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Abstract: This study aims to model the path analysis of linear, quadratic, and cubic truncated splines at one and two knot 
points using Iteratively Reweighted Least Square (IRLS) and determine the best model in the case of Community Welfare 
with the Role of the Government as a mediating variable. The data used in this study is primary data. Data analysis used in 
this study is nonparametric path analysis with Iteratively Reweighted Least Square (IRLS) using Rstudio software. The 
estimation of the nonparametric path model function truncated spline of linear, quadratic, and cubic 1 and 2 point knots 
indicates that changes in data behavior patterns occur when the character / personality of the debtor is quite good and good 
at paying credit on time. The novelty of this research is to model the development of nonparametric path analysis, namely 
nonparametric truncated spline analysis of linear, quadratic, and cubic orders using Iterative Reweighted Least Square 
(IRLS) on community welfare data. 
 
Keywords: Path Analysis, Nonparametric Path Analysis, Iteratively Reweighted Least Square (IRLS), Truncated Spline.
 

1 Introduction 

Regression analysis is one of the methods in statistical science that aims to determine the pattern of the relationship between 
one or more predictor variables and the unknown response variable. In the process of modeling regression analysis, there is a 
regression curve that is used as an explanation of the functional relationship between predictor variables and response variables 
where the data pattern described is approached by parametric regression [1]. In practice, not all relationships between variables 
can follow a certain relationship pattern according to parametric regression modeling [2]. The relationship between variables 
that cannot follow a certain pattern is modeled using nonparametric regression. In nonparametric regression, the form of the 
regression function is assumed to be unknown and the linearity assumption is not met [3]. 

The most popular nonparametric regression approach model used is the Spline model. A spline is a section of a segmented 
polynomial connected through knots. The knot point itself is a combination of common points that explain how the behavior 
changes of the spline function at different intervals. The segmented nature causes the spline to have high flexibility compared 
to the ordinary polynomial model, thus making the spline regression adapt more effectively to the characteristics of a data [4]. 

In the current development of statistics and research, the relationship between variables is not only limited to one response 
variable with one or several response variables. Modeling for more than one response variable with one or more predictor 
variables is called path analysis modeling. Path analysis is an analysis that can be used to analyze causal relationships and 
direct or indirect effects of several observed variables [5]. Path analysis based on nonparametric regression is a path analysis 
that is in accordance with the pattern of the relationship between predictor variables and response variables whose curve shape 
is not known [6]. 

In the regression model, the method of least squares (OLS) is often used for parameter estimation. The least squares method 
(OLS) is considered the best method for estimating the regression parameters if the assumptions are met. However, if the data 
used does not meet these assumptions, then the parameter estimation results are invalid and biased. One of the violations of 
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these assumptions is the assumption of heteroscedasticity caused by an inhomogeneous variance [7]. Therefore, we need a 
method to deal with this problem, namely the Iterative Reweighted Least Square (IRLS) estimation [8]. 

Company X is one of the companies under the State-Owned Enterprises (BUMN) which is engaged in logistics and food in 
Indonesia. Basically the company has a goal to get a lot of profit. Another goal of the company is that many products can be 
purchased or known by the public. Therefore, the company must prioritize the wants and needs of the community [9]. 
Based on the description above, this study aims to model the best model using linear, quadratic, and cubic truncated spline path 
analysis at one and two knot points using Iteratively Reweighted Least Square (IRLS) on the 5C principle on the welfare of 
society at company X. with the government's role as a mediating variable and knowing the factors that affect the welfare of the 
community which is the originality of the research. In this study, nonparametric truncated spline path analysis function was 
used to estimate the Iterative Reweighted Least Square (IRLS) approach. 
 

2 Literature Review 
 2.1 Nonparametric Regression 

 

Regression analysis is one of the statistical methods commonly used to see the functional relationship between the 
response variables that are influenced by the predictor variables. According to [1], nonparametric regression is a statistical 
method used to determine the relationship between the response variable and predictor whose function is not known, it is 
only assumed that the function is smooth in the sense that it is contained in a certain function space, so that nonparametric 
regression has greater flexibility. high. Because the shape of the regression curve is unknown, nonparametric regression 
can form any function in estimating the shape of the regression curve, either linear or nonlinear. 

According to [10], nonparametric regression models in general can be presented as follows: 

𝑦! = 𝑓(𝑥!) + 𝜀! , for 𝑖 = 1,2, … , 𝑛    (1) 
Where: 𝑦! : the value of the response variable at the i-th observation 
 𝑓(𝑥!) : observation 
 𝑥! : the value of the predictor variable at the i-th observation 
 𝜀! : error i 
 𝑛 : many observations 
 

Truncated Spline Nonparametric Regression 
 

Spline is a part of regression analysis, more specifically from nonparametric regression and semiparametric regression. 
Research in the field of splines that is independent and has character requires a comprehensive process, following stages 
and very long. In modeling data patterns, nonparametric spline regression has advantages, namely: (a) Splines have very 
special and very good statistical interpretations. The spline model was obtained from the optimization of the Penalized 
Least Square (PLS) method. (b) Spline is able to handle smooth data/functions. (c) Spline has the ability to handle data 
whose behavior changes at certain sub-intervals very well. (d) Spline has the ability to generalize complex and complex 
statistical modeling very well. One of the spline models that are of interest in applications is the truncated spline polynomial 
[11]. 
According to [4], splines are parts or pieces of polynomials that have segmented and continuous (truncated) properties. The 
advantage of truncated spline polynomial regression is that it tends to find its own form of regression curve estimation. This 
can happen because the spline has a common fusion point that shows the occurrence of a pattern of data behavior called 
knot points. The knot point allows for effective adjustment of local characteristics so that the spline has high flexibility. In 
addition, the advantage of truncated spline polynomial regression is that it is objective, so it can minimize the element of 
subjectivity. The optimization is done by using the least square method so that it has easy, simple and good mathematical 
calculations to help statistical calculations. 
[10] conducted a study with a regression curve f approximated by the spline function f and knots K. In matrix form it is 
stated as follows: 
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In matrix form, the spline regression model is presented as follows: 
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It can also be written as: 
    (2) 

Next, the parameter estimation  

  (3) 
obtained using the least square method, the optimization solution is as follows: 

 

=   (4) 

The elaboration of the sum squared error matrix is presented as follows: 

     

                                         (5) 

If equation (5) is derived from and then equated to zero, we get: 
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Thus, the estimation of the K spline knot regression curve is obtained: 
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    (8) 
with  is a function of the knot point and  are the knot points. 

In general, the regression model is similar to equation (1), f(X_i ) is a regression curve that is approximated by a spline 
function of order p with knot points K_1, K_2,…,K_k (first knot point to k knot) derived from equation. The following 
function is obtained:  

 (9) 

If equation (9) is substituted into equation (1), the nonparametric spline regression equation is obtained as follows: 

 

where 𝑖 = 1,2,3, … , 𝑛. 
𝑗 = 1,2,3, … , 𝑝	; 𝑝 ≥ 1. 
𝑘 = 1,2,3, … , 𝐾. 
𝑛  : Number of observations. 
𝑝  : Ordo Spline.  
𝐾 : Number of knots. 

The function(𝑋! − 𝐾/).
-  is a truncated function given by: 

(𝑋! − 𝐾/).
- = F

(𝑋! − 𝐾/)-				; 	𝑋! ≥ 𝐾/
									0													; 	𝑋! < 𝐾/

 
where p is the order of Spline and K is the selected knot [12]. 
 
Quadratic Polynomial Degree Truncated Spline Model (Order p=2) with 1 Knot Point The general form of the quadratic 
polynomial degree truncated spline regression model is as follows: 

𝑌! = 𝛽0 + 𝛽(𝑋! + 𝛽)𝑋!) + 𝛿((𝑋! − 𝐾().) . + 𝜀(! 	  (10) 
where function is truncated: 

(𝑋! − 𝐾/).) = F(𝑋! − 𝐾/)
)				; 	𝑋! ≥ 𝐾/

									0													; 	𝑋! < 𝐾/
 

The nonparametric truncated spline regression model on the dependent and independent variables single when quadratic 
(order p=2) with 1 knot will be obtained as follows: 
𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛽M()𝑋(!) + 𝛿M(((𝑋(! − 𝐾(().) +                                                                                           (11) 

where function truncated : 

(X(A − K(().) = F(X(A − K(()
)				; 	X(A ≥ K((

										0															; 	X(A < K((
 

 

2.2 Nonparametric Path Analysis 
 

Path analysis is an analysis that studies the causal relationship between exogenous and endogenous variables, and looks for 
the most efficient path. Path analysis can be done if it meets the assumption of linearity and the shape of the regression 
curve is known. If the linearity assumption is not met and the shape of the regression curve is not known, then path analysis 
cannot be used, so an analysis that can overcome this problem is developed, namely nonparametric path analysis. The 
nonparametric path analysis function is presented in equation (12). 
 
𝑦(!  = 𝑓((𝑥(!) + 𝑓((𝑥)!) + 𝑓((𝑥B!) + 𝑓((𝑥C!) + 𝑓((𝑥D!) + 𝜀(!  

(12) 
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𝑦)!  = 𝑓)(𝑥(!) + 𝑓)(𝑥)!) + 𝑓)(𝑥B!) + 𝑓)(𝑥C!) + 𝑓)(𝑥D!) + 𝑓)(𝑦(!) + 𝜀)!  

 = 𝑓)(𝑥(! , 𝑥)! , 𝑥B! , 𝑥C! , 𝑥D! , 𝑦(!) 
𝑖 = 1,2, … , 𝑛 

 
 

The nonparametric truncated spline path model when linear (order p=1) with 1 knot point for five exogenous variables and 
two endogenous variables will be obtained as follows. 
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(13) 

 
 
 
 
 
 

 
The nonparametric truncated spline path model when linear (order p=1) with 2 knot points for five exogenous variables and 
two endogenous variables will be obtained as follows: 
𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛿M(((𝑋(! − 𝐾((). + 𝛿M()(𝑋(! − 𝐾()). + 𝛽M()𝑋)! + 𝜆M(((𝑋)! − 𝐾)().

+ 𝜆M()(𝑋)! − 𝐾))). + 𝛽M(B𝑋B! + 𝛾P(((𝑋B! − 𝐾B(). + 𝛾P()(𝑋B! − 𝐾B)). + 𝛽M(C𝑋C!
+ 𝜌P(((𝑋C! − 𝐾C(). + 𝜌P()(𝑋C! − 𝐾C)). + 𝛽M(D𝑋D! + 𝜃S(((𝑋D! − 𝐾D().
+ 𝜃S()(𝑋D! − 𝐾D)). 

 
𝑓M)A = 𝛽M)0 + 𝛽M)(𝑋(! + 𝛿M)((𝑋(! − 𝐾(().+𝛿M))(𝑋(! − 𝐾()). + 𝛽M))𝑋)! + 𝜆M)((𝑋)! − 𝐾)().

+ 𝜆M))(𝑋)! − 𝐾))). + 𝛽M)B𝑋B! + 𝛾P)((𝑋B! − 𝐾B(). + 𝛾P))(𝑋B! − 𝐾B)). + 𝛽M)C𝑋C!
+ 𝜌P)((𝑋C! − 𝐾C(). + 𝜌P))(𝑋C! − 𝐾C)). + 𝛽M)D𝑋D! + 𝜃S)((𝑋D! − 𝐾D().
+ 𝜃S))(𝑋D! − 𝐾D)). + 𝛽M)E𝑓(A + 𝛼P)((𝑓(! − 𝐾E(). + 𝛼P))(𝑓(! − 𝐾E)). 

  (14) 
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The nonparametric truncated spline path model at quadratic (order p=2) with 1 knot point for five exogenous variables and 
two endogenous variables will be obtained as follows. 

𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛿M(((𝑋(! − 𝐾((). + 𝛽M()𝑋)! + 𝜆M(((𝑋)! − 𝐾)(). + 𝛽M(B𝑋B!
+ 𝛾P(((𝑋B! − 𝐾B(). + 𝛽M(C𝑋C! + 𝜌P(((𝑋C! − 𝐾C(). + 𝛽M(D𝑋D! + 𝜃S(((𝑋D! − 𝐾D(). 

 
𝑓M)A = 𝛽M)0 + 𝛽M)(𝑋(! + 𝛿M)((𝑋(! − 𝐾((). + 𝛽M))𝑋)! + 𝜆M)((𝑋)! − 𝐾)(). + 𝛽M)B𝑋B!

+ 𝛾P)((𝑋B! − 𝐾B(). + 𝛽M)C𝑋C! + 𝜌P)((𝑋C! − 𝐾C(). + 𝛽M)D𝑋D! + 𝜃S)((𝑋D! − 𝐾D().
+ 𝛽M)E𝑓(A + 𝛼P)((𝑓(! − 𝐾E(). 
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𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛽M()𝑋(!) + 𝛿M(((𝑋(! − 𝐾(().) + 𝛽M(B𝑋)!+	𝛽M(C𝑋)!) + 𝜆M(((𝑋)! − 𝐾)().)

+ 𝛽M(D𝑋B!+	𝛽M(E𝑋B!) + 𝛾P(((𝑋B! − 𝐾B().) + 𝛽M(F𝑋C!+	𝛽M(G𝑋C!) + 𝜌P(((𝑋C! − 𝐾C().)
+ 𝛽M(H𝑋D!+	𝛽M((0𝑋C!) + 𝜃S(((𝑋D! − 𝐾D().)+	𝛽M)()𝑓(!) + 𝛼)((𝑓(! − 𝐾E().)  

 
𝑓M)A = 𝛽M)0 + 𝛽M)(𝑋(! + 𝛽M))𝑋(!) + 𝛿M)((𝑋(! − 𝐾(().) + 𝛽M)B𝑋)!+	𝛽M)C𝑋)!) + 𝜆M)((𝑋)! − 𝐾)().)

+ 𝛽M)D𝑋B!+	𝛽M)E𝑋B!) + 𝛾P)((𝑋B! − 𝐾B().) + 𝛽M)F𝑋C!+	𝛽M)G𝑋C!) + 𝜌P)((𝑋C! − 𝐾C().)

+ 𝛽M)H𝑋D!+	𝛽M)(0𝑋D!) + 𝜃S)((𝑋D! − 𝐾D().) + 𝛽M)((𝑓(A 

(15) 

 
The nonparametric truncated spline path model at quadratic time (order p=2) with 2 knot points for five exogenous 
variables and two endogenous variables will be obtained as follows. 
𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛽M()𝑋(!) + 𝛿M(((𝑋(! − 𝐾(().) + 𝛿M()(𝑋(! − 𝐾()).) + 𝛽M(B𝑋)!+	𝛽M(C𝑋)!)

+ 𝜆M(((𝑋)! − 𝐾)().)+𝜆M()(𝑋)! − 𝐾))).) + 𝛽M(D𝑋B!+	𝛽M(E𝑋B!) + 𝛾P(((𝑋B! − 𝐾B().)
+ 𝛾P()(𝑋B! − 𝐾B)).)+𝛽M(F𝑋C!+	𝛽M(G𝑋C!) + 𝜌P(((𝑋C! − 𝐾C().)+𝜌P()(𝑋C! − 𝐾C)).)
+ 𝛽M(H𝑋D!+	𝛽M((0𝑋D!) + 𝜃S(((𝑋D! − 𝐾D().) + 𝜃S()(𝑋D! − 𝐾D().)  

 
𝑓M)A = 𝛽M)0 + 𝛽M)(𝑋(! + 𝛽M))𝑋(!) + 𝛿M)((𝑋(! − 𝐾(().) + 𝛿M))(𝑋(! − 𝐾()).) + 𝛽M)B𝑋)!+	𝛽M)C𝑋)!) 	

+ 𝜆M)((𝑋)! − 𝐾)().)+𝜆M))(𝑋)! − 𝐾))).) + 𝛽M)D𝑋B!+	𝛽M)E𝑋B!) + 𝛾P)((𝑋B! − 𝐾B().)
+ 𝛾P))(𝑋B! − 𝐾B)).)+𝛽M)F𝑋C!+	𝛽M)G𝑋C!) + 𝜌P)((𝑋C! − 𝐾C().)+𝜌P))(𝑋C! − 𝐾C)).)
+ 𝛽M)H𝑋D!+	𝛽M)(0𝑋D!) + 𝜃S)((𝑋D! − 𝐾D().) + 𝜃S))(𝑋D! − 𝐾D)).)

+ 𝛽M)((𝑓(A+	𝛽M)()𝑓(!) + 𝛼P)((𝑓(! − 𝐾E().) + 𝛼P))(𝑓(! − 𝐾E)).)  

    
(16) 

 
where function truncated : 

(X(A − K(().) = F(X(A − K(()
)				; 	X(A ≥ K((

										0															; 	X(A < K((
 

(X(A − K()).) = F(X(A − K())
)				; 	X(A ≥ K()

										0															; 	X(A < K()
 

(X)A − K)().) = F(X)A − K)()
)				; 	X)A ≥ K)(

										0															; 	X)A < K)(
 

(X)A − K))).) = F(X)A − K)))
)				; 	X)A ≥ K))

										0															; 	X)A < K))
 

(XBA − KB().) = F(XBA − KB()
)				; 	XBA ≥ KB(

										0															; 	XBA < KB(
 

(XBA − KB)).) = K(XBA − KB))
)				; 	XBA ≥ KB)

										0															; 	XBA < KB)
 

(XCA − KC().) = F(XCA − KC()
)				; 	XCA ≥ KC(

										0															; 	XCA < KC(
 

(XCA − KC)).) = F(XCA − KC))
)				; 	XCA ≥ KC)

										0															; 	XCA < KC)
 

(XDA − KD().) = F(XDA − KD()
)				; 	XDA ≥ KD(

										0																; 	XDA < KD(
 

(XDA − KD)).) = F(XDA − KD))
)				; 	XDA ≥ KD)

										0																; 	XDA < KD)
 

(𝑓(A − KE().) = F(𝑓(A − KE()
)					; 	Y(A ≥ KE(

										0																	; 	Y(A < KE(
 

(𝑓(A − KE)).) = F(𝑓(A − KE))
)						; 	Y(A ≥ KE)

										0																	; 	Y(A < KE)
 

 
The nonparametric truncated spline path model at cubic time (order p=3) with 1 knot point for five exogenous variables and 
two endogenous variables will be obtained as follows. 
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𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛽M()𝑋(!) + 𝛽M(B𝑋(!B + 𝛿M(((𝑋(! − 𝐾(().B + 𝛽M(C𝑋)!+	𝛽M(D𝑋)!) +	𝛽M(E𝑋)!B

+ 𝜆M(((𝑋)! − 𝐾)().B + 𝛽M(F𝑋B!+	𝛽M(G𝑋B!) +	𝛽M(H𝑋B!B + 𝛾P(((𝑋B! − 𝐾B().B

+ 𝛽M((0𝑋C!+	𝛽M(((𝑋C!) +	𝛽M(()𝑋C!B + 𝜌P(((𝑋C! − 𝐾C().B
+ 𝛽M((B𝑋D!+	𝛽M((C𝑋D!) +	𝛽M((D𝑋D!B + 𝜃S(((𝑋D! − 𝐾D().)  

 
𝑓M)A = 𝛽M)0 + 𝛽M)(𝑋(! + 𝛽M))𝑋(!) + 𝛽M)B𝑋(!B + 𝛿M)((𝑋(! − 𝐾(().B + 𝛽M)C𝑋)!+	𝛽M)D𝑋)!) +	𝛽M)E𝑋)!B

+ 𝜆M)((𝑋)! − 𝐾)().B + 𝛽M)F𝑋B!+	𝛽M)G𝑋B!) +	𝛽M)H𝑋B!B + 𝛾P)((𝑋B! − 𝐾B().B

+ 𝛽M)(0𝑋C!+	𝛽MM)((𝑋C!) +	𝛽M)()𝑋C!B + 𝜌P)((𝑋C! − 𝐾C().B

+ 𝛽M)(B𝑋D!+	𝛽M)(C𝑋D!) +𝛽M)(D𝑋D!B + 𝜃S)((𝑋D! − 𝐾D().B
+ 𝛽M)(E𝑓(A+	𝛽M)(F𝑓(!)+	𝛽M)(G𝑓(!B + 𝛼P)((𝑓(! − 𝐾E().B  

 

(17) 

The nonparametric truncated spline path model at cubic time (order p=3) with 2 knot points for five exogenous variables 
and two endogenous variables will be obtained as follows. 
𝑓M(A = 𝛽M(0 + 𝛽M((𝑋(! + 𝛽M()𝑋(!) + 𝛽M(B𝑋(!B + 𝛿M(((𝑋(! − 𝐾(().B + 𝛿M()(𝑋(! − 𝐾()).B

+ 𝛽M(C𝑋)!+	𝛽M(D𝑋)!) +	𝛽M(E𝑋)!B + 𝜆M(((𝑋)! − 𝐾)().B+𝜆M()(𝑋)! − 𝐾))).B
+ 𝛽M(F𝑋B!+	𝛽M(G𝑋B!) +	𝛽M(H𝑋B!B + 𝛾P(((𝑋B! − 𝐾B().B
+ 𝛾P()(𝑋B! − 𝐾B)).B+𝛽M((0𝑋C!+	𝛽M(((𝑋C!) +	𝛽M(()𝑋C!B

+ 𝜌P(((𝑋C! − 𝐾C().B+𝜌P()(𝑋C! − 𝐾C)).B + 𝛽M((B𝑋D!+	𝛽M((C𝑋D!) +	𝛽M((D𝑋D!B

+ 𝜃S(((𝑋D! − 𝐾D().B + 𝜃S()(𝑋D! − 𝐾D().B  
 
𝑓M)A = 𝛽M)0 + 𝛽M)(𝑋(! + 𝛽M))𝑋(!) + 𝛽M)B𝑋(!B + 𝛿M)((𝑋(! − 𝐾(().B + 𝛿M))(𝑋(! − 𝐾()).B

+ 𝛽M)C𝑋)!+	𝛽M)D𝑋)!) +	𝛽M)E𝑋)!B + 𝜆M)((𝑋)! − 𝐾)().B+𝜆M))(𝑋)! − 𝐾))).B
+ 𝛽M)F𝑋B!+	𝛽M)G𝑋B!) +	𝛽M)H𝑋B!B + 𝛾P)((𝑋B! − 𝐾B().B

+ 𝛾P))(𝑋B! − 𝐾B)).B+𝛽M)(0𝑋C!+	𝛽M)((𝑋C!) +	𝛽M)()𝑋C!B

+ 𝜌P)((𝑋C! − 𝐾C().B+𝜌P))(𝑋C! − 𝐾C)).B + 𝛽M)(B𝑋D!+	𝛽M)(C𝑋D!) +	𝛽M)(D𝑋D!B

+ 𝜃S)((𝑋D! − 𝐾D().B + 𝜃S))(𝑋D! − 𝐾D)).B + 𝛽M)(E𝑓(A+	𝛽M)(F𝑓(!)+	𝛽M)(G𝑓(!B
+ 𝛼P)((𝑓(! − 𝐾E().B + 𝛼P))(𝑓(! − 𝐾E)).B  

(18) 

 
where function truncated : 

(X(A − K(().B = F(X(A − K(()
B				; 	X(A ≥ K((

										0															; 	X(A < K((
 

(X(A − K()).B = F(X(A − K())
B				; 	X(A ≥ K()

										0															; 	X(A < K()
 

(X)A − K)().B = F(X)A − K)()
B				; 	X)A ≥ K)(

										0															; 	X)A < K)(
 

(X)A − K))).B = F(X)A − K)))
B				; 	X)A ≥ K))

										0															; 	X)A < K))
 

(XBA − KB().B = F(XBA − KB()
B				; 	XBA ≥ KB(

										0															; 	XBA < KB(
 

(XBA − KB)).B = F(XBA − KB))
B				; 	XBA ≥ KB)

										0															; 	XBA < KB)
 

(XCA − KC().B = F(XCA − KC()
B				; 	XCA ≥ KC(

										0															; 	XCA < KC(
 

(XCA − KC)).B = F(XCA − KC))
B				; 	XCA ≥ KC)

										0															; 	XCA < KC)
 

(XDA − KD().B = F(XDA − KD()
B				; 	XDA ≥ KD(

										0																; 	XDA < KD(
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(XDA − KD)).B = F(XDA − KD))
B				; 	XDA ≥ KD)

										0																; 	XDA < KD)
 

(𝑓(A − KE().B = F(𝑓(A − KE()
B					; 	𝑓(A ≥ KE(

										0																	; 	𝑓(A < KE(
 

(𝑓(A − KE)).B = F(𝑓(A − KE))
B						; 	𝑓(A ≥ KE)

										0																	; 	𝑓(A < KE)
 

 

Nonparametric Truncated Spline Path Analysis Function Estimation Using WLS 
In nonparametric path analysis, parameter estimation can be done using the weighted least square (WLS) method, which 
minimizes the following equation. 

 
 

          (21) 
 
Then do the partial derivatives, and get the following equation:. 

𝒬 V𝛽
~
W = V𝑦

~
− 𝑿𝛽

~
W
O
𝚺P( V𝑦

~
− 𝑿𝛽

~
W 

(20)  = V𝑦
~
O − 𝛽

~
O𝑿OW 𝚺P( V𝑦

~
− 𝑿𝛽

~
W 

 = 𝑦
~
O𝚺P(𝑦

~
− 𝛽

~
O𝑿O𝚺P(𝑦

~
− 𝑦

~
O𝚺P(𝑿𝛽

~
+ 𝛽

~
O𝑿O𝚺P(𝑿𝛽

~
 

 = 𝑦
~
O𝚺P(𝑦

~
− 2𝛽

~
O𝑿O𝚺P(𝑦

~
+ 𝛽

~
O𝑿O𝚺P(𝑿𝛽

~
 

 
Next, equation (2.20) is derived with respect to ~ and equated to zero. 

𝜕𝒬 V𝛽
~
W

𝜕𝛽
~
	

 = −2𝑿O𝚺P(𝑦
~
+ 2𝑿O𝚺P(𝑿𝛽

~
 

(21) 
0 = −2𝑿O𝚺P(𝑦

~
+ 2𝑿O𝚺P(𝑿𝛽

~
 

2𝑿O𝚺P(𝑿𝛽
~

 = 2𝑿O𝚺P(𝑦
~

 

𝑿O𝚺P(𝑿𝛽
~

 = 𝑿O𝚺P(𝑦
~

 

𝛽
~
M  = (𝑿O𝚺P(𝑿)P(𝑿O𝚺P(𝑦

~
   

The next step is the equation (21) formed into 𝑓
~
Q = 𝑿𝛽

~
Q , and the estimator of the spline function is obtained as follows:. 

              (22) 
 

with 𝑓
~
Q = T𝑓Q(, 𝑓Q)U

O
. Equation (22) can be simplified in the form 𝑓

~
Q = 𝑯(𝑲)

~
𝑦
~

, di mana 𝑯(𝑲)
~
= 𝑿(𝑿O𝚺P(𝑿)P(𝑿O𝚺P(. 𝑯(𝑲)

~
 

is a function of the knot point, while𝑲 = (𝑘((, … , 𝑘(Z, 𝑘)(, … , 𝑘)Z) are knot points. 
 
Solution for Regression Coefficients Using IRLS 
 

To minimize the regression equation, the first partial derivative of the equation with respect to the parameter, must be equal 
to 0. So that will produce a necessary condition for the minimum that results in the equation of the derivative function: 
 

𝜕𝑓(𝑥)
𝜕𝛽\

= 0 

                                      ∑ 𝑋!\ψ _
`!P∑ ,!"a"

#
"$% 	

b
c+

!d( = 0,           𝑗	 = 	0,1, … , 𝑘                                 (23) 
 
with ψ = ρ′ dan 𝑥!\ is the i-th observation on the regressor ke-j and 𝑥!0 = 1. Define a weight function fungsi 
 

min ^𝜀
~
O 𝜮P( 𝜀

~
` = min aV𝑦

~
− 𝑿𝛽

~
W
O
𝜮P( V𝑦

~
− 𝑿𝛽

~
Wb                            

𝑓
~
Q = 𝑿(𝑿O𝚺P(𝑿)P(𝑿O𝚺P(𝑦

~
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                                                        𝑤(𝑢!) =
gh

!"#∑ %"&'&
(
&)* 	

, i

`"P∑ ,"&a&(
&)*

                                             (24) 

  
and 𝑤! = 𝑤(𝑢!). Then the equation of the derivative function above can be written as 

 

                                                         ∑ 𝑋!\wAT𝑦! − ∑ 𝑥!\𝛽\/
\d0 U+

!d( = 0,           𝑗	 = 	0,1, … , 𝑘                           (25) 
 

n general, the function is not linear and the derivative equation above must be solved by the iteration method. 
Regression coefficient estimation with M-estimation is performed with least squares estimation with iterative weighting. 
This estimation procedure requires an iteration process where w_i will change in each iteration so that we get _0,β _1,…,β 
_k. The procedure is called Iteratively Reweighted Least Squares (IRLS). To use IRLS, assume that an initial estimate of _0 
exists and s is a scale estimate. For parameters where p is the number of parameters to be estimated, then 

 
          ∑ 𝑋!\𝑤!0T𝑦! − ∑ 𝑥!\𝛽Q\0/

\d0 U+
!d( = 0,           𝑗	 = 	0,1, … , 𝑘                                               (26) 

𝑤!0 =

⎩
⎪⎪
⎨

⎪⎪
⎧ ψ_

`!P∑ ,!"aq"
%#

"$% 	

b
c

𝑦! − ∑ 𝑥!\𝛽Q\0/
\d0

,	          jika 𝑦! ≠s𝑥!\𝛽Q\0
/

\d0

1,	                                                jika 𝑦! =s𝑥!\𝛽Q\0
/

\d0

 

For the case of multiple regression, the parameter calculation can be obtained from the matrix equation 
 

                             𝐗u𝐖𝟎𝐗𝛽Q = 𝐗u𝐖0𝐘                (27) 
𝐖𝟎 is a diagonal matrix of size (n × n) of weights with diagonal elements𝑤(0, 𝑤)0, … ,𝑤+0. Therefore, the one-step estimator 
 

                                       is 𝛽Q = (𝐗u𝐖𝟎𝐗)P(𝐗u𝐖0𝐘          (28) 
 
In the next step, we recalculate the weight from w_i=w(u_i ) but use ^1 instead of ^0, and so on. This iteration calculation is 
stopped when changes occur in the regression coefficient, namely the difference between ^(t+1) and ^t is less than 0.1% 
with t = 0.1,.... Estimated regression coefficient with estimation -M IRLS can be written by the formula: 
 

               (β) ̂^(t+1)=(X^' W^t X)^(-1) X^' W^t Y                             (29) 
 

The least squares estimate can be used as a starting value, ^0. Furthermore, for ^2 can be written as follows: 
                                                       

                                                          𝛽M) = e𝐗u𝐖𝟏𝐗hP(𝐗u𝐖(𝐘                                 (30) 
 
Generalized Cross Validation (GCV) 
 

The GCV method is a method that is very often used to select the most optimal knot point. The best spline is characterized 
by the optimal knot point obtained. One method of selecting the optimal knot point is GCV. The best spline model with 
optimal knot points is obtained from the smallest GCV value. As previously explained, the GCV method is a modified form 
of the CV method. Where the CV equation is as follows.: 
 

    CVT𝑘|U = 𝑛P( ∑ _
`!P}~#(")

(P𝐀T/(,/),…,/"U
c
)

+
!d(                                       (31) 

While the GCV equation is given by the following equation: 
 

                 GCVT𝑘|U = 𝑛P( ∑ T𝑦! − 𝜇̂/(\)U
)Q+

!d(                                          (32) 
where: 

𝑄 = �
1 − 𝐀T𝑘(, 𝑘), … , 𝑘\U

𝑛P(trace�𝐈 − 𝐀T𝑘(, 𝑘), … , 𝑘\U�
�
)
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The GCV equation can also be written with the following equation: 

                                                           GCVT𝑘|U = 𝑛P( ∑ T`!P�Q(,)U
)*

!$(

T(P++(������𝐀T/| U�U
)       (33) 

where : 𝑓Q(𝑥) = 𝐀T𝑘|U𝑌| = [𝐗(𝐗�𝐗)P(𝐗�]𝑌|  
 𝐀T𝑘|U = [𝐗(𝐗�𝐗)P(𝐗�] 
 𝑀𝑆𝐸 = 𝑛P( ∑ T𝑦! − 𝑓Q(𝑥)U

)+
!d(  

 I = Matriks Identitas 
 n = Many Observations 
 
 

3 Research Method 

3.1Research data 
The data used in this study is primary data. Data was collected through a questionnaire with a Likert scale. The sampling 
technique used is purposive sampling. Purposive sampling is a sampling technique based on certain characteristics or 
conditions that are the same as the characteristics of the population. The sample used is 100 customers of Company X. This 
study uses several variables, namely Company Performance (X_1), Product Quality (X_2), Government Role (Y_1), and 
Community Welfare (Y_2), 

 

Research Model 

The variables used consisted of three exogenous variables, one endogenous variable, and one mediating variable. 
Exogenous variables include Company Performance (X1) and Product Quality (X2) variables. The mediating variable is the 
role of the government (Y1). While the endogenous variable is community welfare (Y2). The research path diagram is 
shown in Figure 1. 

 
Fig.1: Research Path Diagram. 

Research procedure 
 
The steps taken are as follows: 
1.  Create a path diagram. 
2.  Test the linearity assumption with Ramsey's Regression Specification Error Test (RESET). 
3.  Estimating the path function with linear, quadratic, and cubic truncated splines with 1 knot point and 2 knot points using 

the IRLS method. 
4.  Get the results of estimating the function of each polynomial degree, namely linear,quadratic, and cubic with the number 

of knots, namely 1 knot point, and 2 knot point 
5.  Selection of optimum model and optimum knot point based on the smallest GCV coefficient. 
6.  Interpreting the results of the best nonparametric truncated spline path function estimation results and drawing 

conclusions from the results of the analysis. 
 
 
 

Company 
Performance (X1)

Product Quality 
(X2)

Government Role 
(Y1)

Community 
Welfare (Y2)
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4 Results of Analysis and Discussion 
 

Linearity Test 
 

In statistical modeling, information about the pattern of relationships between variables is needed to determine whether a 
method used is a parametric or nonparametric approach. To use a nonparametric approach, a nonlinear relationship is 
required. The results of linearity testing with the Ramsey RESET test are presented in Table 4.1. 

 
Table 4.1: Ramsey RESET Linearity Test Results. 

 
Variabel P-Value Relationship 
X1 to Y1 0,6417 Linier 
X2 to Y1 0,0007 Non Linier 
X1 to Y2 0,9428 Linier 
X2 to Y2 0,1257 Linier 
Y1 to Y2 0,0107 Non Linier 

 
Based on the results of linearity testing in Table 4.1, the test results show that there are five linear relationships between 
variables, but there are two nonlinear relationships between variables, so a nonparametric approach can be used. 
Truncated Spline Nonparametric Path Modeling 
Nonparametric truncated spline path modeling was performed on linear, quadratic, and cubic polynomial degrees with 1 and 
2 knot points. The best nonparametric truncated spline path model is obtained when the knot point is optimal. Meanwhile, 
to obtain the optimal knot point, it is necessary to find the smallest GCV value. In addition, the selection of the best 
polynomial degree can also be done by looking at the coefficient of the largest determinant. The results of the calculation of 
the GCV value and the determinant coefficient for each model are shown in Table 4.2. 

 
Table 4.2: GCV Value of Truncated Spline Nonparametric Path Model. 

Polynomial Degrees Many Knots GCV Value R2 

Linier 
1 Knot 4,6378 0,9820 
2 Knot 4,4523 0,9834 

Kuadratik 
1 Knot 4,2687 0,9840 
2 Knot 4,2223 0,9851 

Kubik 
1 Knot 4,4536 0,9834 
2 Knot 4,2597 0,9848 

 
Based on Table 4.2, it is known that the smallest GCV value of 4.2223 and the largest R2 value of 0.9851 resulted in a 
nonparametric truncated spline path model with quadratic polynomial degrees (order p=2) with 2 knot points. The model 
has an R2 value of 98.51% which indicates that the former model explains the diversity of endogenous variables by 98.51% 
and the rest is explained by other factors that cannot be known in the model by 1.49%. Nonparametric path model truncated 
spline quadratic polynomial degree (order p=2) with 2 knot points for three exogenous variables and two endogenous 
variables, namely as follows. 
𝑓Q(A = 	28,9448 − 1,0334𝑋(! + 0,2032𝑋(!) + 0,0414(𝑋(! − 3).) − 1,1395(𝑋(! − 3,8).)   

−9,3725𝑋)! + 1,7252𝑋)!) − 2,0502(𝑋)! − 3).) − 2,0791(𝑋)! − 4).) − 2,8469𝑋B! 
+0,5793𝑋B!) − 0,5806(𝑋B! − 2,7).) − 0,0168(𝑋B! − 3,2).) − 0,4091𝑋C! + 0,0838𝑋C!)   
−0,0343(𝑋C! − 3).) + 0,9227(𝑋C! − 3,8).) − 7,4427𝑋D! + 1,5503𝑋D!)   
−3,1335(𝑋D! − 2,8).) + 1,8673(𝑋D! − 3,3).)   

𝑓Q)A = 	10,0672 + 2,7210𝑋(! − 0,370𝑋(!) + 1,3003(𝑋(! − 3).) − 2,5005(𝑋(! − 3,8).) − 2,4852𝑋)!  
+0,4703𝑋)!) − 0,6088(𝑋)! − 3).) − 0,0784(𝑋)! − 4).) + 1,4792𝑋B! − 0,3793𝑋B!)   
+1,0663(𝑋B! − 2,7).) − 0,8481(𝑋B! − 3,2).) + 3,7425𝑋C! − 0,7437𝑋C!)  
+1,6570(𝑋C! − 3).) − 1,4620(𝑋C! − 3,8).) − 4,7747𝑋D! + 0,9509𝑋D!)   
−1,5293(𝑋D! − 2,8).) + 0,4344(𝑋D! − 3,3).) − 6,5017𝑓(A + 1,4050𝑓(!)  
−2,4445(𝑓(! − 2,7).) + 1,3564(𝑓(! − 3,2).)                                                                            
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From the truncated spline function that has been obtained previously, then the values of f1 and f2 are obtained. In this 
study, the first step to estimate the nonparametric path smoothing spline function is to do iterative weighting. The first step 
in using iterative weighted (IRLS) is to estimate the function using PLS (Penalixed Least Square) which is then iterated 
using PWLS (Penalized Weighted Least Square). The weight used in iterative weighted is the square of the error formed in 
the previous equation and the weighting is always updated in each iteration. By using R software, the optimal lambda 
estimation results are obtained at each iteration. The balance controller between the fit of the curve to the data and the 
smoothness of the curve is indicated by the smoothing parameter. The smoothing parameter is 0.006 for model 1 and 0.142 
for model 2. Based on the resulting output, the coefficient estimator value is as follows. 

 
Table 4.3: Coefficient Value of Smoothing Spline Nonparametric Path Model. 

 
Koefisien f1 f2 

 0.3018 0.9605 

 0.8249 0.1045 

 0.1610 0.5662 
⋮ ⋮ ⋮ 

 0.4667 0.9148 

 0.1599 0.5728 

 
The function of each endogenous variable can be seen in the equation below and substitute the value of x to obtain an 
estimate of the endogenous variable. 
Fungsi 1: 

 
 

 
 
Fungsi 2: 

 
 

11d̂

12d̂

11ĉ

1499ĉ

1500ĉ

( ) ( )

( )

11 11 12 11 11 11 11 11 11 12 11 12 11 12

1500 51 5100 51 5100

1 1 1 1ˆ ˆ ˆ ˆ ˆ
2 3 2 3

1 1ˆ
2 3

f d d x c x x x x c x x x x

c x x x x

é ù é ù= + + - + + + - + +ê ú ê úë û ë û
é ù+ + - + +ê úë û

!

( ) ( )

( )

11 11 11 11 11 11 11 12 11 12

51 5100 51 5100

1 1 1 1ˆ 0.3018 0.8249 0.1610 0.9603
2 3 2 3

1 10.1599
2 3

f x x x x x x x x x

x x x x

é ù é ù= + + - + + + - + +ê ú ê úë û ë û
é ù+ + - + +ê úë û

!

( ) ( ) ( )

( ) ( )

( ) ( )

21 21 22 11 2 21 11 11 11 11 11 11 11 11

22 11 12 11 12 11 12 11 12

2500 51 5100 51 5100 11 1100 11 1100

1 1 1 1ˆ ˆ ˆ ˆ
2 3 2 3

1 1 1 1ˆ
2 3 2 3

1 1 1 1ˆ
2 3 2 3

if d d x y c x x x x y y y y

c x x x x y y y y

c x x x x y y y y

é ù= + + + - + + + - + +ê úë û
é ù+ - + + + - + +ê úë û

é ù+ + - + + + - + +ê úë û
!
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The Best Truncated Spline Nonparametric Path Model Relationship Pattern 
 

The nonparametric path model truncated spline quadratic polynomial degree (order p=2) with 2 knot points has several 
relationships, namely the relationship between the variables of Company Performance, Product Quality, and Company 
Performance (X1) with the role of the government (Y1) and Community welfare (Y2) . In the form of an image, only the 
relationship between one exogenous variable and one endogenous variable is presented to facilitate discussion, where the 
influence of other exogenous variables on endogenous variables is considered constant. If presented in the form of a curve, 
the relationship between variables (X1) and (Y1) is as follows. 

 

 

   
 

Fig. 4.1. 2 Point Quadratic Truncated Spline Nonparametric Path Model Functions Knot. 
a) X1 to Y1, b) X2 to Y1, c) X3 to Y1, d) X4 to Y1, e) X5 to Y1, 
f) X1 to Y2, g) X2 to Y2, h) X3 to Y2, i) X4 to Y2, j) X5 to Y2. 

 

Based on Figure 4.1, the relationship between each endogenous variable and exogenous variables in the nonparametric path 
model truncated spline quadratic polynomial degree (order p=2) with 2 knot points is divided into three regimes. Changes in 
data behavior patterns occur during economic conditions during this pandemic. The pattern of data distribution of each 
variable shows a difference in the first regime, second regime, and third regime. One of them is the relationship between 
variables (X1) and (Y1). The first regime is shown when X1i < 3, the second regime when 3<X1i< 3.8, and the third regime 
when X〗_1i > 3.8. The above results can be used in different directions, i.e. information analytics using artificial intelligence 
[13-16]. 
 

5 Conclusions 
 

Based on the results of the analysis and discussion that has been carried out, it can be concluded that: 
1.  Estimation of nonparametric path model functions truncated spline orders of linear, quadratic, and cubic 1 and 2 

knot points on endogenous variables that affect exogenous variables. The best model is obtained on the 

( ) ( ) ( )

( ) ( )

( ) ( )

21 11 2 11 11 11 11 11 11 11 11

11 12 11 12 11 12 11 12

51 5100 51 5100 11 1100 11 1100

1 1 1 1ˆ 0.9605 0.1045 0.5662
2 3 2 3

1 1 1 10.0443
2 3 2 3

1 1 1 10.5728
2 3 2 3

if x y x x x x y y y y

x x x x y y y y

x x x x y y y y

é ù= + + + - + + + - + +ê úë û
é ù+ - + + + - + +ê úë û

é ù+ + - + + + - + +ê úë û
!
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nonparametric truncated spline¬ quadratic path model of 2 knots. This model has the smallest GCV value compared 
to other models, which is 4.2223 and the R2 value is 98.51%. 

2.  The estimation of the best nonparametric smoothing spline path model is obtained from the quadratic order 
truncated spline nonparametric path model function with 2 knot points where the model shows changes in data 
behavior patterns that occur when the company's performance is quite good. 

3.  Estimation of path analysis coefficients using the iterative weighted method (IRLS) can be applied to the wishes and 
needs of the community with the moderating variable of the role of the government 

 
Suggestions 
 

Some suggestions for further similar research are as follows: 
1. This study only estimates nonparametric truncated spline fungi paths of linear, quadratic, and cubic orders. For 

further research, it is possible to test hypotheses and significance. 
2. This study only uses one and two knot points. For further research, more than two knot points can be used. 
3. This study does not interpret the path analysis which has a direct influence, an indirect effect, or a total effect. For 

further research, it is possible to carry out a more detailed interpretation using simulation data. 
4. Reduce the tolerance limit on iterative weighted so that a more optimal lambda is obtained. 
Conflicts of Interest: The authors declare that there is no conflict of interest regarding the publication of this article. 
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