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Abstract: In this paper two forms of bivariate distributions are proposed, namely, the Bivariate General Exponential Farlie-Gumbel-

Morgenstern (BGE-FGM) form and the Bivariate General Inverse Exponential Farlie-Gumbel-Morgenstern (BGI-FGM) form. Explicit

general expressions for the stress-strength reliability R = P(X2 < X1) are obtained, when both the random strength X1 and the random

stress X2 are dependent with either BGE-FGM form or BGI-FG form. Also a characterization of the marginal of the bivariate forms is

presented associated with R. Three estimators as well as a Bayesian estimator of R are derived. The bivariate Weibull and the bivariate

Burr type III FGM distributions are studied as special cases of the bivariate BGE-FGM and the BGI-FGM forms, respectively. A

simulation study is carried out to detect the performance of the estimators obtained. Also a real life data example is presented as a

practical example of the proposed models.

Keywords: Farlie- Gumbel- Morgenstern bivariate distribution; general exponential form; general inverse exponential form; Stress—

Strength reliability; maximum likelihood estimator; MCMC methods.

1 Introduction

In the reliability literature, the stress-strength term mainly refers to a component which has a random strength X1 and is
exposed to a random stress X2. The component works only whenever X2 < X1. Thus, R = P(X2 < X1) is a measure of
component reliability, which is commonly referred to as the “stress-strength reliability parameter”. However, X1 and X2

do not necessarily always represent the strength of a component and the stress imposed on it, they may represent other
variables of interest, for example the effectiveness of two different treatments on a certain disease. In this case R measures
which treatment is more effective. The stress-strength models have been widely used in physics and engineering, and are
spread across different disciplines, such as quality control, genetics, psychology and economics.

Many authors have estimated R when X1 and X2 are independent variables belonging to the same univariate family of
distributions. Kotz et al. [1] presented a review of almost all methods and results on the stress-strength model, up to year
2003. Mokhlis [2] discussed the stress-strength reliability, R, when X1 and X2 are independent, not identically, Burr type
III distributed. Rezaei et al. [3] considered the estimation of R when X1 and X2 are independent with the generalized Pareto
distribution with different parameters. Wong [4] studied the interval estimation of R when X1 and X2 have independent
generalized Pareto distributions with a common scale parameter. Akgül et al. [5] considered the estimation of R, based on
ranked set sampling data in the case of the Lindley distribution. Mokhlis et al. [6] obtained a general form for R, when the
distributions of the stress and the strength are non-identical and independent with either the general exponential form

F (x;α,β ) = 1− e−αg1(x,β ); a < x < b , α > 0,β > 0, (1)

where g1(x,β ) is any continuous, monotone increasing and differential function of x and β , not depending on α , such that
limx→a+ g1 (x,β ) = 0, and limx→b− g1 (x,β ) = ∞,
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or the general inverse exponential form

F (x;α,β ) = e−αg2(x,β ); a < x < b , α > 0,β > 0, (2)

where g2(x,β ) is any continuous, monotone decreasing and differentiable function of x and β , not depending on α , such
that limx→a+ g2 (x,β ) = ∞, and limx→b− g2 (x,β ) = 0. It is to be noticed that Gurvich et al. [7] considered the form in
(1) as a class of extended Weibull distribution.

Note that the definitions (1) and (2) hold for a = 0, b = ∞, and also for any real value of the parameter β and β could
be a vector parameter. The importance of models (1) and (2) lies in the fact that many statistical distributions are
obtained by selecting the appropriate form of gi (x,β ) , i = 1,2 and the appropriate parameters. Some examples of

statistical distributions that follow model (1) are: Burr XII, with g1 (x,β ) = ln
(
1+ xβ

)
, Pareto with g1 (x,β ) = ln

(
x
β

)
,

and Weibull with g1 (x,β ) = xβ , see Santos et al. [8]. Some examples of the statistical distributions that follow model (2)

are: Burr III, with g2 (x,β ) = ln
(
1+ x−β

)
, inverse Weibull with g2 (x,β ) = x−β , and generalized exponential

with g2 (x,β ) =−ln
(
1− e−β x

)
, for more details see [6].

Nadrajah [9] considered the estimation of when X1 and X2 have a bivariate gamma distribution, Mokhlis [10]
considered the estimation of R for a system consisting of two parallel components under four different stress models, and
the strengths of the components have a Friday and Patial bivariate exponential distribution. Nadarajah and Kotz [11]
studied the estimation of R when X1 and X2 have a bivariate exponential distribution. Domma and Giordano [12]
considered the problem of evaluating R when X1 and X2 are dependent considering the association between X1 and X2 via
a copula-based approach. Also, Abdel-Hamid [13] considered the problem of estimation of R when the vector (X1, X2)
follows some general bivariate distribution.

In the present paper we propose two forms of the bivariate Farlie-Gumbel-Morgenstern (FGM) distributions, which
we call: the Bivariate General Exponential FGM (BGE- FGM) form, and the Bivariate General inverse Exponential FGM
(BGI-FGM) form. We obtain explicit general expressions for R, when the vector (X1, X2 ) has either BGE- FGM form
or BGI-FGM form. A characterization of the marginal distribution associated with R, is presented for both forms. Four
different estimators are obtained for R.

In Section 2, the proposed models are introduced .In Section 3, explicit expressions of R are obtained for the proposed
BGE-FGM or BGI- FGM forms. Estimation of R is introduced in Section 4. As an illustration of the results of Sections 3
and 4, the results of a simulation study using the bivariate Weibull FGM and the bivariate burr III FGM distributions are
given in Section 5. A real life data example is also introduced in Section 5. Finally, the paper is concluded in Section 6.

2 The Proposed models

Let X1 and X2 be continuous, non-negative and dependent random variables, with continuous marginal distribution
functions FX1

(.) and FX2
(.) respectively. Using the one parameter Farlie-Gumbel-Morgenstern copula function, with

association parameter θ , −1 ≤ θ ≤ 1, the joint distribution function and the joint density function of X1 and X2 are
given respectively by

FX1,X2
(x1,x2) = FX1

(x1)FX2
(x2){1+θ (1−FX1

(x1))(1−FX2
(x2))} ; x1,x2 > 0 (3)

and
fX1,X2

(x1,x2) = fX1
(x1) fX2

(x2){1+θ (1− 2FX1
(x1))(1− 2FX2

(x2))} ;x1,x2 > 0 (4)

where fX1
(x1) and fX2

(x2) are the marginal density functions of X1 and X2 respectively.
Since the Kendall’s tau coefficient is

τ =
2θ

9
(5)

and −1 ≤ θ ≤ 1, so −0.222≤ τ ≤ 0.222. This means that FGM copula describes a weak dependence between X1 and X2.
In practical life weak dependence may exist between variables such as in hydrology problems, the rainfall intensity X1 and
the rainfall depth X2 are weakly associated, see Long and Krzysztofowicz [14]. Also in the medical field the recurrence
times of some diseases have weak dependence.
Suppose that the vector (X1, X2) has a bivariate FGM distribution in (3), with FX1

(.) and FX2
(.) having either the general

exponential form given in (1) or the general inverse exponential form given in (2) with parameters (α1,β ) and
(α2,β ) respectively. Then (X1, X2) is said to have BGE-FGM form with distribution function

FX1,X2
(x1,x2) =

(
1− e−α1g1(x1,β )

)(
1− e−α2g1(x2,β )

){
1+θe−α1g1(x1,β )−α2g1(x2,β )

}
(6)

c© 2020 NSP

Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lett. 7, No. 3, 141-150 (2020) / www.naturalspublishing.com/Journals.asp 143

On the other hand suppose that the marginal distributions have the general inverse exponential form given by (2) with
parameters (α1,β ) and (α2,β ) respectively, then (X1, X2) is said to have BGI-FGM form with distribution function given
by

FX1,X2
(x1,x2) = e−α1g2(x1,β )−α2g2(x2,β )

{
1+θ

(
1− e−α1g2(x1,β )

)(
1− e−α2g2(x2,β )

)}
. (7)

The joint density function for either forms is

fX1,X2
(x1,x2) = α1α2e−α1gr(x1,β )−α2gr(x2,β )g′r (x1,β )g′r (x2,β )

{
1+θ

(
1− 2e−α1gr(x1,β )

)(
1− 2e−α2gr(x2,β )

)}
; (8)

where g′r (.,β ) is the first derivative of gr (.,β ) with respect to x, and r = 1,2 for BGE-FGM and BGI-FGM respectively.

3 Stress-Strength Reliability

Suppose that (X1,X2) has FGM distribution in (3), then the stress-strength reliability parameter is given by

R = P(X2 < X1) =

∫ ∞

0

∫ x

0
fX1,X2

(x,y)dydx. (9)

Using (4), we get
R = R1 +θ (R1 + 2I),

where

I =

∫ ∞

0

∫ x

0

(
FX1

(x)(2FX2
(y)− 1)−FX2

(y)
)

fX1
(x) fX2

(y)dydx

and

R1 =

∫ ∞

0

∫ x

0
fX1

(x) fX2
(y)dydx.

Clearly R1 is the stress-strength reliability when X1 and X2 are independent. (i.e., when θ = 0).
Explicit expressions for R are obtained by Theorems 1 and 2, when (X1,X2) has bivariate distribution with BGE-FGM
and BGI-FGM respectively. Theorems 1 and 2 present characterizations of the marginal distributions of the BGE-FGM
and BGI-FGM associated with R.
Theorem 1 Let (X1,X2) be a bivariate vector having FGM distribution in (3) with marginal distribution functions
FX1

(.), and FX2
(.) respectively. Then the stress-strength reliability, R, is given by

R = P(X2 < X1) =
α2

α1 +α2

{
1+θ

α1 (α2 −α1)

(α1 + 2α2) (2α1 +α2)

}
, (10)

if and only if the marginal distribution functions are

FXi
(xi) = 1− e−αig1(xi,β ); i = 1,2, (11)

where αi,β > 0 ; i = 1,2; g1 (xi,β ) is continuous, monotone increasing and differentiable function, such
that limxi→0 g1 (xi,β ) = 0, and limxi→∞ g1 (xi,β ) = ∞, i = 1, 2.
Proof: If (X1,X2) have marginal distribution functions given by (11), then (X1,X2) will have a BGE-FGM form as in (6)
and joint probability density function given by (8). Using (8) in (9) we get (10). Putting θ = 0 in (10), we get R = R1 =

α2
α1+α2

the case of independence.

Conversely, suppose that (X1,X2) has FGM distribution given by (3) and that (10) holds. Setting θ = 0 in (10) we get
the independent case, R = R1 =

α2
α1+α2

. Hence, according to Theorem (1) in [6], if R = α2
α1+α2

then the two independent

random variables must have distribution functions with the forms FXi
(xi) = 1−e−αig1(xi ,β ), where g1 (xi,β ) is continuous,

monotone increasing and differential function, such that limxi→0 g1 (xi,β ) = 0, and limxi→∞ g1 (xi,β ) = ∞, i = 1, 2.
Hence the proof is complete.
Theorem 2

Let (X1,X2) be a bivariate vector having FGM distribution in (3) with marginal distribution functions FX1
(.), FX2

(.)
respectively, then the stress-strength reliability, R, is

R = P(X2 < X1) =
α1

α1 +α2
{1+θ

α2 (α1 −α2)

(α1 + 2α2) (2α1 +α2)
} (12)
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if and only if the marginal distribution functions are

FXi
(xi) = e−αig2(xi,β ); i = 1,2. (13)

where αi,β > 0 ; i = 1,2; g2 (xi,β ) is continuous, monotone decreasing and differentiable function, such
that limxi→0 g2 (xi,β ) = ∞ and limxi→∞ g2 (xi,β ) = 0, i = 1, 2.
Proof:
If (X1,X2) have marginal distribution functions given by (13), then (X1,X2) will have a BGI-FGM form as in (7) and joint
probability density function given by (8). Using (8) in (9) we get (12). If putting θ = 0, we get R = R1, the independence
case.

Conversely, suppose that (X1,X2) has FGM distribution given by (3) and that (12) holds, putting θ = 0 in (12) we
get the case of independent and, R = R1 = α1

α1+α2
. Hence, according to Theorem (2) in [6], if R = α1

α1+α2
then the two

independent random variables must have distribution functions with the forms FXi
(xi) = e−αig2(xi,β ), where g2 (xi,β ) is

continuous, monotone decreasing and differential function, such that limxi→0 g2 (xi,β ) = ∞ and limxi→∞ g2 (xi,β ) = 0,
i = 1, 2. The proof is complete.
From Theorems (1) and (2) we notice:

1.The parameter β does not appear neither in (10) nor in (12). Thus, if the parameters α1,α2 and θ are known R could
be calculated exactly, even without knowing β . However if α1,α2 and θ are unknown their estimators may depend
on β and consequently the estimator of R.

2.Clearly if the stress and strength variables have identical distributions (i.e. α1 = α2) then R = 1
2

regardless whether
the variables are dependent or not.

3.R > R1 (The reliability in the dependence case is greater than that in the independence case) if, and only if
θ (α2 −α1)> 0, (θ (α2 −α1)< 0) for BGE-FGM (BGI-FGM).

4. R < R1 (the reliability in the dependence case is less than that in the independence case) if, and only if
θ (α2 −α1)< 0, ( θ (α2 −α1)> 0) for BGE-FGM (BGI-FGM).

5.R = R1 if, and only if
θ (α2 −α1) = 0.

4 Point estimation of R

According to Theorems (1) and (2), the value of R can be calculated if the values of the parameters α1,α2 and θ are
known. So if α1,α2 and θ are unknown, in order to estimate R we may first estimate the parameters α1,α2 and θ , then
calculate the estimate of R. As mentioned before the estimation of α1 and α2 may depend on the estimation of β . The
parameter θ , association parameter, is the copula parameter so, it is appropriate to estimate θ by using a measure of
association as Kendall’s tau coefficient or the Spearman’s rho. Here we shall use the Kendall’s tau coefficient. Using (5),

an unbiased estimator of θ is given by θ̂ = 9T
2

, where T is the unbiased estimator of the Kendall’s tau τ and is called
Kendall’s sample tau coefficient, see Domma and Giordano [15]. For estimating α1,α2 and β we apply two methods as
follows.

4.1 Method I

Method I, is applied by getting the maximum likelihood estimators (MLEs) α̂11, α̂12 and β̂1 of α1,α2 and β using the

joint density function (8) after replacing θ by θ̂ . Then calculating R̂1 by replacing the parameters α1,α2 and θ in the

Equations (10) and (12) by their estimators α̂11, α̂12 and θ̂ , respectively.
Let (X1i,X2i) ; i = 1,2, ..,n be a random sample from BGE-FGM or BGI-FGM density given by (8). the log-likelihood

function after replacing θ by θ̂ is given by

ln(L) = nln(α1)+ nln(α2)+∑n
i=1 lng′r (x1i,β )+∑n

i=1 lng′r (x2i,β )−α1 ∑n
i=1 gr (x1i,β )

−α2 ∑n
i=1 gr (x2i,β )+∑n

i=1 ln
{

1+ θ̂
(

1− 2e−α1gr(x1i,β )
)(

1− 2e−α2gr(x2i,β )
)}

,
(14)

where r = 1 for BGE-FGM form and r = 2 for BGI-FGM form. Thus the likelihood equations are given by

n

α1

−
n

∑
i=1

gr (x1i,β )+ 2θ̂
n

∑
i=1

(
e−α1gr(x1i,β )gr (x1i,β )

)(
1− 2e−α2gr(x2i,β )

)

1+ θ̂
(
1− 2e−α1gr(x1i,β )

)(
1− 2e−α2gr(x2i,β )

) = 0,
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n

α2

−
n

∑
i=1

gr (x2i,β )+ 2θ̂
n

∑
i=1

(
1− 2e−α1gr(x1i,β )

)(
e−α2gr(x2i ,β )gr (x2iβ )

)

1+ θ̂
(
1− 2e−α1gr(x1i ,β )

)(
1− 2e−α2gr(x2i ,β )

) = 0 ,

2

∑
j=1

n

∑
i=1

∂(g′r(x ji ,β))
∂β

g′r (x ji,β )
−

2

∑
j=1

n

∑
i=1

α j

∂gr (x ji,β )

∂β
+ 2θ̂

2

∑
j=1

n

∑
i=1

(
1− 2e−α jgr(x ji ,β)

)(
α3− je

−α3− jgr(x(3− j)i,β) ∂(gr(x(3− j)i,β))
∂β

)

1+ θ̂
(
1− 2e−α1gr(x1i,β )

)(
1− 2e−α2gr(x2i,β )

) = 0

Solving the above equations with respect to α1,α2 and β , we obtain the estimators α̂11, α̂12 and β̂1 respectively. The
parameters estimates are obtained numerically using a statistical software, like maple or R.

4.2 Method II

This method depends on the marginal (MLEs) of the parameters, α1,α2 and β using marginal distributions in (11) or (13).

Suppose that (X1i,X2i) ; i= 1,2, . . .n is a random sample from either BGE-FGM or BGI-FGM. This means that X ji ; j =
1,2, i = 1, ..n are independent and identically distributed with marginal distribution functiions given by either (11) or (13).
Thus the marginal log-likelihood functions of X ′

jis; j = 1,2 are given by,

ln(L j) = n ln(α j)+
n

∑
i=1

ln
(
g′1 (x ji,β )

)
−α j

n

∑
i=1

g1 (x ji,β ); j = 1,2 (15)

and

ln(L j) = n ln(α j)+
n

∑
i=1

ln
(
−g′2 (x ji,β )

)
−α j

n

∑
i=1

g2 (x ji,β ); j = 1,2, (16)

where L j is the marginal likelihood function of X ′
jis. Then, the marginal likelihood equations are given by

α j =
n

∑n
i=1 gr (x ji,β )

; j = 1,2 (17)

n

∑
i=1

(∂g′r (x1i,β )/∂β )

g′r (x1i,β )
−

n

∑n
i=1 gr (x1i,β )

n

∑
i=1

∂gr (x1i,β )

∂β
= 0 (18)

n

∑
i=1

(∂g′r (x2i,β )/∂β)

g′r (x2i,β )
−

n

∑n
i=1 gr (x2i,β )

n

∑
i=1

∂gr (x2i,β )

∂β
= 0, (19)

With r = 1 for BGE-FGM and r = 2 for BGI-FGM.

For obtaining the estimator of β we apply one of the following two methods. The first method is to solve Equations

(18) and (19) independently with respect to β , obtaining β̂21 and β̂22 respectively and then taking their average, to obtain

the estimator β̂2 of β . Replacing β with β̂2 in (17) we obtain the estimators α̂21 and α̂22 of α1and α2 respectively. In
the second method we add Equations (18) and (19), to obtain

n

∑
i=1

(∂g′r (x1i,β )/∂β )

g′r (x1i,β )
−

n

∑n
i=1 gr (x1i,β )

n

∑
i=1

∂gr (x1i,β )

∂β
+

n

∑
i=1

(∂g′r (x2i,β )/∂β )

g′r (x2i,β )
−

n

∑n
i=1 gr (x2i,β )

n

∑
i=1

∂gr (x2i,β )

∂β
= 0

(20)

Solving (20) with respect to β we obtain the estimator β̂3 of β and substituting with β̂3 in (17) we obtain α̂3 j, j = 1,2.

Replacing the parameters in Equations (10) or (12) by their estimators we obtain the estimator of R, given by

R̂(((iii))) ===

{
α̂i2

α̂i1+α̂i2
(1+ θ̂ α̂i1(α̂i2−α̂i1)

(α̂i1+2α̂i2)(2α̂i1+α̂i2)
), for BGE−FGM

α̂i1

α̂i1+α̂i2
(1+ θ̂ α̂i2(α̂i1−α̂i2)

(α̂i1+2α̂i2)(2α̂i1+α̂i2)
), for BGI−FGM

i = 1,2,3. (21)
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4.3 Bayesian estimator of R

For the Bayesian estimator of R, we assume that α1,α2 and β are independent random variables having the following
gamma priors,

πi (αi) =
bi

ai

Γai

αi
ai−1e−biαi , i = 1, 2,

and

π3 (β ) =
b3

a3

Γa3

β a3−1e−b3β .

The hyper parameters ai, bi > 0 ; i = 1, 2, 3, can be estimated by using the method of moments of the gamma
distribution.

Since −1 ≤ θ ≤ 1 we assume that the prior distribution of θ is uniform over (−1, 1), i.e.,

π4 (θ ) =
1

2
,−1 ≤ θ ≤ 1.

We assume that θ is independent of α1, α2 and β . Therefore the joint posterior distribution of α1, α2, β , θ given the
data is given by

π∗ (α1, α2, β , θ |data) ∝ Lπ1 (α1)π2 (α2)π3 (β )π4 (θ ) ,

where the likelihood function L is given by,

L = α1
nα2

ne−α1 ∑n
i=1 gr(x1i,β )−α2 ∑n

i=1 gr(x2i,β )
n

∏
i=1

g′r (x1i,β )g′r (x2i,β )(1+ θ̂
(

1− 2e−α1gr(x1i,β )
)(

1− 2e−α2gr(x2i,β )
)
).

The Bayesian estimator of R with respect to the squared-error loss function is given by

R̃B =

∫ 1

−1

∫ ∞

0

∫ ∞

0

∫ ∞

0
R π∗ (α1, α2, β , θ |(X1,X2)) dα1dα2dβ dθ

The above integration is difficult to obtain in an explicit form. So we can use MCMC methods to obtain R̃B. The
MCMC methods depends on generating observations from the conditional posterior distributions of the parameters, for
more details see Robert et al. [16].

The conditional posterior distributions of α1,α2, β and θ are respectively

π∗
α1
(α1|α2, β , θ ,data) ∝ α1

n+a1−1e−b1α1−α1 ∑n
i=1 gr(x1i,β )

n

∏
i=1

(
1+θ

(
1− 2e−α1gr(x1i,β )

)(
1− 2e−α2gr(x2i,β )

))
, (22)

π∗
α2
(α2|α1, β , θ ,data) ∝ α2

n+a2−1e−b2α2−α2 ∑n
i=1 gr(x2i,β )

n

∏
i=1

(
1+θ

(
1− 2e−α1gr(x1i,β )

)(
1− 2e−α2gr(x2i,β )

))
, (23)

π∗
β (β |α1,α2 , θ ,data) ∝ β a3−1e−b3β−α1 ∑n

i=1 gr(x1i,β )−α2 ∑n
i=1 gr(x2i ,β )

n

∏
i=1

g′r (x1i,β )g′r (x2i,β )
(

1+ θ
(

1− 2e−α1gr(x1i,β )
)(

1− 2e−α2gr(x2i,β )
)) (24)

and

π∗
θ ( θ |α1,α2, β ,data) ∝

n

∏
i=1

(
1+θ

(
1− 2e−α1gr(x1i,β )

)(
1− 2e−α2gr(x2i,β )

))
. (25)

Using the Metropolis-Hasting algorithm which is one of the MCMC methods, we get R̃B by the following steps.

1.Initialize the vector parameter a = (a1,a2,a3,a4) with any value say
a0 = (a10,a20,a30,a40) from the support of the target distributions, (where a1 = α1, a2 = α2 ,a3 = β and a4 = θ ).

2.Set t = 1.
3.Generate a proposal point (aiprop) ; i = 1,2,3,4 from the proposal density qi

(
ai(t−1),ait

)
= p(ai(t−1) → ait), i.e., the

probability of returning a value ait from a previous value of ai(t−1).
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4.Calculate the acceptance probability

ρai =min

(
1,

(
π∗

ai
(aiprop) ,q

(
aiprop,ai(t−1)

)

π∗
ai

(
ai(t−1)

)
,q
(
ai(t−1),aiprop

)
) )

, where π∗
ai

is the conditional posterior distribution of ai; i= 1,2,3,4.

Notice that when the proposal density qi (aiprop,ait) is symmetric ρai became as following:

ρai = min

(
1,

(
π∗

ai
(aiprop)

π∗
ai

(
ai(t−1)

)
) )

.

5.Generate U from uniform on (0,1).
6.If U < ρai, accept the move, i.e. aiprop for i = 1,2,3,4 and set ait = aiprop. Otherwise, reject it and set ait = ai(t−1).

7.calculate R̃Bt by substituting the parameters in the Equations (10) or (12) in each move.
8.Set t = t + 1.
9.Repeat steps 3-8 N times.

10.Calculate R̃B as: R̃B = E (R | data) =
∑N

t=M+1 R̃Bt

N−M
, where M is burn-in.

5 Numerical Illustration

Analyses of simulated and real life data sets are provided in this section.

5.1 Simulated Data

A simulation study is performed to detect the performance of the different estimators, obtained in Section 4. The
simulation study is implemented for BGE-FGM and BGI-FGM forms in (6) and (7). As illustration of BGE-FGM, we

take g1 (xi,β ) = xi
β ; i = 1,2 obtaining a bivariate Weibull FGM, while as an illustration of BGI-FGM, we

take g2 (xi,β ) = ln
(
1+ xi

−β
)

; i = 1,2, obtaining Burr III FGM distribution.
1000 samples of different sizes (n=10, 25, 50) were generated from the bivariate Weibull FGM, and the bivariate Burr III
FGM distribution. For the Weibull case we take β = 4 and θ = 0.4, while for Burr III, we take β = 0.5 and θ = 0.4.
Different values of the parameters α1 and α2 are chosen so that R takes moderate and high values, (R= 0.6, 0.7, 0.9)

approximately. The values R̂1, R̂2, R̂3 and R̃B shown in the accompanying tables are the mean of the 1000 replicates of
the corresponding estimates. To evaluate the performance of the estimators we calculated estimates of the mean squared

error (MSE) and the bias (Bias) of the different estimators, where MSE(R̂) = 1
1000 ∑1000

i=1 (R̂i −R)
2

and

Bias(R̂) = 1
1000 ∑1000

i=1 (R̂i −R). Notice that, for calculating the Bayesian estimate of R, in each replicate we generated
N=10,000 realizations of the Markov chains using Metropolis–Hastings algorithms. According to the graphs of the
conditional posterior distributions of the parameters α1, α2 ,β we found it reasonable to use the normal distribution
N
(
ai(t−1),σ

2
)

; i = 1,2,3 (we take σ2 is the variance of MLE) as the proposal distribution qi for α1, α2 and β . While for

the parameter θ , we considered the truncated normal distribution on the interval (-1,1), N
(
a4(t−1),0.5

)
as the proposed

distribution q4. It was observed that after M=5000 burn-in periods, all the Markov chains reached their stationary
condition.
The results of the simulation study are summarized in Tables 1–2. For all the numerical computations, the programs are
developed in R-software.
From Tables 1 and 2 we notice that differences in the bias and the MSE among the four estimates are small. Also, based
on the bias and the MSE all estimators perform well.
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Table 1. The estimates of R using simulated data from bivariate Weibull FGM distribution,
with different sample sizes, and different parameters.

RRR 0.6085 0.7190 0.9372

nnn 10 25 50 10 25 50 10 25 50

R̂RR111 0.5898 0.6108 0.6073 0.7459 0.7373 0.7423 0.8911 0.8790 0.8755

Bias(R̂RR111))) -0.0187 0.0023 -0.0011 0.0269 0.0183 0.0233 -0.0461 -0.0582 -0.0617

MSE(R̂RR111))) 0.0155 0.0034 0.00225 0.0114 0.0037 0.0023 0.0062 0.0054 0.0044

R̂RR222 0.5860 0.6052 0.6016 0.7477 0.7343 0.7390 0.8850 0.8725 0.8705

Bias(R̂RR222))) -0.0225 -0.0033 -0.0069 0.0287 0.0153 0.0200 -0.0522 -0.0647 -0.0667

MSE(R̂RR222))) 0.0178 0.0039 0.00229 0.010 0.0040 0.0020 0.0075 0.0066 0.0050

R̂RR333 0.5840 0.6036 0.6010 0.7408 0.7313 0.7375 0.8738 0.8613 0.8585

Bias(R̂RR333))) -0.0245 -0.0049 -0.0075 0.0218 0.0123 0.0185 -0.0634 -0.0759 -0.0787

MSE(R̂RR333))) 0.0160 0.0037 0.00226 0.0097 0.0038 0.0019 0.0092 0.0083 0.0068

R̃RRBBB 0.5852 0.6005 0.6007 0.7185 0.7159 0.7272 0.8596 0.8546 0.8587

Bias( R̃RRBBB))) -0.0233 -0.0080 -0.0078 -0.0005 -0.0031 0.0082 -0.0777 -0.0826 -0.0785

MSE( R̃RRBBB))) 0.0125 0.0028 0.0020 0.0085 0.0030 0.0016 0.0109 0.0087 0.0066

Table 2. The estimates of R using simulated data from bivariate burr III FGM distribution,
with different sample sizes, and different parameters.

RRR 0.6085 0.7499 0.9072

nnn 10 25 50 10 25 50 10 25 50

R̂RR111 0.6273 0.6020 0.6133 0.7442 0.7581 0.7505 0.8638 0.9053 0.9116

Bias(R̂RR111))) 0.0188 -0.0065 0.0048 -0.0057 0.0082 0.0006 -0.0434 -0.0019 0.0044

MSE(R̂RR111))) 0.0394 0.00896 0.0028 0.0231 0.0051 0.0022 0.1031 0.0017 0.0007

R̂RR222 0.6033 0.5997 0.6051 0.6812 0.7045 0.7104 0.723 0.7837 0.7960

Bias(R̂RR222))) -0.0052 -0.0088 -0.0034 -0.0687 -0.0454 - 0.0395 -0.1842 -0.1235 -0.1112

MSE(R̂RR222))) 0.0129 0.0054 0.0028 0.0134 0.0054 0.0033 0.0505 0.0222 0.0250

R̂RR333 0.5968 0.5974 0.6032 0.6910 0.7162 0.7222 0.8143 0.8396 0.8641

Bias(R̂RR333))) -0.0117 -0.0111 -0.0053 -0.0589 -0.0337 -0.0277 -0.0929 -0.0676 -0.0431

MSE(R̂RR333))) 0.0110 0.0051 0.0025 0.0113 0.0043 0.0025 0.0129 0.0062 0.0025

R̃RRBBB 0.6405 0.5904 0.6070 0.7248 0.7460 0.7431 0.8292 0.8891 0.9061

Bias( R̃RRBBB))) 0.0320 -0.0181 -0.0015 -0.0251 -0.0039 -0.0068 -0.078 -0.0181 -0.0011

MSE( R̃RRBBB))) 0.1518 0.0082 0.0027 0.0223 0.0041 0.0020 0.1190 0.0095 0.0006

5.2 Real life Data

The following data, quoted from McGilchrist et al. [17], and used by Elaal MKA and Jarwan RS [18], represent the
recurrence times to infection at point of insertion of the catheter for kidney patients using portable dialysis equipment.
X1 refers to the first recurrence time and X2 to second recurrence time. The data for 30 patients are reported in Table 3.

Table 3. Recurrence times of infection for kidney patients.

patient 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

XXX111 8 23 22 447 30 24 7 511 53 15 7 141 96 149 536

XXX222 16 13 28 318 12 245 9 30 196 154 333 8 38 70 25

Patient 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

XXX111 152 402 13 39 12 113 132 34 2 130 17 185 292 22 15

XXX222 362 24 66 46 40 201 156 30 25 26 4 117 114 159 108

The value of Kendall’s sample tau coefficient T , from the data is 0.1110. It is clear that there is a weak positive
association between X1 and X2. So FGM copula is suitable to describe the joint distribution of X1 and X2. Here we shall
suggest three bivariate distributions to fit the data: the bivariate Weibull (BGE-FMG form), Burr III (BGI-FMG form),
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and the generalized exponential FGM distributions (BGI-FMG form). The bivariate Weibull has the joint CDF in (6),

with g1 (xi,β ) = xi
β ; i = 1.2. The bivariate Burr III FGM has the joint CDF in (7), with

g2 (xi,β ) = ln
(
1+ xi

−β
)

; i = 1.2. Also, the bivariate generalized exponential FGM has the joint CDF in (7), with

g2 (xi,β ) = −ln
(
1− e−β xi

)
; i = 1.2. for testing the goodness of fit of the marginal, we first estimate the parameters

α1,α2, β and θ using Method I. Table 4 shows ML estimates of α1,α2 and β , the Kolmogorov-Smirnov distance
between the fitted and the empirical distribution functions (i.e D130,D230) for X1 and X2, respectively.

Table 4. ML estimates of α1,α2 and β , and D130,D230 for X1 and X2.

ML estimates

α1 α2 β D130 D230

Weibull 0.0214 0.0239 0.825 0.1770 0.1052

Burr III 13.70 16.82 0.823 0.1294 0.1225

general
exponential

0.733 0.799 0.0075 0.1730 0.1458

Since D30, 0.05 = 0.24, the marginals of the three distributions fit. To determine which of the three bivariate distributions
fits better the data, we apply the Akaike information criterion (AIC) and the Bayesian information criterion (BIC). The
AIC and BIC are defined respectively as

AIC =−2loglikelihood+ 2k,

BIC =−2loglikelihood+ kln(n) ,

where k equals the number of parameters in the model. The following table shows the values of AIC and BIC .

Table 5. The values of AIC and BIC for Weibull, Burr III and generalized exponential models.

model AIC BIC

Weibull 543.945 549.550

Burr III 689.210 694.81

Generalized

exponential

688.473 649.077

So the bivariate FGM Weibull distribution fits better the data. Using Equation (21) we find that R̂1 = 0.5030. This indicates
that there is no significance difference between the first and the second recurrence times.

6 Conclusion

In this paper, two bivariate FGM forms are proposed, namely BGE-FGM form and the BGI-FGM form. In the literature
many bivariate FGM distributions possess these forms. An explicit expression for R = P(X2 < X1) is obtained when
the random variables X1 and X2 are dependent having a bivariate distribution with either the BGE- FGM form in (6) or
the BGI- FGM form in (7). We have shown that R does not depend on the form of the function gi (., β ) ; i = 1,2. The
estimation of R is studied for both forms. Three estimators in addition to a Bayesian estimator are presented. A simulation
study is performed, to compare numerically the four estimators obtained. The comparison is based on the bias and the
MSE. Also, characterizations of the marginal of the BGE-FGM and BGI-FGM forms, associated with R, is presented.
Finally, the applicability of the proposed forms, is presented by fits a real life data set.
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