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Abstract: In this paper, using the notion of Banach, Kannan and Charterjea contraction mappings, we introduce cyclic .# .7 -
contractions mapping and prove the existence and convergence of best proximity point in the context of complete .# - normal cone

metric spaces.
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1 Introduction

The fact that fixed point theory gives a cohesive treatment
and is a fundamental tool for solving equations of the
form Tx = x where T is a self-mapping defined on a
subset of some appropriate space and x is a point in the
space, leads to the importance of the area under
consideration. But, almost all such results depend upon
the existence of a fixed point for self-mappings.

The earliest techniques, largely devised by [1],
involved the iteration of an integral operator to obtain
solutions to such problems. In 1922, these techniques
were given precise abstract formulation by [2] and [3]
contraction mappings principle, a powerful tool in
analysis for establishing existence and uniqueness of
solution of problems in different kind.The fact that, fixed
point theorem is an important tool for solving equation of
the form Tx = x where T is a self-map defined on a subset
of some suitable space, leads to the significance of this
area. Various authors have generalized Banach-Cacciopoli
contraction principle in different spaces.

[4] characterized metric completeness by generalized
Banach Contraction principle. However, if 7 is not a
self-mapping, then it is probable that the equation 7x = x
has no solution. In this case, [5] introduced the concept of
the best approximation theorems. Moreover, best
proximity point theorem was also considered by different

authors in the context of metric space,which is a concept
that analyzed the existence of an approximate solution
that is optimal; that is, if A and B are non-empty subsets
of considered space and T : AUB — AU B then we can
find a point x € AU B such that d(x,Tx) = d(A,B), where
d(A,B) = inf,en{d(x,y) : x € Aandy € B}. [5], also
proved the following interesting best proximity point
theorem concerning cyclic contraction maps in metric
spaces. However, [6], proved the above best proximity
point theorem in the set up of multiplicative metric space.

On the other hand, [7] first introduced the notion of
cone metric space, [8] introduced the notion of cone
rectangular metric space, proved Banach contraction
mapping principles and some fixed point theorems of
such mappings on a complete cone metric space. [9]
studied common fixed points for weak commutative
mappings on a cone metric space. Moreover, [10]
Introduced the concept of M- normal cone and proved
fixed point results for several contraction mappings. [11]
prove Common fixed Points for a class of Contraction
Mapping in a Metric space. [12] studied some unique
fixed point theorems in the set up of cone metric space.
Their results carry fixed point results of [13] and [14] to
cone metric spaces. For more details about fixed point see
[[15],[16],[17],[18],[19],[20] e.t.c]. Best proximity point
theorem for a subclass of generalised .#.7-cyclic
contraction mappings was established in [21] in the
context of metric space.
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Let us recall that a function ¢ : [0,00) — [0, 1) is said
to be an .# 7 -function if limsup, ,,+ @(s) < 1 for all
t € [0,00). Tt is obvious that if ¢ : [0,00) — [0,1) is a
non-decreasing function or a non-increasing function,
then ¢ is an .# .7 -function. So the set of .# .7 -function
is a rich class.

Thus, motivated by the results above, one of the main
objectives of this paper is to consider a wider class of
such introduced mappings which was considered by [10].
Also, some new existence theorems of such mappings
have been studied and best proximity point theorem is
established. This work improves many results in the
literature. In particular, it extends the ideas of [10].

2 Preliminaries

Definition 1.Ler E be a real Banach space and P a non
empty subset of E. P is said to be a cone if and only if it
satisfies the following conditions:

1.P is closed and P # {0};
2.a,beR, a,b>0x,y P = ax+byc P;
3.PN(—P) = {0} Where —P={—x:x € P}.

Definition 2.For any given cone P C E, we can define a
partial ordering < on E with respect to P by x <y if and
only if y—x € P. We write x <y if x <y but x #y and
x Ly tomeany—x € intP, where int P denote the interior
of P. The cone P is called normal if there is a number K
such that for all x,y € E,

0<x<y= |}l <Kyl (1

The least positive integer K satisfying inequality (1)
above is called normal constant of P. The cone P is called
regular if every increasing sequence which is bounded
above is convergent.

Definition 3.Ler X be a non-empty set. Suppose there is a
cone P in E such that the mapping d : X x X — E satisfies

id(x,y) >0 and d(x,y) = 0 if and only if x =y for all
x,y€X;

iid(x,y) = d(y,x) for all x,y € X;

iiid(x,y) < d(x,z) +d(z,y) for all x,y € X.

Then d is called a cone metric on X and (X ,d) is called a
cone metric space.

It is obvious that cone metric space generalizes metric
space.

Example 1.Let E=R>,P = (x,y) €E:x,y>0C R* X =
Rand d: X «X — E such that d(x,y) = (Jx—y|,k|x —y]),
where k > 0 is a constant. Then (X,d) is a cone metric
space.

Definition 4.Let X be a cone metric space and {x,} be a
sequence in X with x € X, then,

i.for every c € E with O < c, there exist a natural number
no such that for all n > ng,d(xn,x) < ¢, then {x,} is
said to be convergent and {x,} converges to x.

ii.f for every c € E with 0 < c there exist an ng € N such
that for all n,m > ng,d(x,,xn) < c the {x,} is called
a Cauchy sequence in X. If a cauchy sequence in X
converges to a point in X, then it is called a complete
cone metric space.

Definition 5.7wo positive vectors x and y in a Banach
space E are said to have reflective archimedian property
if there exist an integer m such that y < mx if and only if
y < mlx, 0 < A <1, where A is called a bi-conditional
index.

The least positive integer m satisfying the above
inequality is called the archimedean constant for P.

A cone P in a Banach space E is called .#Z -normal if it
possesses a reflective archimedian property.

Definition 6.Let X be a non empty set. A point x € X is
said to be a fixed point of the self-mapping T : X — X if
Tx = x. For any other point x* € X with Tx* = x*, if x = x*
then T is said to have a unique fixed point in X.

Definition 7.A mapping T : X — X is called contraction
if there exist a positive real number o > 0 such that
d(Tx,Ty) < ad(x,y).

Definition 8.Let A and B be non-empty subsets of a metric
space (X,d). Consider a map T :AUB — AUB. T is
called a cyclic map if T(A) C Band T (B) C A.

Definition 9.Let A and B be non empty subset of a metric
space (X,d). A cyclicmap T : AUB — AUB is called a
cyclic contraction map, if 3 k € [0,1) such that
d(Tx,Ty) < kd(x,y) + (k—1)d(A,B) for all x € A and
yEB

3 Results and Discussion

In this paper, we use the concept of cyclic contraction and
prove for the existence of best proximity points instead of
fixed points. First, we establish the following theorem that
relate to cyclic .# .7 -contractions mappings.

Theorem 1.Let A and B be two non-empty closed subsets
of a complete cone metric space X and P an # - normal
cone. Suppose the mapping T : AUB — AU B satisfies the
strict cyclic contraction condition

d(Tx,Ty) < ald(Tx,x) +d(Ty,y) + kd(x,Ty)]
+(1*(X)d(A,B),
foranyxcAandy € B. Where 0 < < 1,0 <k < 1. Then

there exists an iterative sequence {x, }p,cn in AU B define
by xp41 =Txp, n €N, s.t

lim d(xp, x,+1) = inf d(x,,x,+1) = d(A,B).
n—oo neN
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Proof.First of all suppose ANB # ¢, then x| = x,.
So, Let xg € A be given. Define an iterative sequence
{Xn}nen bY Xp41 = Txp, n € N.

Then, d(A,B) < d(x,x,+1) for all n € N by definition.
If there exists j € N such thatx; = x;, 1 CANB,

then by definition

Txj=Xjp1 =X, Sxj = Xj—1 =X,

also Xj42 = T)Cj+1 = T(ij') = ij' =Xj,

Xj+2 = SXj+1 = S(Sx]) = ij = Xj.

S0, xj =xj41 = Xxj42 = ... and therefore

}ggcd(xn,xn+|) =0.

Then

r}il?;d(xn;xn+l) = :ggd(xnaxn+l)

= d(A,B) =0.

Hence, it suffices to consider the case x; # x|
for all n € N, where x,11 # xp.
We shall show that the sequence {d (x,,%,+1)}
is non-increasing.
d(xmer»l) = d(TxnflaTxn)
< ald(Txp,xn) +d(Txy—1,%,—1)
+kd (xp,x,)] + (1 — @)d(A,B)
= a[d(xn+1;xn) +d(xn;xn71)
ke (0, 50)] + (1 — @) (A, B)
< otfd(xpp1,%n) +d(Xn,X0-1)]
+(1-a)d(A,B)
[0

= md(xn,xn,l) +d(A,B)

Also,

d(xn+27xn+l) = d(Txn+17Txn)
< O‘[d(Ter»lzer»l) +d(Txn;xn)
+kd (xp41,Txy)]+ (1 —)d(A,B)
= ot[d (Xn4+2,Xn+1) +d (Xnt1,%n)
hd(nr500)] + (1 - c)d(A,B)
= a[d(xn+27xn+l)+d(xn+lvxn)]
+(1— @)d(A,B)
o
< (—1 — a)zd(xn+2axn+1)
1
+H({=g)dA:B)
o
< (m)zd(xn,xn,l)er(A,B).

Continuing in this manner, we get

o
d(Xpt1,%n) < (m)”d(xn,l,x,,) +d(A,B).

But
d(A,B) < d(xpt1,%n)

and since & is .# — normal cone, we have

d(A,B) < d(xn+l 7xn)
anl

< ( d(xy—1,%,) +d(A,B).

1—a)*
Taking limit as n — o in the above inequality, we get
d(A,B) < lim d(xp+1,%n)

n—soo
an)L
< lim ——
T e (1—a)t
+d(A,B).

d(.X'] a-xo)

This implies

d(A,B) < lim d(x,1,x,) < d(A,B)
n—soo

Hence

lim d(xp,x,+1) = d(A,B)

n—yoo
Applying Theorems 1, we establish the following
best proximity point theorem.

Theorem 2.Let A and B be two non-empty closed subsets
of a complete cone metric space X and P an M - normal
cone. Suppose the mapping T : AUB — AUB is a strict
cyclic contraction. Define an iterative sequence by
Xu+1 = Txy, n € N. Suppose further that {x,_1},en has a
converging subsequence in A, then there exists x € A s.t
lim d (xp,x,+1) = d(A,B).
n—soo
Proof.Let {x,, 1} be a subsequence of {x,_}
converging to a point x € A.
Now, observe that

d(A)B) S d(x7-xf’lk) S d(-xrxnk*l) +d(xnk71;xnk)

for all n € N. Since limg e, d(x,X,,—1) = 0 and
from Theorem 1, we know that

limk%m d(x,x,,k,] ) = d(A, B)

we have

d(A.B) < lim d(x.x,,)

< r}gl;lod(xvxnkfl ) + r}md(xnkfl 7xnk)'

By taking limit as k — oo

d(A5B) S r}ggod(xvxnk) S r}gl;lod(xnkfl ;xnk) = d(A5B)

hence
lim d(x,x,, ) = d(A,B).

n—yoo
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Now

d(A,B) < d(xp+1,Tx)

d(xy,,Tx)

< ald(Xp41,%, ) +d(Tx,x) + kd(x,,, Tx)]
+(1—a)d(A,B)

= ot[d(xp, , X, ) +d(Tx,x) + kd(xy,, Tx)]

+(1—a)d(A,B)

a[d(Tx,x) + kd(xn,, Tx)] + (1 — t)d(A,B)

otkd(xp,, Tx) + (1 — o)d(A,B)

otkd (X, X) 4 (1 — t)d (xp,,x)

(otk — o+ 1)d(xy,,x).

ININ

hence
d(A,B) < d(xpy1,Tx) < (0tk— o0+ 1)d (xXp41,%)
Taking limit as kK — oo, we obtain

d(A,B) < lim d(xp+1,Tx) < (ok—a+1) lim d(xp,41,%)
n—yoo n—roo
d(A,B) <d(x,Tx) < (ak—o+1) liﬁm d(A,B)
n—soo

This implies d(A,B) < d(x,Tx) <d(A,B)
and it follows that d(x,Tx) = d(A,B).
Theorem 3.Let A and B be two non-empty closed subsets
of a complete cone metric space X and P an # - normal
cone. Suppose the mapping T : AUB — AU B satisfies the
strict cyclic contraction condition
d(Tx,Ty) < ald(Tx,y) +d(Ty,x) +kd(x,y)]

+(1 —a)d(A,B)
forany x e Aandy € B. Where 0 < a <1, 0 <k < 1,

with m+k < m— o m > 0. Then there exists a sequence
{Xn tnen in AUB defined by x,,11 = Tx,, n €N, such that

lim d(x,,X,+1) = glgd(xn,xnﬂ) =d(A,B).

n—soo
and d(Tx,x) = d(A,B)
Proof.Suppose k # 0 and choose xy € A. Let a sequence
{xn}nen inAUB be defined as x; = Txg C A, x; =Tx; CB,
ey X1 = Txp,n € N
We want to show that the sequence {d(xy,X,+1)} is non-
increasing.
Since, T is strictly cyclic contraction, we have
d(xn,Xn11) = d(Txp—1,Txp)
< ald(Txp—1,xp—) +d(Txp,xn)
+kd (xp—1,%,)] + (1 — t)d(A,B)
= a[d(xmxnfl) + d(xn+17xn)
+kd(xp—1,x,)]+ (1 — at)d(A,B)
= [(o+k)d(xn—1,%n) +d (X0, Xn11)]
+(1—a)d(A,B)

where (TkTg < 1 Hence, {d(xn,x,+1)} is a non-increasing
sequence. Now by the completeness of X, x, — x for some
pointx € AUB.
d(Tx,x) < d(Tx,Tx,)+d(Txp,x)
=d(Tx,Tx,)+d(Tx,,x)
< otd(Txp,x) +d(Tx,x) + kd (xn,x)]
+(1—a)d(A,B) +d(Tx,,x)
= ad(Txp,x) + ad(Tx,x,) + otkd(xy,x)
+(1—a)d(A,B) +d(Tx,,x)
= ad(Txp,x) + ad(Tx,x,) + otkd(xn,x)
d(A,B) — ad(A,B) +d(Tx,,x)
d(Tx,,x)+ od(Tx,x,) + okd (x,,x)
d(A,B) — ad(A,B) +d(Tx,,x)
d(Tx,,x)+ od(Tx,x,) + okd (x,,x)
d(xp,x) — ad(A,B) +d(Txy,x)

R +

+

<
<

+

Letting n — oo and using the . - normality of P,
we see that

d(Tx,x) < od(Txy,x) + ad(Tx,x,) + otkd(x,x)
+d(x,x) — ad(A,B) +d(Tx,x)

< ﬁ [od (Txp,x) + otkd (xn,x)

(g1, 3)] + —d(A,B)

1
(1-a))
and since & is M- normal, we have

1

(1= a))?
%)Ad(A,B)

<o
< d(A,B)

d(Tx,x) < d(A,B)

A

Hence, we have
d(A,B) <d(Tx,x) <d(A,B).
and this implies
d(Tx,x) =d(A,B).

Setting AN B = ¢ in Theorem 2, yields the following
corollary.

Corollary 1.(/10]). Let X be a complete cone metric space
and P an A - normal cone. Suppose the mapping T : X —
X satisfies the contractive condition

d(Tx,Ty) < ofd(Tx,x)+d(Ty,y) +kd(x,Ty)] (2)

foranyx € Aandy € B. Where 0 < a < 1,0 <k < 1. Then,
T has a unique fixed point in X.
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Setting ANB = ¢ in Theorem 3, yields the following
corollary.

Corollary 2.([10]). Let X be a complete cone metric space
and P an M - normal cone. Suppose the mapping T : X —
X satisfies the contractive condition

d(Tx,Ty) < a[d(Tx,y)+d(Ty,x)+ kd(x,y)] 3)

foranyx € Aandy € B. Where 0 < ax < 1, 0 <k < 1, with
m+k<m—am>0. Then, T has a unique fixed point in
X.

4 Conclusion

[10] introduced the concept of m-normal cone metric
spaces and proved the existence of fixed points for such
contractions in the said spaces. This idea particularly
extends the work of [7] from cone metric space to
m-normal cone metric space. Even though the famous
Banach, Kannan and Charterjea results can be deduced
from [10] but best proximity point is not considered in
m-normal cone metric spaces hence our results. Our result
extend the work of [10] from fixed point to best proximity
point. However, the introduced mapping can be used to
obtained best proximity point in a bigger space.
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