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Abstract: In this paper an attempt has been made to find a simple form of the thermal effects on transverse waves propagating in an
anisotropic incompressible dissipative pre-stressed plate in the context of Biot’s theory. The governing equations are derived and the
velocities of propagation as well as damping are discussed.The influences of changes in anisotropy-type, initial and thermal stresses are
discussed. Analytical analysis reveals that the velocities of the transverse waves depend upon the anisotropy as well as the initial and
thermal stresses present in the medium. Numerical computation shows that the variation in the parameters associated with anisotropy
of the medium directly affects the propagation of transverse waves in the medium. The increase of initial stress parameters decreases
the phase velocity of transverse wave within the range(25o,65o) and increases the velocity with the initial stress parameter increase
within the range(45o,90o). Also, the velocity of transverse waves can be obviously tuned by the thermal effects.
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1 Introduction

The problems related to propagation of elastic waves have
been investigated in a numerous books and papers (eg.
Bromwich [1], Sezawa [2], Haskell [3], Ewing et al [4],
Brekhovskikh [5], Bullen [6], Bath [7], Achenbach [8],
and others). The term ”Initial stress” is meant by stresses
developed in a medium before it is being used for study.
The earth is an initially stressed medium, due to presence
of external loading, slow process of creep and
gravitational field, considerable amount of stresses
(pre-stresses or initial stresses) remain naturally present
in the earth layers. These stresses may have significant
influence on elastic waves produced by earthquake or
explosions and also in the stability of the medium [9]. An
Earlier Biot [10] observed that the initial stresses have
notable effect on the propagation on elastic waves in a
medium. Several investigators [11]-[17] have studied
extensively the propagation of elastic waves using Biot‘s
mechanical deformation theory [18].

The propagation of Rayleigh waves in a viscoelastic
half-space under initial hydrostatic stress in presence of

the temperature field have studied by Addy et al. [19].
Dey et al. [20] have studied the Edge wave propagation in
an incompressible anisotropic initially stressed plate of
finite thickness. Dissipation of the plate depends upon its
internal structure. A huge amount of mathematical work
has been performed for the propagation of elastic waves
in dissipative medium (e.g. Norris [21], Singh et al. [22,
23], Dey et al. [24], Shekhar et al. [25] Selim [26,27], and
others). Problem of plane waves in anisotropicelastic
medium is been very important for the possibility of its
extensive application in many branches of Science,
particularly in Seismology, Acoustics, Geophysics and
nanotechnology. The universal presence of anisotropy is
almost observed in many types of rocks in the earth.
Prikazchikov et al. [28] and Sharma [29] contribute to the
understanding of wave propagation characteristics of
anisotropic materials under initial stress. Carcione [30] in
his book explains the importance of anisotropy for wave
propagation studies in real materials. Temperature
gradients play a significant role in the modification of
cracks and the flow of fluid [31]. To understand the
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dynamical systems that involve interactions between
mechanical work and thermal changes, theory of
thermoelasticity were used. A large number of problems
have been studied on the propagation of plan waves in
generalized thermoelastic media (eg. El-Karamany et
al.[32,33], Sharma et al. [34,35] and others). Sharma [36]
, considered the general anisotropy in thermoelastic
medium and he derived a mathematical model to calculate
the complex velocities of four waves in the medium.

In this work, an attempt has been made to find the
thermal effects on transverse waves propagating in an
anisotropic incompressible dissipative pre-stressed plate
in a simple form. Biot [10] incremental deformation
theory has been used. Numerical examples are computed
to analyze the propagation characteristics of the
transverse waves in the plate at different temperatures.
Variations of anisotropies and change of initial stress
parameter are also analyzed.

2 Fundamental equations

We consider an infinite thermally conducting
incompressible anisotropic plate of thicknessh initially at
uniform temperatureT0 under initial stressesS11 andS33
alongx andz directions, respectively (as illustrated in Fig.
1). When the medium is slightly disturbed, the
incremental stressesS11, S12 and S33 are developed and
the equations of motion in the incremental state, in the
absence of external forces, are [10,37],

∂S11

∂x
+

∂S13

∂ z
−P

∂ω
∂ z

−Nt∇2u = ρ
∂ 2u
∂ t2 (1)

∂S31

∂x
+

∂S33

∂ z
−P

∂ω
∂x

−Nt∇2w = ρ
∂ 2w
∂ t2 (2)

where P = S33 − S11(positive value of P will give
compressive stress and negative value ofP will give tinsel
stress along the said direction),ρ represents the density of
the plate, Si j(i, j = 1,2,3) are the incremental stress
components ,ω is rational component abouty axis given
by

ω =
1
2
(

∂w
∂x

−
∂u
∂ z

), (3)

whereu andw are the displacement components in thex
and Y directions, respectively and is the thermal stress
given by [37],

Nt =
αEh
1−ν

T, (4)

where α is the thermal expansion coefficient,E is the
Young’s Modulus,ν the Poisson’s ratio andT denotes
variation in the temperature of the plate in disturbed state.

Fig. 1: Transverse waves propagation in pre-stressed dissipative
plate.

The stress-strain relations for an incompressible plate
may be taken as [10],

S11 = 2Ne11+ S,

S33 = 2Ne33+ S, (5)

S13 = 2Qe13,

whereS = S11+S33
2 , N andQ are the rigidities of the plate.

The incremental strain componentsei j(i, j = 1,3) are
related to the displacement components(u,w) through the
relations,

e11 =
∂u
∂x

,

e33 =
∂w
∂ z

, (6)

e13 =
1
2
(

∂w
∂x

+
∂u
∂ z

).

The incompressibility conditioneii = 0, is satisfied by

u = −
∂Ω
∂ z

, w =−
∂Ω
∂x

(7)

Using (3), (4), (5), (6) and (7) in equations (1) and (2),
we get

∂ s
∂x

−
∂
∂ z

[(2N −Q−Nt +
P
2
)

∂ 2Ω
∂x2 + (Q−Nt +

P
2
)

∂ 2Ω
∂ z2 ]

= −ρ
∂
∂ z

∂ 2Ω
∂ t2 (8)

∂ s
∂ z

−
∂
∂x

[(2N −Q−Nt +
P
2
)

∂ 2Ω
∂ z2 + (Q−Nt +

P
2
)

∂ 2Ω
∂x2 ]

= ρ
∂
∂x

∂ 2Ω
∂ t2 (9)

Eliminatings from equations (8) and (9) we obtain

(Q − Nt −
P
2
)

∂ 4Ω
∂x4 +(4N−2Q−2Nt)

∂ 4Ω
∂x2∂ z2

+(Q−Nt −
P
2
)

∂ 4Ω
∂ z4 = ρ(

∂ 4Ω
∂x2∂ t2 +

∂ 4Ω
∂ z2∂ t2 )(10)
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For dissipative plate, the two rigidities coefficientsN and
Q for anisotropic unstressed state of the medium are
replaced by complex constants [38]:
N = N1+ iN2, Q = Q1+ iQ2 (11)
wherei =

√
−1, Ni are real andN2 ≪ N1, Q2 ≪ Q1.

Substituting from equation (11) in equation (10) we get

Λ1
∂ 4Ω
∂x4 +Λ2

∂ 4Ω
∂x2∂ z2 +Λ3

∂ 4Ω
∂ z4 =ρ(

∂ 4Ω
∂x2∂ t2+

∂ 4Ω
∂ z2∂ t2 )(12)

where

Λ1 = (Q1−Nt −
P
2
)+ iQ2,

Λ2 = (4N1−2Q1−2Nt)+ i(4N2−2Q2), (13)

Λ3 = (Q1−Nt +
P
2
)+ iQ2.

3 Solution of the problem

For propagation of transverse waves in any arbitrary
direction we take the solution of equations (12) as

Ω(x,z, t) = Ω0eik(cosθx+sinθz−Ct) (14)
whereθ is the angle made by the direction of propagation
with the x-axis.

Substituting from equation (14) in equations (12), one
gets

C2
T =

1
ρ
[Λ1(cosθ )4+Λ2(sinθ cosθ )2+Λ3(sinθ )4] (15)

Equation (15) gives the square of velocities of
propagation as well as damping. Real parts correspond to
phase velocities and the respective imaginary parts
correspond to damping velocities of the transverse waves,
respectively. From equation (15), we can say that the
phase velocity of transverse waves depends on initial
stresses, damping, anisotropies and thermal stressNt .

4 Particular cases

Case (I): For non-dissipative medium, thus the phase
velocity of transverse waves propagating along x-axis is
given by

CT =

√

1
ρ
(Q1−Nt −P/2) (16)

Similarly, for transverse waves propagating along z-axis is
given by

CT =

√

1
ρ
(Q1−Nt +P/2) (17)

Case (II): When the effect of initial and thermal stresses
is absent (i.e.P = 0 andNt = 0), and the medium is non-
dissipative. In this case, equation (15) gives

CT = β =

√

Q1

ρ
. (18)

whereβ is the velocity of transverse wave in homogeneous
isotropic medium.

5 Numerical Results

The numerical values of the square of the phase velocities
of transverse waves have been computed from (15) in non-
dimensional form as

(
CT

β
)2 = (1−

Nt

Q1
−

P
2Q1

)(cosθ )4+(
2N1

Q1
−

Nt

Q1
−1)

×(sinθ cosθ )2+(1−
Nt

Q1
+

P
2Q1

)(sinθ )4 (19)

Fig. 2: Variation of phase velocity of transverse waves(CT ) with
propagation direction(θ ) at different values of anisotropic factor
N1
Q1

= 0.5,0.7 and 0.9 at free of initial and thermal stresses (P
2Q1

=

0 and N1
Q1

= 0).

The numerical values of(CT
β )2 has been calculated for

different values ofN1
Q1

, P
2Q1

= 0 and N1
Q1

with respect to the
direction of propagation (θ ) and the results of
computations are presented in Figures 2 through 4.

Figure 2 exhibits the anisotropic variation
( N1

Q1
= 0.5,0.7 and 0.9) of phase velocity of transverse

waves (CT ) with propagation direction(θ ) at free of
initial and thermal stresses (P2Q1

= 0 and N1
Q1

= 0). These
variations exhibit the anisotropic character of propagation
of transverse waves in the plate considered.

The velocity plots show that the velocity of transverse
wave decreases with the increase of anisotropy
parametersN1

Q1
. This decrease is a largest atθ = 0O and

θ = 90O, but the velocity increases with the anisotropy
increase atθ ∈ (25o,65o) . Figure 3 shows the effect of
initial stresses on the velocity of propagative of transverse
wave at different directionθ with x-axis at different
values of P

2Q1
when N1

Q1
= 0.5 and Nt

Q1
= 0.

The velocity plots show that the velocity of transverse
wave decreases with the increase of initial stress
parameters P

2Q1
at θ ∈ (25o,65o), but the velocity

increases with the initial stress parameter increase at
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Fig. 3: Variation of phase velocity of transverse waves(CT )
with propagation direction(θ ) at different values of initial stress
parameter P

2Q1
= −0.2,0.0 and 0.2 when the anisotropic factor

N1
Q1

= 0.5 and thermal stresses parameterNt
Q1

= 0.0.

Fig. 4: Variation of phase velocity of transverse waves(CT )
with propagation direction(θ ) at different values thermal stress
parameter P

2Q1
= −0.2,−0.4 and −0.6 when the anisotropic

factor N1
Q1

= 0.5 and initial stress parameterP2Q1
= 0.0.

θ ∈ (45o,90o) . Figure 4 gives the variation in velocities
of transverse wave at different direction with x-axis at
different values ofNt

Q1
when P

2Q1
= 0 and N1

Q1
= 0.5. The

velocity plots show that the velocity of transverse wave
decreases with the increase of the thermal stress
parametersN1

Q1
at θ ∈ (5o,85o).

6 Conclusion

Equation (15) gives the square of velocities of
propagation as well as damping. Real parts correspond to
phase velocities and the respective imaginary parts
correspond to damping velocities of the transverse waves,

respectively. From the numerical computation, it can be
concluded that the velocities depend on the initial and
thermal stresses present in the medium as well as the
variations of anisotropy. The variation in parameters
associated with anisotropy of the medium directly affects
the velocity of the transverse waves. The increase of
initial stress parameters decreases the phase velocity of
transverse wave with within the range(25o,65o) and
increases the velocity with the initial stress parameter
increase within the range(45o,9o). Also, the velocity of
transverse waves can be obviously tuned by the thermal
effects. The velocity of transverse wave decreases with
the increase of the thermal stress parameters within the
range(5o,85o).

Acknowledgment

The author wish to acknowledge support provided by the
Deanship of Scientific Research of Prince Sattam Bin
Abdulaziz university.

References

[1] T. J. L. A. Bromwich, On the influence of gravity on the
elastic waves and in particular on the vibration of an elastic
globe, Proc. London Math. Soc., 30, 98-120 (1898).

[2] K. Sezawa, Dispersion of elastic waves propagated on the
surface of stratified bodies and on curves surfaces, Bull.
Earthq. Res. Inst. Tokyo 3, 1-18 (1927).

[3] N. A. Haskell, The dispersion of surface waves in
multilayered media, Bull. Seis. Soc. Amer. 43, 17-34 (1953).

[4] W.M. Ewing, W. S. Jardetzky and F. Press, Elastic waves in
layered media, McGraw-Hill Book Comp. Inc., New York,
pp 380(1957).

[5] L.M. Brekhovskikh, Waves in layered media, Academic
Press, New York (1960).

[6] K.E. Bullen, An introduction to the theory of seismology,
Cambridge University Press(1963).

[7] M. A. Bath, Mathematical aspects of seismology, Elsevier
Publ. Com. Amsterdam, pp 414 (1968).

[8] J.D Achenbach , Wave propagation in elastic solids, North-
Holland Publ. Comp. Amsterdam-London, pp 425 (1975).

[9] S.Gupta , S. Kundu , A.K. Verma and R. Verma.,
Propagation of S-waves in a non-homogenous anisotropic
incompressible and initially stresses medium, International
Journal of Engineering Science and Technology, Vol. 2, No.
2, pp.31-42(2010).

[10] M. A. Biot, ”The influence of initial stress on elastic waves
, Journal of Applied Physics, Vol. 11, No. (8) pp.522-530
(1940).

[11] R. W. Ogden and D. Sotirropoulos, Reflection of plane
waves from the boundary of a pre-stressed compressible
elastic half-space,” IMA Journal of Applied Mathe- matics,
Vol. 61, No. 1, pp. 61-90(1998).

[12] M. D. Sharma, ”Effect of initial stress on reflection at the
free surfaces of anisotropic Elastic medium, Journal of Earth
System Science, Vol. 116, No. 6, pp.552-570 ( 2007) .

c© 2016 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 3, 1091-1095 (2016) /www.naturalspublishing.com/Journals.asp 1095

[13] Z.Qian , F. Jin, K. Kishimoto and Z. Wang, Effect of
initial stress on the Propagationn behavior of SH-waves
in multilayered piezoelectric composite structures, Sensors
and Actuators A: Physical, Vol. 112, No. 2-3, pp. 368-
3752004).

[14] A.M. El-Naggar and M. M. Selim ” Wave Propagation in
Layered Media under Initial Stresses,” Applied Mathematics
and Computation, New York, Vol. 74, 95-117,(1996).

[15] M. M. Selim.” orthotropic elastic medium under the
effect of initial and couple stresses,”Appl. Math. Comput.
Amsterdam, Netherlands, Vol. 181 (1) 185- 192 (2006).

[16] M. M. Selim and M. K. Ahmed. ” Plane strain deformation
of an initially stressed orthotropic elastic medium,” Appl.
Math. Comput. Amsterdam, Netherlands, Vol. 175 (1) 221-
237(2006).

[17] M. M. Selim., Static deformation of an irregular initially
stressed medium, ”Appl. Math. Comput., Amsterdam,
Netherlands, Vol. 188 (2) 1274-1284(2007).

[18] M. A. Biot, ”Mechanics of Incremental Deformation,”
Wiley, New York, 1965.

[19] S. K.Addy and N. R. Chakraborty, Rayleigh waves in a
viscoelastic half-space under initial hydrostatic stressin
presence of the temperature field. International Journal of
Mathematics and Mathematical Sciences, Vol. 24, pp. 3883-
3894(2005).

[20] S. Dey and P. K. De, Edge wave propagation in
an incompressible anisotropicinitially stressed plate of
finite thickness, International Journal of Computational
Cognition, Vol. 7, No. 3, pp. 55-60 (2009).

[21] A. N. Norris., Propagation of plane waves in a pre- stressed
elastic media, Journal of the Acoustical Society of America,
Vol. 74, No. 5, pp. 1642- 1643(1983).

[22] B. Singh and J. Arora., Reflection of plane waves from a
free surface of an initially stressed transversely isotropic
dissipative medium, Applied Mathematics,Vol.2, pp. 115-
125 (2011).

[23] B. Singh and J. Arora., Reflection of plane waves from
a free surface of an initially stressed rotating orthotropic
dissipative solid half space, Engineering, Vol. 4, No. 3,
2012, pp. 170-175

[24] S. Dey and D. Dutta, ”Propagation and Attenuation of
Seismic Body Waves in Initially Stressed Dissipative Me-
dium,” Acta Geophysica, Vol. 46, No. 3, pp. 351- 366(1998).

[25] S. Shekhar and I. A. Parvez., Effect of Rotation, Magnetic
Field and Initial Stresses on Propagation of Plane Waves
in Transversely Isotropic Dissipative Half Space, Applied
Mathematics, Vol. 4, pp. 107-113 (2013).

[26] M. M. Selim and M. K. Ahmed. Propagation and attenuation
of seismic body waves in dissipative medium under initial
and couple stresses , Appl. Math. Comput. Amsterdam,
Netherlands, Vol. 182 (2) 1064-1074(2006).

[27] M. M. Selim.,Torsional waves propagation in an initially
stressed dissipative Cylinder, Applied Mathematical
Sciences ,Vol. 1,no.29,1419-1427 (2007).

[28] D. A. Prikazchikov and G. A. Rogerson, Some comments
on the dynamic properties of anisotropic and strongly
anisotropic pre-stressed elastic solids, Int. J. Engng. Sci., 41,
149-171, 2003.

[29] M. D. Sharma, Effect of initial stress on the propagation of
plane waves in a general anisotropic poroelastic medium, J.
Geophys. Res., 110, B11307, 2005.

[30] J. M. Carcione, Wave fields in real media: wave propagation
in anisotropic anelastic, porous and electromagnetic media,
Elsevier,Amsterdam, The Netherlands, (2007).

[31] B. N. P. Paulsson, J. A. Meredith, Z. Wang, and
J.W. Fairborn, The Steep bank cross well seismic
project: Reservoir definition and evaluation of steam flood
technology in Alberta tar sands, The Leading Edge, 13, 737-
747( 1994).

[32] A.S. El-Karamany and M. A. Ezzat, The uniqueness and
reciprocity theorems for generalised thermo-viscoelasticity
with two relaxation times, Int. J. Engng. Sci., 40, 1275-
1284(2002).

[33] A. S. El-Karamany, M. A. Ezzat, and M. I. Othman, State-
space approach to two-dimensional generalised thermo-
viscoelasticity with two relaxation times, Int. J. Engng. Sci.,
40, 1251-1274( 2002).

[34] J. N. Sharma, V. Kumar, and S. P. Sud, Plane harmonic
waves in orthotropic thermoelastic materials, J. Acoust. Soc.
Am., 107, 293-305(2000).

[35] J. N. Sharma, V. Kumar, and D. Chand, Reflection of
generalized thermoelastic waves from the boundary of a
half-space, J. Thermal Stresses, 26, 925-942( 2003).

[36] M. D. Sharma, Wave propagation in anisotropic generalized
thermoelastic medium, J. Thermal Stresses, 29, 629-642(
2006).

[37] Y, Z. Wang, F. M. Li and K. Kishimoto., Thermal effects on
vibration properties of double-layered nanoplates at small
scales, Composites Part B: Engineering, Volume 42, Issue
5, pp.1311-1317( 2011).

[38] Y. C. Fung, Foundation of solid mechanics, Prentice Hall of
India, New Delhi(1965).

Mahmoud Selim
received the Ph.D. degree
in Applied Mathematics
at South Valley University
-Building Research Institute
(BRI) in Tsukuba, Japan
(as a channel system). His
research interests are in the
areas of applied mathematics
and mathematical physics

including the mathematical methods and models for wave
propagation in the elastic media and nanomaterials. He
has published research paper in reputed international
journals of mathematics and mathematical physics. He is
referee for numerous mathematical and physical journals.

c© 2016 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	Fundamental equations
	Solution of the problem
	Particular cases
	Numerical Results
	Conclusion

