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Abstract: The hesitant fuzzy linguistic term sets (HELTSs), which tenused to represent an expert’s hesitant preferences when
assessing a linguistic variable, increase the flexibilftgleiting and representing linguistic information. Thé&EHTSs have attracted

a lot of attention recently due to their distinguished poeed efficiency in representing uncertainty and vaguenettsnithe process

of decision making. To enhance and extend the applicalofityELTSs, in this paper we first review on some fuzzy distame¢hods,

then we present a new fuzzy distance measure based on ertsl @oéthcore, which is far simple, and easier than previousiodst
Finally, some numerical examples illustrate the presentethod as well as comparing it with other various ones.
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1 Introduction Hajjari [16] presented a fuzzy Euclidean distance for
fuzzy data. Hajjari first described positive fuzzy number,
Fuzzy distance can be widely usage in attributenegative fuzzy number and fuzzy zero to represent some
importance. Many fuzzy distance indices have beennew definitions, and then the author discussed fuzzy
proposed since 1965. Some of the methods used crispbsolute, equality and inequality of fuzzy numbers based
number to calculate the distance between two trapezoide®n these concepts and some useful properties too. The
fuzzy numbers],2,3,4,5,6,7,8,9]. Human intuition says ~ aforementioned concepts used to produce the distance
that the distance between two uncertain numbers shoulfietween two fuzzy numbers as a trapezoidal fuzzy
as a collection of points with different degrees of number.
belongingness, then the distance between two fuzzy Abbasbandy and Hajighasemilq introduced a
numbers is noting but the collection of pairwise distancesymmetric triangular fuzzy numbeEN) as a fuzzy
between the elements of the respective fuzzy numbersglistance based on r-cut concept. All the above-mentioned
[10,11,12. Therefore, we pay to other methods for fuzzy distance methods used the r-cut concept to calculate the
distance, which used fuzzy distance to calculate thefuzzy distance. There are some other distance methods,
distance between two fuzzy numbers and introduce awvhich have used other fuzzy concept. Many distance
fuzzy distance for normal fuzzy numbers. methods for fuzzy numbers have been discusdédl[,

One of the first fuzzy distance method was introduced18]. Most of these approaches applied r-cut concept and
by voxman [2] through using r-cut. In 2006, can consider general fuzzy numbers in one dimension
Chakraborty and Chakrabortyi(] introduced a fuzzy space. Nowadays one of the most applicable types of
value distance measured by using r-cut of two generalizeduzzy numbers is triangular fuzzy numbers. In this paper,
fuzzy numbers. Then Guha and Chakrabott§] gshowed  we apply this kind of fuzzy numbers for a new distance
that their previous method could be developed to a newneasure.
similarity measure with the help of the fuzzy distance  The rest of the paper is organized as follows: Section
measure. It is obvious that, the distance between the fuzzf contains the basic definitions and notations that will be
number A and zero is more suitable to be A. However, byused in the remaining parts of the paper. In Section 3, we
Chakraborty method the distance between the fuzzyreview some different fuzzy distance methods. Section 4
number A and zero is not A. includes a new Approach to determine fuzzy distance
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measure and some properties. Some numerical exampl&efinition 1. A function s [0,1] — [0,1] is a reducing
demonstrate the advantages of the reviewed methods arfdnction if s is increasing and(8) = 0 and g1) = 1. We
compared results in section 5. The paper is concluded iay that s is a regular function j/()ls(r)dr = %

Section 6.
Definition2. If A is a fuzzy number with r-cut

representation, [L,*(r),Ry*(r)], and s is a reducing
function then the value of A (with respect to s) is defined

2 Preliminaries by

In general, a generalized fuzzy numl#ers described as

. . 1
any fuzzy subset of real lin@, whose membershiga(x) Val(A :/ L1 R-1(1d 6
can be defined a2(): al(A) 0 S(N)[La™(r) + Ry ()] dr. (6)

Definition3. If A is a fuzzy number with r-cut
representation, [L,*(r),Ry*(r)], and s is a reducing
function then the ambiguity of A (with respect to s) is
defined by

La(x), a<x<b,
w, b<x<c,

HaA(X) = Ra(X), c< X, 1)
0, otherwise

where 0< w < 1 is a constant. a(x) : [a,b] — [0, w] 1 ) .
andRa(x) : [c,d] — [0, w)] are two strictly monotonically Amb(A) =/ S(r) [Ra(r) —La™(r)]dr. ()
and continuous mapping. b = 1, thenA is a normal 0
fuzzy number. If Lo(X) = w(x — a)/(b — a), and Definition 4. LetAis afuzzy number. The absolute value
Ra(X) = w(d — x)/(d —c) then it is a trapezoidal fuzzy of the fuzzy number A is denoted j#y and defined as
number and is usually denoted By= (a,b,c,d;w) or  follows [21]:
A = (a,b,c,d) if w= 1. In particular, wherb = c, the
trapezoidal fuzzy number is reduced to a triangular fuzzy

number denoted b = (a,b,c,d; w) or A= (a,b,c,d) if | A(X) |= {?&(x) VA(-x) ii 8’ (8)
w = 1. Therefore, triangular fuzzy numbers are special =
cases of trapezoidal fuzzy numbers. And for allr € [0.1],
SincelLa(x) andRa(x) are both strictly monotonically and
continuous functions, their inverse functions exist and
Lat(r) =0,

I
pt 0,0 — [ab] and pgt: [0,w] — [c.d] be the [0,|L;il(r)|vR;1(r)], Lat(r) <0< R(r),
inverse functions of.o(x) andRa(x), respectively. Then [—RyH(r), —LaY(N)], LAY(r) <R(r) <0,
Lx%(r) and RyX(r) should be integrable on the close . ) . 9)
interval [0,w]. In other words, bothfs’L,*(r)dr and where [Alr = |L,(r),Ry*(r)] is the r-cut
J§’Ry1(r)dr should exist. In the case of trapezoidal fuzzy roefri;ﬁsreen;agggvgr‘ and[|AX]r is ther-cut representation
number, the inverse functions*(r) andR,*(r) can be r T6SP y
analytically expressed as

should also be continuous and strictly monotonically. Let 1] { A
AX r —

3 Some existing fuzzy distance methods
LA =a+(b-or/w, 0<w<l1, (2) 9 y
In this section, we briefly review some existing fuzzy
Loy (L distance measure. Different authors have constructed
Ry(N=d-(d-cy/w, O0<w=<l ) different fuzzy distance measure between two fuzzy
The set of all elements that have a nonzero degree ofiimbers. Some of them are discussed here.
membership ira is called thesupportof A, i.e.

supfdA) = {x€ X | ua(x) > 0}. (4) 3.1 Voxman'’s fuzzy distance measurg| [
The set of elements having the largest degree ofere, we briefly describe the fuzzy distance measure by
membership irA is called thecoreof A, i.e. Voxman [L2]. The fuzzy distance function d¢f,
corgA) = {xe X | pa(x) = suxm(x)}. (5) AEXE—>FE
Xe .
_ , , { A(A,B)(2) = supmin,_y_,{ Ha(X), Ua(Y) }
In the following, we will always assume th& is
continuous and bounded suppstpdA) = (a,d). The For each pair of fuzzy numbeX, B let Ay g denoted
strong support oA should besupp(A) = [a,d]. the fuzzy numbeA (A, B).
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If the r- cut representation afiag = (L(r),R(r)) is 3.3 Chakraborty et al’s fuzzy distance measure

given by [10]
max{ pg(r) — Ha(r), 0}, if gonsgder gwo) gegiralize(tg bquzy )n_IL_JrTbefrs as
Is = = (a1,a2;p1,¥1) and A = (D1,02; b2, )2). Thereiore,
L(r) = (Ha(1) +Ha(1)) < pe(2) + Fis(1) the r-cut of A; and Ay represents two intervals,
max{ a(r) — fis(r), 0}, if respectively[A]r = [AL(r), AR(r)] and [Ag)r = [A5(r),
(us(1) + (1)) < pa(1) + TR(Y) AR(r)], forallr € [0,1].

10 It is employed the interval-difference operation for the
10)  intervals|Ad]s = [AL(r), AR(r)] and[Ag)y — [AS(r), AR(r)]
d 1 M 2 2
an to formulate the fuzzy distance betwegnandA,. So, the
distance betweefA;]q and[Az]q for everyr € [0,1] can
be one of the following:
R(r) = max{Ha(r) — pe(r),me(r) — pa(r)}  (11)  either (a)

AL(D)+ARD)  AZ(D) +AZD)

[Aa]r — [Ag]r i > > 3 :
3.2 Cheng’s distance methogad)
or (b)
In order to determine the centroid poixh, ya) of a fuzzy L R L R
number, ChengZ?] provided a formula. Wang et al2§] [Ag]r — [Ad]r if A1) ;Al(l) Az(1) 42-A2(1)'

found from the point of view of analytical geometry and

showed the corrected centroid point as follows: To consider both notations together an indicator

variableA is used such that

_ _ _ _ 4L gR
) K0+ Jxaxs [xRa0 A([Ad)r = [Agla) + (1= A)([A)r — [A2]r) = [dr,dr].

Where
TPLAdx+ fCdxt [SRa(x)dx
A b 1, i AIAD , AGAD
_ o YR L0y~ Jo YLaLly)dy A= A FARD) A1) - AR (16
- Jo'Ra(y)dy— Jo LA 1(y)dy (12) 0, if =L . 10 A2 . 2(1)

For non-normal trapezoidal fuzzy number  Therefore, the fuzzy distance measure betwieand
A= (a,b,c,d;w) formulas (14) lead to following results Az is defined by

respectively. d(A1,Az) = (d5_;,dR_1;0,0), (17)
Where
- dc—ab 1 1
xpa=1/3la+b+c+d— m] 0 — dlc_{:l_ max{/ dg da,O},a = / d§ da —d§.
0 0
c—d
ya=w/3[1+ m]' (13) also in [10], the following metric properties are studied

as following:

Since non-normal triangular fuzzy numbers are, 1) d(AA
special cases of normal trapezoidal fuzzy numbers with(a ) d(A,A2)
b = ¢, formulas (15) can be simplified as (a2) : d(A1,A2) = d(Ag, A1),

(613) : d(Aj_,A3) < d(Al,Az) + d(Az,Ag)

(d-_,,dR ;;6,0)is a positive fuzzy numbers

xa=1/3[a+b+c+d], ya = /3. (14)

Cheng P2] formulated his idea as follows: 3.4 Fuzzy distance given by Shan-Huo Chen et
al. [24]
_ a2
R(A) = \/Xa+Ya, (15) Let A andB be two trapezoidal fuzzy numbers. Then the
fuzzy distance oA andB is:

whereRA) is the distance between the fuzzy number

A and origin point. d(A,B)=|A-B]| (18)
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3.5 Fuzzy distance given by Chen and Wang A= (aj,az;B1,y1; 1), B= (by,b2; B2, vo; a»)
[25] r- cut representation gk is denoted by:

In 2007, Chen and Wang@$] introduced a fuzzy distance [Alr = [La*(r),Ra*(r)), for 0<aw <1
of two trapezoidal fuzzy numbers by using the GMIR and ) )

the spread of the fuzzy numbers. This new idea gives us 4- cutrepresentation d@ is denoted by:

two advantages, easy to calculate and easy to understand.

Now, we describe the definition again as follows. Bl = |Lg*(r),Rg*(r)), for O0<ap<1

Let A= (a1,ap,a3,a4) andB = (by, by, bs,bs) be two ) ]
trapezoidal fuzzy numbers, and their GMIR aPéA), The r- cut representation of the distance measure
P(B) respectively. Assume between two fuzzy numberé and B is denoted by

[dF.af] for r € [0, ], @ = min(awy, @),
Now the distance betweehandB was defined by:

P(A) a1 +2ax+2az3+ay

B o a6 St b d(A.B) = (di_y, 0. 6,0) 22)
P(B) = Lt 2:; 3D w = min(wy, wp)
S=@-PA)+bi—-P®)/2, 1=1234 Wheref ando is defined in the following way:
¢ =|P(A)+P(B)+sl|/i, 1=1234

6 =d,—max [;’dt dr,0}

then the fuzzy distance éfandB is
o[ o ar— i)

C=(C1,6,C3,C4) (19)

3.6 Fuzzy distance given by Hajjari] 3.8 Improved centroid distance methdtb]

Let A andB be two trapezoidal fuzzy numbers. The fuzzy To overcome the drawback of Cheng'S distan@?] [
distance betweer, B denoted bydist(A,B) and it was ~Method Abbasbandy and Hajjar2q improved the

defined as: centroid distance method. They first introduced a sign
dist(A,B) = absf(A—B), (20) function as follows:
where Absf(A) is the fuzzy absolute of the fuzzy Definition5. Let E stands the set of non-normal fuzzy
numberA, i.e., numbers,w be a constant provided th& < w < 1 and
y:E — {—w,0, w} be a function that is defined as:
A A0
Asbf(A)= ¢ O, Ax0 (21) w
A A<O VACE: y(A):sign[/o (Lat(r) + Ry *(r)) dX],

and 0,A~ 0 andA < 0, stand fuzzy zero number, i.e.
positive fuzzy number and negative fuzzy number

respectively as follows: 1 AN +RM(r)) dx
A) = DLt ~ 2
VACE:A=0& [P(LaN(r) +RyY(r)) dr =0, VA 0 Jolla (i)‘LRA (Z)) dx (23)
w — _
VAEE: A~ 0 [E(LyY(r) +RyY(r) dr =0, Lo ok Ry dx
VACE:A<0s [P(LyYr)+RyY(r)) dr <0, Itis clear for normal fuzzy numbers = 1.
Then they combined Chen’s distan@?] method by
alsow be a constant such thacOw < 1. corrected formulae with sign function and presented the
improved centroid distance method as follows:
3.7 Fuzzy distance given by Guha and IR(A) = V(ARA) (24)
Chakraborty [L3] in other words
Let us consider two generalized trapezoidal fuzzy number /
(@© 2015 NSP
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3.9 Sadi-nezhad et al’s fuzzy distance measure
[27] Distac < Distag + Distgc (27)

Let Distac, Distag andDistgc be three triangular fuzzy

Sadi-Nezhad et al.2[7] proposed a fuzzy distance numbers andDistag+ Distac is a triangular fuzzy number
measure for two triangular fuzzy numbers based on leftgg.

and right points. They denoted fuzzy distance between
A = (X1,X2,%3) andB = (y1,Y2,y3) asDag = (d1,dz,d3) Remarklet A is a triangular fuzzy number an® is

such that: original pointDistao = Dist(A,0) = A.
{ max{x; — y3,0} X2 > Vo proof: Let A= (x1,X2,X3) andO = (0,0,0), based on
= new fuzzy distance measure, proof is clear.
max{y1 —x3,0} X2 <y» Now we must compare these triangular fuzzy
numbers. According to A. kmbur et al.2§ if
d2 = [X2 — 2| A = (X1,%2,X%3) and B = (y1,Y2,y3) be two triangular

_ _ _ fuzzy numbers; we can use ranking function

dg = {maxys —x1,X3 —y1)}- R: F(R) — R for ranking these two numbers that in this
Consider triangular fuzzy numbek = (0,1,2) by  functionF(R) is a fuzzy set an®Ris a function that maps

applying Sadi-Nezhad’s method, the distance betwken afuzzy setto a real number so:

andA is (0,0,2) which is unreasonable. In the following,

we will present a new method to determine distance i. A> Bifand only if R(A) > R(B)
between two triangular fuzzy numbers. i.A=<Bifand only if R(A) < R(B)
ii. A~ Bif and only if R(A) = R(B)
4 New fuzzy distance measure If Bis a triangular fuzzy number ranking function can
be defined as follows:
In this part, we present a new method for fuzzy distance 1
measure. R(A) = Z(y1+2y2+ys) (28)
Let A = (x1,X2,X3) and B = (y1,y2,y3) are two
triangular fuzzy numbers and distance betwaemdB is Supposex; <y, < 2z then distances will be defined
denoted by Distag where Distag = (dy,d2,d3). We According to our algorithm (we do not consider the equal
calculated;, d, andds as follows: cases i.ex; = yi, X2 = Y2 andxz = y3), The number of

different cases is as follows:

X — Xo >
g — X1 — Y3 ) L 5 . 5 . 5
Iy1—X3| X <y2 2=\ )27 1

dz = max{|X2 — 2|, d1 } 2\ ., [(2\ ., (2
- (1) 8- (1) %-3)
If the combination of 4 4 x4 equal to 64, then the
{ 0 X3=VY3 fuzzy number of (g) could perform in 6 different
3= outcomes. Hence, we could elaborate thex 64= 364.
{maxys —x,xs —y1)} X3 #Ys ,g  Thus, we could prove the following similar hypotheses
(26) since they are having same concepts.
RemarkThe proposed method is a metric. We will only prove two of them.
The first mode:
1.Distag >0 .
2D|Stt2: ; DiStBA DIStAB = (dla d27 d3) . dl =Y1—X3, d2 = |X2 - y2|7
3.Distac < Distag + Distgc dz =y3—X1.
proof:
1 Distag is a positive fuzzy number. Based on definition, Distac = (d,d5,d3) 1 dy = 21— y3,d5 = |22~ V2,
the parameterd;, d, andds are non-negative. dy=z3—vyi.

2.Distag = Distga, Based on new method it is clear.

3.The triangular inequalityDistac < Distag + Distgc:
LetA= (X1,%X2,X3), B= (y1,¥2,y3) andC = (7,2, 73) D
are three triangular fuzzy numbers and the distance
Distac, Distag andDistgc we should prove that: di =23 —X1.

H 1 /! ny . /! "
istac = (dy,d3,d3) 1 df =21 —X3,d3 = [%2 — 22|,

(@© 2015 NSP
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Then we prove that:
Distac < Distag + Distgc —
(z1— X3, %2 — 22|, 23— X1)
< (Y1 — X3, [X2 = Y2|, Y3 —X1)
Hz—y3|z2—y2|,. 23— y1)

Distac, Distag and Distgc are defined as the new
method. According to developed method in n-dimension,

actually, we will prove the following relation:

1
2@ X2 -2 +23-x) <

1
Z(yl — X3+ 2|X2 — Y|
+Ys—X1+2Z1—Y3

2|z~ yo| + 23— Y1)
From the above relation we have:

2% — 2| < 2|X2— 2|+ 2|22 — Yo

This unequal is satisfied based on the properties of

absolute value.
The second mode:

Distag = (d,d2,d3) : dy = y1 — X3,02 = [X2 — Y2,

d3 = X3 — V1.

Distgc = (di,dé,dé) : di =21 —y3,d§ = |22 —y2|,

dy=y3—2z.

Distac = (dy,d3,d3) : di = 21 — 3,03 = [x2 — 2],
df =x3— 2.
Now we prove that:
Distac < Distag + Distgc —
(71— %3, [ X2 — 22|, %3 — 21)
< (Y1—X3,[X2 = Y2|, X3 — y1)
+(z— Y3, |22 —Y2|, Y3 —21)

from the first mode we have:

1
2@tz +x-2)<

1
ﬂﬁ—&+ﬂ&—w
X3—Y1+Z1—Y3
222 —Yyo| +Yy3—2)

From the above relation we have:

2% — 22| < 2|2 —Yo| + 2|22 — Y|

This unequal is satisfied based on the properties of
absolute value.

The proposed method can be developed in
n-dimension. LetA and B are two points inn-
Dimensional space with triangular fuzzy number values
in each dimensions. The poimsandB can be shown as:

A= ((xg,xg,xg),n = 1,2,...,k)

B= ((y’l‘y’z‘yg)n: 1,2,...,k>

Distag = (df,d3,d3) is the distance of thenth
component ofA from thenth component oB anddy, d}
andd3 are related to from the left point, the centre and the
right point of this distance respectively. The distance
between each component can be calculated by the same
method. Then we define the total fuzzy distance between
and as following:

DistAB = DistAB + DistAB’ + ... + DistAB
= (d} +d? 4 ... + d¥ d} + dZ + d, d}
+d3+... +df). (29)

5 Numerical examples

The distance between zero and fuzzy numBerby
Chakraborty and Chakrabortyl(] and Guha and
Chakraborty 13 has a drawback, in case that is gt
i.e.,d(A,0) # A, which is not a satisfactory result. But in
our method can overcome the shortcoming of
aforementioned methods:

Distag = A

Example lLet A = (0,0,0) andB = (0,0,0.33) are two
normalized fuzzy numbers, which are indicated in Fig. 1.
The distance measure betwegrand B by Chakraborty
and Chakraborty][0] is d(A,B) = (0,0,0). Also by Guha
and Chakraborty13] obtained:d(A,B) = (0,0,0.33/2).
From Sadi-Nezhad’s metho@T] Dag = (0,0,0.33). By
proposed method we gé&listag = (0,0,0.33) which, the
result is reasonable.

Example Zonsider the data used in Sadi-Nezhad et al.
[27] i.e. the triangular fuzzy numbek;, i = 1,2,3,4 as
shown in Table 1.

Table 2 shows the distance results of ist; by the
proposed methods and some other approaches. According
to Table 2, it is observed the method of Sadi-Nezhad et el.
[27], voxman [L2] and guha and chakrabortylJ]
sometimes is unreasonable and not consistent with human
intuition. This example shows the proposed method is
consistent with the distance obtained by other approaches

(@© 2015 NSP
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Table 1: Triangular fuzzy numbera; of Example 2
[ A
Ny 1| (0,2,3)
L 2| (-1,0,1)
i \\ 3| (-3,-2,-1)
" \.\\ 4| (-5,-4,0)
%
& \‘\\ Table 2: Comparative results of Example 2
02 ¥ Case Dsadi-Nezhad | Dvoxman | DGuhaetal | DpProposed
] number [27] [12) [13]
. , ) , , , Vg 1 0,2,3) 0,2,3) 0,23) | (0,23) 0,2,3)
a 11153 [1 ] a5 a2 [1F] 03 03 [} 2 (_]_‘0’1) (0,2’3) (0’2,3) (0’2'3) (0’2,3)
3 (-3,2,-1) 0,2,3) 0,23) | (0,23) 0,2,3)
Fig. 1: Two Fuzzy number# andB in Example 1 i (ig:;’;))) Eg;g; Eg;g; Eg;gg Eg;g;
2 (-1,0,1) 0,2,3) 0,23) | (0,23) 0,2,3)
3 321 0,2,3) 0,23) | 0,23) 0,2,3)
4 (-5,-4,0) 0,2,3) 0,23) | (0,23) 0,2,3)
and its advantages. 3 (32D (023 | (023 | (023 | (023
4 (-5,-4,0) (0,2,3) 0,23) | (0,23) 0,2,3)

From table 2, Proposed method is so easier and
simpler, which its advantage.

Example Eonsider the data used in Sadi-Nezhad et al.methods in Example 5

Table 3: Comparison of the proposed method with the other

[27] i.e. the two points in a two dimensional space 'Vr:EthOdS Results
Chen B0 0.9
A= ((2,3,4),(3,4,5)) andB = ((7, 7.5,9),(7,8,9)) as e Eh]ere[l] 2
shown in fig. 2. The distance results by sadi-nezhad'’s Guha and Chakrabortyl§] (0.8,0.9,1)
approach27] same with our method: Adabitabar Firozja etal29] | [0.91,0.91]
Proposed Method (0.1,0.1,0.3)
Distag = Distig + Distag = (3,4.5,7) + (2,4,6) =
585,13
(58513 Lot
A= ((1,2,2.5),(2,3.5,4),(~1,—0.5,0),(—2,—1.5,—1))
and

B = ((1,3,35),(2,4,5),(0,0.8,1),(4,5,5.5)) be two
pointin a fourth dimensional space. The distance between
the two triangular fuzzy numbers in fourth dimensional as
following:

The distance results by Sadi Nejad et al7][and new
method are the same as following:

Distag = Distig + Dist3g + Distg + Distig
— (0,1,2.5) +(0,0.5,3) + (0,1.3,2)
+ (5,6.5,7.5) = (5,9.3,15).

Example SConsider the two triangular fuzzy numbers as
follows: A = (0.1,0.2,0.3) andB = (0.2,0.3,0.4) as in
[29. Table 3. gives a comparative of proposed distance
method with some other approaches.

Fig. 2: Two-dimensional fuzzy numbeisandB in Example 4
6 Conclusion

Example 4Consider the data used in Sadi-Nezhad et al.Fuzzy distance measure play an important role in image
[27]i.e. processing under impression, as well as it can be widely
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