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Abstract: In this paper, we study certain subclasses of analytic fomstinvolving multiplier transformations in the open udisc.
We derive few subordination results for the functions irstheubclasses and discuss the applications of subordiragalts with the
help of complex functions. We obtain coefficient estimatadii of starlikeness, convexity and close-to-convexastreme points, and
integral means inequalities, growth and distortion thexwréor these classes.

Keywords: subordination theorem, distortion inequalities, extrgromts, integral means inequalities, radii of starlikenesnvexity
and close-to-convexity.

1 Introduction Next we give a characterizing result for subordinating

. factor sequence in the form of a lemma due to Vi
Let <7 denote the class of functions of the form

o Lemma 1.The sequencgdi}y_; is a subordinating factor
f(2) =2+ Y ad (1)  sequence, if and only, if
k=2
which are analytic, normalized in the open unit digc= -
{z: |7 < 1}. We also denote by’ the class of functions ‘@e{1+2gldkzk} >0, (ze?).

f € o that are convexir/.
Consider the functiorp(z) defined by The hadamard product(or convolution) of two functions
f(z) given by ) and

02— 2+ S H @
k=2

9(2) =z+ ;akzk
wherepy > 0 fork e N\ {1}. K=

Definition 1.Let g(z) be analytic and univalent irz. If is defined by

f(z) is analytic in% ,f(0) = g(0) and f(%) C 9(% ).

then we say that f is subordinate to g, and writex fy or . <

f(z) < 9(2). We also say that g is super ordinate to f in (F+9)(2) = Z+k;akbkzk'
U. B

Definition 2.An infinite sequence{d} , of complex (V)kis the Pochhammer symbol defined by

numbers will be called a subordinating factor sequence if vtk

for every univalent function f if¢, the class of convex  (V)y=——~ = 1 k=0

functions in%, we have r(v) {V(V+1)"'(V+k_1) : keN.(s)

For the complex parametess, ..., ag andf, ..., Bs where

k;dkakzk <@, (@eZa=1) (Bj & Zg = {0,~1,~2,...,8}; | = 1,2,...,5), we consider
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the generalized hypergeometric function forsomef3 >0, 0<d < landze %.
gFs(a1, ..., 0q; B, ..., Bs:2) by We introduce the cIassKDg‘gA (a1,B1,9,0,B,c) as a
© ok subclass oks consisting of functiong which satisfy
qFs(a, ..., 0g; Br, -, Bsi 2) Z —()Zk 4) ,
& (2 e { 1_g+gz<fw (01 B0 (@) * 9(2) }
whereq < s+1; g,s€ No = NU{0}; ze % and(x), is ¢ fqm&l,\ (a1, B1) f(2) * 9(2) 1)
the Pochhammer symbol defined 3.
ihe y { (fq";; @ B)i@0@) |
Al f(z
hgs(a1,B1;2) = zgFs(a1, ..., 0q; B, -, Bs; 2) q,s/\ (02, 1) f(2) + 4(2)
=7+ i Mz‘“l ) wherec # 0, fq”;',\(al, B1)f(z)x@(z) #0, B >0 and
S, (B (Bs)k(Dk

and using the hadamard product, the following family
linear operatorsﬂ SA(al,Bl)f w — % , defined by

fqos!/\ (a1,B1)f(2) = f(2) xhgs(a1, B1; 2);
fqléf\ (a1,B1)f(2) = (1_)‘)f( z) x hgs(a1, B1:2)

W (Z' f( )*hq,s(al,ﬁl;Z)) ;
and

jm,l

g,S,A T

qs)\

(az,B1)f(2) = (alaﬁl)( o (aa, o) ())~

(6)
If f(z) € & then, from B) and @), we see that
(a1,B1)f(2)
1+14+A (k=117
1+1 ] B

m,|
jq,a/\

w2l

whereme Np, | >0, A > 0. We denote the subclass.of
by .#}\(B,3,A,Kk) consisting of functions (z) satisfying
wef1-2.2 (gar (01, B0 (D) * 9(2))

C g (anp)f(@)
wherec # 0, .7 qs/\ (a1, B1)f(2)x@(z) #0,0< d < 1.

a.s.A
A function f(z) € & is said to be in the class o
B-uniformly starlike functions of orde® denoted by

SD(B,d), if
zf'(2) zf'(2)
e B

forsomeB >0,0<d <landze %.
Similarly, f(z) € <7 is in the class of-uniformly convex
functions of orde® denoted byKD(f3, d), if

%e{h— zt(2) } N zf"(2)

1)k 1

}>6 (8)

*¢(2)

Qpz

9)

—1’+6

+o

(10)

0<9d < 1 From @) and (7), we have
of

Jqu(alvﬁl) ( )*(p(z)
B 14+1+A(k—1) (01)k—1.--(Og)k—1
- ﬂé[ 141 } B B M
For convenience, we can wrméq SA (a1,B1)f(2)*p(z) as
follows:
fqu'A(al,Bl) (2)+9(2
1+1+A(k—1 (12)
z+ z {%ﬁ)] Me-1[a1, Br] pcawZ®

Wherd_kfl[alaﬁl] 51()(:11k 1BS§ )(l)1k71

RemarkWe notice that for the parametric values

z
c=2 =P, 5=0 02 =7
obtain the clasSD((,d) and
c=2 01=p1, s=0, 9(2) = i-22

obtain the clas&D(f3,90).

2 Coefficient inequalities for the class
|
f KD:;?S7A (al7 Bl: o, 57 .Bv C)

We prove some coefficient inequalities for the class
KDy, (a1, B1, ¢, 8,B,0).

q,S,A
Theorem 1Let
[>0,A>0g<s+1 0, seNg=NU{0}, 3>0,0<
5<1,2zeU, c¢[0,2), £, (a1, B)f(2) + 9(2) #0. If
f(z) € o satisfies the inequality given below

l 2
zw(BﬂéJama)\7alaﬁlacauk)|ak|§2_6_6 (13)
k=2

f'(2) f'(2)
@© 2018 NSP
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where

w(B757|7m7)\7017Blaca I-*lk)

= ‘ {%]mﬂ—l[abﬁﬂ

2 2
[E(1+B)(k—1)+2—5—6] e

then f(2) € KDgy , (011,81, ¢, 8, B, ).
Proof. Suppose that conditiori) holds forl > 0, A >
0 g<s+1,9seNo=NU{0}, 3>0,0<d<1 c#
fqmsll\ (a1, B1)f(2) * @(2) # 0. From (1), we have
8 ZZ(quA(alaﬁl) 2)x 9(2))’ 1
¢ s (a1 B)f(2)+0(2)
zf ™ (g, B1) F(2) % 0(2))
_%e{l_g+2 ( (( 1B)1(2) 0l >>}

(
(

c c qu;fA a1, B) f(2) * 9(2)

Thus

2277, (@B < 92)) 1‘

I (a1, B1) f(2) < 9(2)
L L

Il (a1, B 1 (2) + 9(2)

Notice that
zz<fqm$<a1,ﬁl>f<z>*<p<z>>'
c s (a1 By (2 0(2)

e ZZ(fq&)\(alvﬁl)f(Z) (P(Z))/_l
¢ s (a1,B)1(2)*9(2)

2(7 f(2) * !
S(ﬁ+1) i ( qu(aLﬁl) (Z) (p(z)) _1
quA(Gl,Bl)f(Z)*(P(Z)
P Z k[w] Tc—1la1, Br] ka2
KE
:(B+1) c © 1AM -1
Z+k§2[—1+|—] T—1[0, Br] a2

5 kzz(k— 1) ’ [%@] mrkfl[abﬁl} ‘ [THEN
<(B+1)~ ®

© 1o 5 | el Bl idad

The above inequality is bounded above(By- 2 — ) if

k=
20+B)k-1)+2- 26| miad

<2-2-5
c

Hence the proofis complete. [ |
Next, we give the coefficient inequalities for functiof(z)

which belong to the classDTY | (a1, B1, ¢, 3, B,©).

Theorem 2. Let
>0,A>0,9<s+1,g,s€ No=NuU{0}, 3>0,0<
5<1,2eU, c¢[0,2), Jgu, (01, B)f(2) «9(2) #0. If

f(z) € KDY, (a1, B1, 9,3, B,c), then

|ay| <

c(1-9) k22 c(1—9d)
(k-1)(1- ) |[ELAED] rkl[al,pﬂ\pk,1<l+j<lﬁ>)

(14)
(ke N\ {1}). The result is sharp.

Proof. We note that

,@e{1_2 gz(qu)\(alaﬁl) (Z)*(p(z))/}
©c qu/\(abﬁl) (2 0(2)

which follows from the relation {1) and the fact that
Z#e(z) < |z for any complex numbez. We define the
functionp(z) by

5-pB
> 175

(ﬁml (a1,B1) f(2)*0(2))
1-B){1-2422%s —(6-
(2):= ( B){ cte ](TSIA(GJ- B1)f(2)+0(2) } (0-F)

p(2) = 1-8 7

=14 paz+ P22 +---

wherez € % . Thenp(z) is analytic in% with p(0) =1
andZe(p(z)) > 0,(ze « ). We thus have

+ (%) Yke1 kak
(15)

2 AIgen (@) F(2+92)
2 -

1-2
o fqu’f,\ (a1,B1)f(2)+0(2)

which implies
2025, (00, B F(D) * 0(2)) qu*;'gal,m)f(z)*co(z)]

1-6\ m
~c(1=p) it @B o@) 3 pit

Using 6) and comparing the coefficients @ on both
sides of above equation, we obtain

1+1+A(k—1)
1+1

2(k*1)[ ] Te-alon, B piak = C(i Z)

%ﬁlkil)] l'kfz[ﬂl,Bﬂka@kfl)

14142
(Pk—1+PH[ o ] Fl[al,Bﬂuzaﬁ---erl[

Applying the coefficient estimatefpy| < 2 using the
Caratleodory’s Lemma][see ref.[5]], we obtain

c(1-8) y
(1 B) (k1) [ 222 "Rl Bl

(1+H1+1|++|/\] filow B %ﬁlk*a} e slan, Bl 1/a 1

ay| <

Hz‘az‘+'--+H

).

(@© 2018 NSP
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We prove the result 14) by using the principle of
mathematical induction.

Fork =2,
|ag| < ( _mé)
(1_B)Hl+1l++|/\} rl[alﬁl]‘ﬂz
o c(1-9) ‘ N (1-9) :
a; Ccli— '
| 3’ 2(1—- B)HHHZ/\] ’_2[0‘1:31])#2< (l—ﬁ))

Assume that4) holds fork < n, then

|an+a| < ) .
n(1-B)| [ ] il | toea
1 H%] Mlay, Bu]| bolaz|+
‘l:%] I_Z[al,[j'ﬂ H3|a3\++
H%—&-(Inil) n-1[01, Ba]| knlanl]
c(1-9) )
" n(1-pB) [l+l+n)\] Mlas, Bul| pnes

)
"2, c(1-9) c1-B) "2/, c1-p)
m( - B))+(n—1)(1—ﬁ)ﬂ(l+J(l—k)ﬂ
_ c(1-9) “1<1 c(1—6)>
n(l_ﬁ))[%}mrn[al,ﬁﬂ Hny1 J=1 1-v/)

+ =
J

(16)
Thus the resulti4) is true fork = n+ 1. Finally the result
is sharp for the functiori(z) given by

c(1-9)
(k=11 ) |[ =242 " il Bl

n(=55):

f(z2) =z+

(17)

3 Distortion inequalities for the class
|
Kng/&A (C(]_, Bla @, 67 Ba C)

Theorem 3Let f(z) € KD;“S'A(al,Bl,(p, d,B,c) and | >
0,A>0,q<s+10gseNg=NU{0},3>0,0<d<

1,zeU, c¢[0,2), fw(al,ﬁl) (2) =
(2] —r[ <

c(1-9) » o 1

=" k; (k—1)HM}ka_1[al,Bﬂ Hi

jEn
9)

k=2 c(1— B
JDl <1+ j(l—B)> (lZ=r<1)

@(z) # 0. Then

(18)
and
If'(z)] -1 <

1-9) 2 k
B2

m
&2 (k—1) ‘ [%} Tc-1[a1, Ba |k
k=2 c(1
1+-
ﬂ( i

Proof. Let f(z) € o/ be of the form 1). Then by using
theorenm2, we have

o) B
B)) (74 =r<1).
(19)

f(z) < S K

1@ <l2+ Y ada

23 c(1-9)

T & k-1 B[] T afa, B

,k:(lﬂ?ﬁ:g;) (ld=r<1)
20
and (20)
f(Z)|Z|Zl_kZZ|ak”Z|k -
zr—rzk:z(k 11— B)H%] e
N(x+55g) -r<v.
(21)

Combining @0) and 1) we obtain the resultl@). Proof
of result (L9) follows similarly. [ |

4 Radii of starlikeness, convexity and
close-to-convexity for the class

KDg]SlA (al7B17 o, 5737 C)

Theorem 4Let

I
f(2) € KDgs,

the function
(a1,B1,9,0,B,c). Then f is starlike of

(@© 2018 NSP
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order ¢, 0 < o6 < 1, in the
|zl <r=ri(q,5,A,m]l,a1,B1,¢,9,B,c), where

disc

|7 <ry=

{(16)[<k1><1m{”'?$”]mrk 1[a17m\uk}}”

I TEPE T (e
(22)
Proof. For 0< & < 1, itis sufficient to show that
sz/((zz))—l‘gl—f. (23)
For|Z <rj, we have
< -1
fo/((zz)) - 1‘ <|- _"zz(kw_ Yo <1-&. (24)
1- kZzanzk 1
Hence, 24) holds true if
i%m#l <1 (25)
With the aid of L4) and @5) is true if
2zt <
{ (1-©)lk- 11— B)|[EAL] "R sfan, pul e }
(k—2-&)lo(1—8)] 2 (1+ 45 |
Therefore,
|2 <

Proof. For 0< & < 1, it is sufficient to show that

f//

‘zf/((zz)) <1-¢&. (28)
For|z <r;, we have
" E k(k_ 1)akzk71
ARG P LS R <1-& (29
k=2

Hence, 29) holds true if

i k+‘z 2) alZ <1 (30)

With the aid of (L3) and @0) is true if

2
<{<1s><k1><1ﬁ>H”'TJ.k‘”]mrk1[al Bﬂ‘uk}.
) k(k+ & — 2lo(1- &) 2 (1+ 243}

Therefore,

l7 <ry=

- (176)(k*1)(1fﬁ)H%]mrk—l[alaﬁl]‘uk !
n
= k(k+ & —2)]e(1— ) [13 (1+ $=3))

31)

Setting |z = ra(g,s,A,m,1,a1,B1,€,9,B,¢) in (31), we

get the radius of the convexity, which completes the proof

of the theorenb. [ |

Theorem 6Let the function
f(z € KDgi,(a1,B,9,6,8,c). Then f s
close-to-convex of orded, 0 < & < 1, in the disc
|Z|Sr:r3(q,S,)\,m,|,01,ﬁ1,f,5,ﬁ,c),Where

| f{(lE)[(k1)(1ﬁ)]{“?ﬁ.k”]mru[wﬂ}u@}“ 2 <rs=
n 1 . 1
o (k=2-&)lo(1- )Mt (1+55) 26 _f{(lzxkl)(l B[22 i e, /ﬁ]\m}
n
Setiing|Z = r1(q,8A,m.1, a1, B1.,5,6,0) in (26), we ket =& 1.3 (1+ 171
get the radius of starlikeness,which completes the proof (32)
of the theoren. u Proof. For 0< & < 1, it is sufficient to show that
Theorem 5L|et the function |{f 2)} — 1‘ <1-¢&. (33)
f(2) € KD;"SA(al,Bl,qo,cS,B,c). Then f is convex of
order &, 0 < & < 1, in the disc For|z| <rs, we have
|zl <r=rz(q,5,A,m,1l,a1,B1,¢,5,B,c), where o
[t'(2)—1] < szakzk*l <1-¢&. (34)
Iz <rp= k=
m 1
{(1-5)(k—1)(1—ﬁ)“%+§“>] M 1[a1,ﬁ1}‘uk Hence, 84) holds true if
inf .
k>2 c(1-9) 0
= [k(k-+ & ~2)le(1 - &) 112 (1+ 5113 k ]
27) 22(1 E)|ak|zk <1 (35)

(@© 2018 NSP
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With the aid of (.3) and @5) is true if
‘Z‘kflg
{(1—5)(k—1)(1 B)| [RE1 ] n 1a1,m]]uk}
o1-o)mit (1+ 55 |

Therefore,

|4 <rz=
1

[a-ak-1a-p)|[FAEY R an py | <
inf .
BT e oG )

(36)

Setting |Z| = r3(q,s,A,ml,01,B1,&,9,B8,¢) in (36), we

P Rl | 2 pk- 422 -5

(2-%2-9)
1+|+1A+(|k71)}m’—k—1[al-,ﬁl]’IJk [21+B)(k-1)+2-2-7]
) o
~(2-2-g) g

2 2
=(2-2_ —A)<2-=-3.
(2 - 5)(1 M)<2-2-3

2l

Ak ’ [

get the radius of close-to-convex, which completes the

proof of the theorens. [ |

5 Extreme points of the class
|
KD;nSA (017B17 o, 5737 C)

Let K\Ijgji)\ (alaﬁla(p757ﬁac) be
KD(TS'/\ (a1,B1,9,0,B,c) consisting of all functions
f(z) € & and satisfying conditionl3). We determine the
extreme points of the cla@gj’;A (a1,B1,9,0,B,c).

Theorem 7Let fi(2) :=z and

fu(2) = z+

2-2_5
ra

c

(2298 " R, Bull 21+ B) (k— 1) +2-2— B]

ke N\ {1}. Then f(z) € KTDZEA (a1,B1,¢,9,b,c), if and
only, if f(z) can be expressed in the form

where Ay >0, Z A= 1.

= S Ak f
k; kfk(2)

Proof. Suppose that

= z )\kfk(Z) =7+
k=1

the subclass of

Thus by definition of the function class
——m|
KD(TS,)\ (a1,B1,9.6,B,c), we have
——ml
f(2) € KDgs (a1, B1, 9, 3, 8,).
Conversely, assume that
——ml
(2) € KDgs (a1, B1, 9, 3, B,).
Then in view of equation](3), we set
M=
‘Fﬂ%%ﬁﬁ}rklmlﬁm[(1+aﬂk—D+2———5Mka|

2-2-p

C
wherek € N\ {1} andA; = 1— § Ak which together
k=2
imply that
= > &f(@
K=1

6 Subordination theorem and integral mean
inequalities

Here, we give a sharp subordination result associated with

—~ m| L
the clas.,sKD:j’&,\ (al,Bl,_qo,cS,p,c). Spme applications of '
the main result that gives interesting results of analytic
functions are also investigated.

——m|
Theorem 8Let f(z) € KD;T'S’,\(al,Bl,(p,é,B,c) and
{u}r_, be a non-decreasing sequence, then

9(2)

Y(B,0,,mA,a1,B1,C.Hp) f x
z) <
Z{w(ﬁ,é,l,m,)\,al,Bl,C,H2)+2_%_6} ( g)( )

(37)
for every function g i, the class of convex functions and

{@(B,d.1,mA, a1, By,C, uz)+2———5}

oo 7 f p—
5 M(2-2-9) s Zet@d> W(B,5.1,mA,ay, Bu,C, 112)
& [EAUDTT R o, Bl [2(1+ B) (k1) +2-2 - 8] VB3 s o (38)
The constant factoé{w Bolmhanfro) 2 2-3] cannot
Then be replaced by larger one.
(@© 2018 NSP
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Proof. Let f(2) € KAI/D:!,\ (a1,B1,9,9,B,¢) and

= wdi
9(2) =z+ k; k

be any function in the clasé. Then we have

W(B,d,1,mA, a1, B1,c, lo)
2{¢(B.8,1.mA, a1, B, [p) +2— 2 — &}
_ W(B,9,I,mA, a1,B1,c, )

2{Y(B,5.1,mA, a1, B1,C, ) +2— 2 — 8}

<Z—|— i akdkzk> .
k=2

Thus by definition ), the subordination resulBY) will
hold true if the sequence

w(Ba 57 [ ) ma)\ , 01, Blaca IJZ)ak
2{@(B,8,1,mA, a1, B1,C, ko) +2—-2 -8} |,
(39)
is a subordinating factor sequence wath= 1. In view of

(f+9)(2)

Lemma (1), this is equivalent to the following inequality:

Forze %

o Y(B,0,l,mA,a,B1,¢u2)
%e{l+ =1 {‘P(ﬁﬁ,',m,/\70!1-,1317C-,H2)+2—%—}_ak2k} > 0.
(40)

Inview of (13) and|zl =r (0<r < 1), we obtain

i w(B767|7m7A7al7317C7u2)
xeq 1+ ay
{ B oAy B 122 5) }
— el 1+ W(Baavlama)\aalvﬁlvcaHZ)z
{w(Bﬂéalama)\7017317(:7“2)"_2_E_5}

1
+
{W(Bvéalvmv/\valvﬁlanIJZ)+2_(_2;_L

%LIJ(Bv 67 lvmv/\ 5 al,Bl,C, Hz)akzk}
k=

w(ﬁaaalama)\aalaﬁlaCaIJZ)
{W(Bvéalvmv/\va].vBlanIJZ)+2_(g:_6}
1

B X
{w(ﬁ’6’|7m7)\7alaﬁlacal12)+2_%_5}

hd 2
2———6) |ak|r
k22< c
>0, |7 =r

This evidently establishes the inequality0f, and
consequently the subordination relatiddi7) is proved.
The assertion38) is proved using¥7) by choosingg(z)
as

X

>1—

g(z):izerizk.

(41)
1-z &

The sharpness of the multiplying factor iB7f can be
proved by considering the function

fi(z) =z 2_‘_23_5
BT W(B, 8, I,m A, a1, Bu,C, o)

which belongs toKNIng’;,\(al,Bl,qo,(S,B,c). Using @7),
we conclude that

w(B757|7m7A7al7B17C7u2) Z
5 fl(Z) <—.
2{¢(B767lama)\aaLBLCaIJZ)+2_E_5} 1_2
From f1(2) defined by 42) and the fact tha{%; maps the
unit disc onto the domai#e w> —%, we infer that

Inf ¢6[e w(B757I7m7)\7al7B17C7“2) 2 fl(z)
zed 2{¢(B757|7m7)\7al7Bl7C7u2)+2_E_B}

>
Thus the proofis complete. [ |

7 (42)

1

RemarkWe observe that we can apply Theorei) {o
obtain some known results by other authors. Taking
c=2, a; = 31, S= q we obtain the results due to R. K.
Raina [L4]. Similarly all the results on bounds for
lak|,k = 2,3,--- and the Corollaries in1[0] also follow by
accordingly specializing the parameters as stated in
Remark 6).

Next we state the following Littlewood’s subordination
theorem which we will use in our investigation to obtain
the integral mean inequality.

Lemma 2If f(z) and gz) are analytic inA with f(z) <
9(z), then

2n ) 2n .
| I0e)pde < [ jg(re®)|ede
0 0

where0 < p < 00,z=re'® and0 < r < 1. Strict inequality
holdsforO < r < 1unless f is constantorf@) = az |a| =
1

Applying Lemma @) for functions f(z) in the class

KAI/DZT’SL,\ (a1,B1,9,06,B,c) we arrive at the following
result.

Theorem 9Let p> 0. If f(z) € KD'(¢@,a,.s,b,c) is given

by (1) _and{uk}°k°:2 is a non-decreasing sequence, then for
z=re® (0<r<1)

2 . 2 .
/ I£(rél®)[Pde < / I£1(rel®)[PdB
0 0
where
2-2_5
f1(2) =z— £
1( ) W(Baavlama)\aalvﬁlvcaHZ)
We conclude this section with the following remark.

RemarkUtilizing Theorem 9 we can deduce integral
mean inequalities for the classD(a, ) and KD(a, )
by specializing the parameters as stated in Ren&rk (
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