmetry between electric
and magnetic forces is violated for Eq.(42). As indicated in
Section 1, a detailed account is available. The subject is
covered in [35].

The model (29) clearly represents a well-defined generic
situation. In the limit a-» 0, electrodynamics reproduces
conventional Maxwell's theory. As a result, the gauge field
obtains a new 1/a mass in a gauge invariant fashion, in
addition to the normal massless mode, as can be shown
from the equations of motion. However, we point out that
the limit a -» 0, is not continuous in terms of the model's
degrees of freedom because it involves an abrupt shift in
the theory's constraint structure. We are obliged to deal
with a vector particle with two potential mass excitations
corresponding to the zero and 1/a poles of the propagator if
we fix a gauge and directly quantize model (29). An
alternate view, which will be presented in the next section,
is to think of these two enormous models as belonging to
two different fields.

Now we want to derive Eq.(32) using the Hamiltonian
density equations of motion. First we determine 71,

2,3 and w1 using Eqs.(28):

) oL d [
my = -—
P 0(uDIP)  dt|0(aDE%P)
oL d oL
7.[12 = a Ty 2a
(DA dt|0(Di*A)
= aDéxAi - aDélAO
: oL 0 (42)
My = — =
© 9(oDE%P)
2 oL 2a® .DfF;
i = ————=—2a?
27 3(DFA) ‘
= —2a?| [DE*A; — D JDELA|
The primary constraints are:
=0 (43)
=0 (44)

Then, using Eq.(20), the Hamiltonian density can be written
as:
H

(n)* +m? aD;[cZLAo + (7'[2)2

= —a2[ JDEmE DI mE D“ F"‘ «DE, FH]

+— [2 D& DE + DE FH — ,DE FU|

1 ik
+ 7 F, . F (45)
By taking the derivative with respect to(t?, 2, Ag, A;),

using the Hamiltonian Eq. (28), we get:

a 0H 2
aD'Ao = a_nf =Ty
+ oDx; 4o (46)
oH 1
oDE*A; = Pre i n3)?
+ oDf oDri¢ (47)
oH
- = — D¢ 1_|_ DZ(X 1 _ D&
6A0 alt T alt M3 a-xj a( DXIAO)

aDx;Fio + 2a? an;i“Fl-o

oD [6( D“Ao)]

(48)
0H
0A;
DET? + D3¢ D% 0L
T[ T[ N
t' t 2 Xj a( aD)O((iAi)
+ D3¢ 49
avxj [a( DQ‘IA )] ( )
= - aD::x[ aDgiAO - aDgAi]
- 2a2 aD?a[ aD)O(‘iAO - aD?Ai]
=0 (50)

If o = 1, then Eq. (48) and Eq. (50) respectively give:
[1 + Zaz alz]alFlo =0
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[1+ 2a203]0,F;, =0
Or

2 2
[1+2a2 ((aDF)" = (02)")| [aDE + uD5]
[aD)[cZid) - aDfoAi]
=0 (51)
The equation above is exactly the same as the equation
obtained in fractional form by Eq. (51). By considering o =
1, we get:
[1+ a%0,0¢]0,F, =0 (52)
The fourth-order motion equations are as follows. The
result in Eq.(52) is identical to the result in[32, 33].

7 Reduced-Orders Fractional Podolsk Model

To investigate the model's temporal evolution and continue
quantization, we must first write down the appropriate
Hamiltonian in phase space. The Lagrangian Eq.(29) is
unique due to gauge invariance, resulting in a restricted
Hamiltonian system. A rudimentary constraint structure
analysis was conducted in [36], and it was revisited in [38],
which needed canonical momenta conjugated to both A,
and its time derivative ,DfA,. We offer an alternate
method of lowering the derivatives order of Eq.(29) first by
adding an auxiliary vector field B,, which avoids the
requirement to consider A4, and ,D{A, as independent

fields. we write down the Lagrangian density
L

1
- Z [ aD)(cZ#Av aD;(P—AV - aDJ(clp_Av aD;:VAH] -

2 (53)
a
= [B.B] +a? | D2, B, (D&A” — (DS A]

Consider the reduced-order action [ d*x £ that corresponds

to it. The reduced action is gauge invariant in the same way
that (7) is.

8A, = DI A 8B,

=0 (54)
The modification of this reduced-order action with regard
to the fields A, and B, gives rise to the coupled equations

of motion.

0 58
=5 "
[aDJ?# an#TIW - aD;‘cxﬂ aD::"] [Ali
—a’B,] (55)
And
0 5
=55, "
a?[ D& (DA® — DEAH)
- B,] (56)

This is an analogous system of eight second-order linear
partial differential equations on fields A, and B, to the four
fourth-order ones Eq.(6) on the field A,. If we replace the
relation B* = ,D& ( ,DfuA® — ,D%A*) from the second
set above into the first set (9) to reconstruct the basic
system, we can see this immediately.

Another straight forward way of looking at it is as follows:

[ aDJ(cxp_ an#UW -
Diu aD;(lv] A,. Eq.(52). On the one hand, the fourth-order
set (6) is clearly analogous to the second-order set.

Begin by defining the auxiliary field

[1+
a? D, D] B*=0 (57)
And
—B¥ = IiaD)(cx‘u a gﬂ’?’w
— DS D% A, (58)

On the other hand, Eq. (58) is nothing more than Eq.(56)
when Eq.(57) is subtracted from Eq.(57) and aD,‘j‘u B*=0is

assumed Eq.(55).

As a result, the two partial differential equations systems
are equal. Furthermore, we see that the auxiliary field B is
divergenceless and obeys the Klein-Gordon equation
Eq.(57) with mass 1/a from a physical standpoint. While
the 1/a mass vector excitations have been transferred to the
B field, we can confidently assert that the A field remains
massless. It's worth noting that a duality relationship
between the Podolsky and Proca models including changes
in the mass term sign was recently discovered in [37].

8 Conclusions

Finding new formalisms in the realm of restricted systems
allows us to evaluate an issue using a variety of approaches
and select the most suited one. After reducing the order of
the derivatives in Podolsky's generalized electrodynamics,
we quantized the resulting model. The dynamical evolution
was shown to occur in a phase space with two first-class
and two second-class constraints, similar to a higher-order
model.

We investigated the Podolsky electrodynamics system for
continuous systems with second order derivatives in depth
using the innovative formalism presented in form
fractional. We used fractional derivatives from Riemann-
Liouville and we presented Hamilton's equations to
construct Lagrangian and Hamiltonic formulations for
second order continuous systems. An essential example is
given to illustrate the new formula. The results of the Euler-
Lagrange formula are similar. For n — 1, our results would
be similar to those obtained in [20, 32, 36].
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