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Abstract: The well-known technique of subordination has recently been extended from the geometric function theory to the fuzzy set

theory by several authors. In this paper, we use the notion of fuzzy differential subordination to introduce certain fuzzy classes using

the generalized Noor-Salagean operator. Certain interesting results are established for these classes.
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1 Introduction and preliminaries

One of the most recent techniques of research in the one
complex variable is the method of differential
subordination, which has been introduced by Miller and
Mocanu, see, for example, [1,2].
A new research direction in this area has been launched
by combining the concept of differential subordination
with the complex functions domain to the fuzzy set
theory, which is named as fuzzy differential
subordination. For some details, see [3,4,5].

In this paper, we shall use fuzzy subordination to
obtain some interesting results in the context of geometric
function theory for certain classes of analytic functions
defined by generalized Noor-Salagean operator in the
open unit disc.
The unit disc of the complex plain is denoted by
E = {z :| z |< 1} and the class of analytic functions in E

by A [a,n] consisting of functions written in the form

f (z) = a+ anzn + an+1zn+1 + . . . . (1.1)

Note that A [0,1] = A is the normalized class of analytic
functions in the unit disc E.

We recall here some definitions of basic concepts.

Definition 1.[6] Let X be a nonempty set. A pair (A,FA),
where

FA : X → [0,1] and A = {x ∈ X : 0 < FA(x)≤ 1}

is called the fuzzy subset. The function FA is called

membership function of the fuzzy subset (A,FA).

For the applications of fuzzy sets, see [7,8] and the
references therein.

Definition 2.[10] Let ψ : C3×→ C and h be univalent in

E with

ψ(a,0,0) = h(0) = a. If p is analytic in E with p(0) = a

and satisfies the

(second order ) fuzzy differential subordination

Fψ(C3×E),
(

ψ(p(z),zp′(z),z2 p′′(z);z
)

∈ Fh(E), z ∈ E,(1.2)

then p is called a fuzzy solution of the fuzzy subordination,

or more simple a fuzzy dominant, if

Fp(E)(p(z)) ≤ Fq(E)(q(z)), z ∈ E

for all p satisfying (1.2). A fuzzy dominant q̃ that satisfies

Fq̃(E)(q̃(z))≤ Fq(E)(q(z)), z ∈ E

for all fuzzy dominant q of (1.2), is called the fuzzy

dominant of (1.2).

Definition 3.[10] Let (M,FM) and (N,FN) be two fuzzy

subsets of X . We say that the fuzzy sets M and N are

equal, if and only if,

FM(x) = FN(x), x ∈ X

and we denote it by (M,FM) = (N,FN).
Also

(M,FM)⊆ (N,FN),
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if and only if

FM(x)≤ FN(x), x ∈ X .

Let D ⊆ C and let f ,g be analytic functions. We denote by

F(D) = supp(F(D),FF(D))

= { f (z) : 0 < FF(D)( f (z)) ≤ 1, z ∈ D}

and

g(D) = supp(F(D),Fg(D))

= {g(z) : 0 < Fg(D)(g(z))≤ 1, z ∈ D}.

Definition 4.[10] Let D ⊂ C and z0 ∈ D be a fixed point.

Let the functions f ,g be analytic in D. The function f is

said to be fuzzy subordinate to g, written as

f ≺F g or f (z)≺F g(z),

if the following conditions are satisfied.

(i). f (z0) = g(z0),
(ii). Ff (D)( f (z)) ≤ Fg(D)(g(z)), z ∈ D.

Remark.We say that f ∈ A is subordinate to g ∈ A , if
there exists a Schwarz function w analytic in E with
w(0) = 0 and |w(z)|< 1, for z ∈ E, such that
f (z) = g(w(z)), z ∈ E and we write f ≺ g or
f (z) ≺ g(z),z ∈ E.

Let f (z) = ∑∞
k=0 akzk and g(z) = ∑∞

k=0 bkzk
. Then

the Hadamard product (or convolution) of these power
series is defined as the power series

( f ⋆ g)(z) = f (z)⋆ g(z) =
∞

∑
k=0

akbkzk
.

For m ∈ Z = {0,±1,±2, . . .}, λ ≥ 0 and f given by
f (z) = ∑∞

k=0 akzk , the generalized Salagean operator
Sm

λ : A → A is defined as follows:

Sm
λ [ f ](z) = z+

∞

∑
k=2

(

1+λ (k− 1)
)m

amzk
, z ∈ E. (1.3)

We note that

S0
λ [ f ] = f

S1
λ [ f ](z) = Sλ [ f ](z) = (1−λ ) f (z)+λ z f ′(z),

and

Sm
λ [ f ](z) = Sm

λ f (z) = Sλ (S
m−1
λ f (z)), m = 1,2,3, ...

For λ = 1, the operator Sm
1 = S is called Salagean

operator, introduced in [9] and for Sm
λ , we refer to [10].

Also, for negative integral values of m and λ > 0, we
have

S−1
λ [ f ](z) =

1

λ
z1−( 1

λ
)
∫ z

0
t(

1
λ
)−2 f (t)dt,z ∈ E

and, in general

S−m
λ [ f ](z)

=
1

λ
z1−( 1

λ
)
∫ z

0
t(

1
λ
)−2S−m+1

λ f (t)dt, z ∈ E

=
{

S−1
λ (

z

1− z
)⋆ S−1

λ (
z

1− z
)⋆

..... ⋆ S−1
λ (

z

1− z
)
}

⋆ f (z). (1.4)

Let fn(z) =
z

(1−z)n+1)
and f−1

n (z) be defined as

fn(z)⋆ f−1
n (z) =

z

(1− z)n
. n ∈ N0 = {0,1,2,3, ....}.

The Noor integral operator Nn : A →A is defined [11]
as

Nn f (z) = f−1
n (z)⋆ f (z). (1.5)

It can easily be observed that

N0 f (z) = z f ′(z) and N1 f (z) = f (z).

From (5), we can derive the following recursive
relation for the operator Nn :

z(Nn f (z))′ = (n+ 1)Nn f (z)− nNn+1 f (z). (1.6)

Many authors [10,12,13,14,15,16] have used Noor
operator to introduce and investigate the properties of
certain known and new classes of analytic functions.
Also, see [17,18,19,20] for related classes of analytic
functions and their variant forms.
We now define a new operator Lm

λ ,n : A → A , called

Noor-Salagean operator, as follows.

Definition 5. Let

f ∈ A , λ ≥ 0, m ∈ Z= {0,±1,±2, .....},

n ∈ N0 = {0,1,2,3, ....}.

Then the operator Lm
λ ,n : A → A , is defined as:

Lm
λ ,n f (z) =

(

Sm
λ ×Nn

)

f (z), z ∈ E. (1.7)

f ∈ A is said to belong to the class Rm
λ (hβ ), if it

satisfies the subordination fuzzy

(Lm
λ ,n f (z))′(z)≺F hβ (z) =

1+β z

1−β 2z
, z ∈ E.

The function hβ (z) =
1+β z

1−β 2z
is a special case of Janoswki

function 1+Az
1+Bz

,

with A = β , B = −β 2, β ∈ (0,1] and is convex
univalent in E with

Re(hβ (z)) = Re
( 1+β z

1−β 2z

)

>
1−β

1+η2
, z ∈ E

and h1(z) =
1+z
1−z

.
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Some special cases

(i).

L1
λ ,n f (z) = (1−λ )Nn f (z)+λ z

(

Nn f (z)
)′

and

f ∈ R1
λ ,n, if

(

L1
λ ,n f (z)

)

≺F hβ (z)
)

, z ∈ E.

That is,

(1−λ )(Nn f (z))′)+λ z
(

Nn f (z)
)′′

≺F hβ (z), z ∈ E.

(ii). L0
λ ,n f (z) = Nn f (z) and f ∈ R0

λ ,n(hβ (z)) implies

(

zNn f (z)
)′
≺F hβ (z), z ∈ E.

(iii).

L−1
λ ,n f (z) =

1

λ
z1−( 1

λ
)
∫ z

0
t(

1
λ
)−2Nn f (t)dt,λ > 0, z ∈ E.

and for m = 2, we have

L−2
λ ,n f (z) =

1

λ
z1−( 1

λ
)
∫ z

0
t(

1
λ
)−2L−1

λ ,n f (t)dt, z ∈ E.

In general, by convolution properties, see [21],

L−m
λ ,n f (z)

=
1

λ
z1−( 1

λ
)
∫ z

0
t(

1
λ
)−2L−m+1

λ ,n f (t)dt, (m ∈ N, z ∈ E)

=
{

L−1
λ ,n(

z

1− z
)⋆L−1

λ ,n(
z

1− z
)⋆ ..... ⋆L−1

λ ,n(
z

1− z
)
}

⋆ f (z).

Thus

f ∈ R−m
λ ,n(hβ (z)), if and only if,

(

L−m
λ ,n f (z)

)′
≺F hβ (z), β (0,1].

Definition 6. Let δ ∈ (0,a], m ∈ Z, n ∈ N. Then a

function f ∈ A is said to belong to the class FRm
λ ,n(δ ), if

it satisfies the following inequality

F(Lm
λ ,n

)′(E)(L
m
λ ,n)

′(E)> δ , z ∈ E.

2 Preliminary Results

We shall need the following set of lemmas to prove our
main results.

Lemma 1.[1,2] For a,b,c ∈ C (c 6= 0,−1,−2, .....),
the Gauss hypergeometric function 2F1 is defined as

2F1(a,b;c;z) = 1+
ab

c

z

1!
+

a(a+ 1)b(b+ 1)

c(c+ 1)

z2

2!
+ . . .

This series is absolutely convergent for z ∈ E and

therefore it represents an analytic function in E.

The following identities are well known.

(i).
∫ 1

0 tb−1(1 − t)c−b−1(1 − tz)−adt =
Γ (b)Γ (c−b)

Γ (c) 2F1(a,b;c;z),
(

Re(c)> Re(b)> 0
)

.

(ii). 2F1(a,b;c;z) = 2F1(b,a;c;z)

(iii). 2F1(a,b;c;z) = (1− z)−a
2F1(a,c− b;c; z

1−z
)

(iv).

(a+ 1) + az 2F1(1,a+ 1;a+ z;z)

= (a+ 1) 2F1(1,a;a+ 1;z)

Lemma 2.[2,22] Let the function h be analytic and

convex (univalent) in E with h(0) = 1. Suppose also that

the function φ is analytic in E with φ(0) = 1. If

φ(z)+
zφ ′(z)

γ
≺ h(z),

(

Re(γ)≥ 0, γ 6= 0, z ∈ E
)

,

then

φ(z) ≺ ψ(z) =
γ

zγ

∫ z

0
tγ−1h(t)dt ≺ h(z), z ∈ E,

and ψ is the best dominant.

If the function φ also satisfies the inequality

Re
(

φ(z)
)

> ρ ,
(

0 ≤ ρ < 1), z ∈ E
)

,

then

Re
[

φ(z)
]

≥ (2ρ − 1)+
z(1−ρ)

1+ |z|
.

For the following two Lemmas, we refer to [23].

Lemma 3. Let h be a convex function with h(0) = 1 and

γ ∈ C, Re(γ)≥ 0,γ 6= 0. If p is analytic in E with

p(0) = 1, ψ : C2 ×E → C,

ψ(p(z),zp′(z),z = p(z)+ zp′(z)
γ is analytic function in E

and

Fψ(C2×E)

(

p(z)+
1

γ
zp′(z)

)

≤ Fh(E)(h(z),
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that is

p(z)+
1

γ
zp′(z) ≺F h(z), z ∈ E,

then

Fp(E)(p(z))≤ Fg(E)(g(z))≤ Fh(E)(h(z)),

that is

p(z)≺F g(z)≺F h(z), z ∈ E,

where

g(z) =
γ

zγ

∫ z

0
tγ−1h(t)dt, z ∈ E,

and g is convex and fuzzy dominant.

Lemma 4. Let g be a convex function in E and let

h(z) = g(z)+ nαg′(z), z ∈ E, α > 0,

and n is a positive integer.

If

p(z) = g(0)+ pnzn + pn+1zn+1 + . . . ,z ∈ E

is holomorphic in E and

F[p+αzp′](E)

(

p(z)+αzp′(z)
)

≤ Fh(E)(h(z)),

that is

p(z)+αzp′(z) ≺F h(z), z ∈ E,

then

Fp(E)(p(z))≤ Fg(E)(g(z)), z ∈ E.

That is

p(z)≺F g(z), z ∈ E.

3 Main Results

Theorem 1. The class FRm
λ ,n(δ ) is a convex set

Proof. Let f1, f2 ∈ FRm
λ ,n(δ ) and

let f = α1 f1 +α2 f2 = 1, where α1,α2 are
nonnegative with α1+α2 = 1. To prove this result, it is
sufficient to establish that f is also in FRm

λ ,n(δ ) for

z ∈ E.

Now
f ′(z) = α1 f ′1(z)+α2 f ′2(z)

and

(

Lm
λ ,n f (z)

)′
= α1

(

Lm
λ ,n f1(z)

)′
+α2

(

Lm
λ ,n f2(z)

)′
.

Since f1, f2 ∈ FRm
λ ,n(δ ), we have

δ < F
(

Lm
λ ,n f1

)′
(E)≤ 1 and δ < F

(

Lm
λ ,n f2

)′
(E)≤ 1,

which implies

δ = (α1 +α2)δ < F
(

Lm
λ ,n

)′
< 1. (3.8)

That is

F(Lm
λ ,n)

)′(E)

(

Lm
λ ,n f (z)

)′
= Fα1(L

m
λ ,n)

)′(E)

(

Lm
λ ,n f1(z)

)′

+Fα2(L
m
λ ,n)

)′(E)

(

Lm
λ ,n f2(z)

)′
(3.9)

From definition (6), (3.8) and (3.9), we obtain the required
result.
If we take f1, f2 ∈ Rm

λ ,n(hβ (z)), then δ = 1−β
1+β 2 and in this

case,

f ∈ FRm
λ ,n

( 1β
1+β 2

)

, β ∈ (0,1].

Also f1, f2 ∈ Rm
λ ,n(h1(z)) implies

f ∈ FRλ ,n(δ1), δ1 = 0.

This completes the proof.

Theorem 2. Let

f ∈ R1
λ ,nhβ (z).

Then f ∈ R1
λ ,n+1

hβ (z), n ∈N.

That is,

R1
λ ,nhβ (z)⊆F R1

λ ,n+1hβ (z).

Proof. Let

f ∈ R1
λ ,nhβ (z).

Then
(

L1
λ ,n f (z)

)′
≺F (hβ (z)).

That is,

{(1−λ )
(

Nn f (z)
)′)

+λ z
(

Nn f (z)
)′′)

≺F (hβ (z)).

Let p(z) =
(

L1
λ , f (z)

)′
. It is easy to show that p is analytic

in E with p(0) = 1. Simple computation together with the
use of (1.6) leads us to

p(z)+
zp′(z)

n
= (1−λ )

(

Nn f (z)
)′
+λ z

(

Nn f (z)
)′′

=
(

L1
λ ,n f (z)

)′
≺F (hβ (z)).

Using Lemma 3, it follows that Fp(E)p(z) ≤ Fg(E)(g(z)),
that is,

p(z)≺F g(z)≺F (hβ (z).

where

g(z) =
n

zn

∫ z

0
tn−1 1+β t

1−β 2t
dt

= −
1

β

+(1+
1

β
)(

1

1−β 2
) 2F1

(

1,1,n+ 1,
−β 2

1−β 2

)

, (3.10)

by using identities in Lemma 2 with a change of variables.
Thus L1

λ ,n+1
f (z) ≺F g(z), g(z) is given by (3.10) is

fuzzy best dominant.

Putting β = 1, we have
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Corollary 1.

R1
λ ,n(h1)⊆F R1

λ ,n+1(α1),

α1 =2 F1(1,1;n+ 1; 1
2
)− 1. This result is best possible.

h1(z) =
1+z
1−z

. This implies Re(h1(z))> 0. g(z)) given by

(3.10) is the best dominant and

α1 = inf
z∈E

(

Re(g(z)
)

= g(−1).

Now the result follows from Theorem 2.

Corollary 2. Let g be convex, g(0) = 1 and let h(z) =
g(z)+ zg′(z).
Let

f ∈ R1
λ ,0

(1+(2δ − 1)z

1− z

)

, δ =
1−β

1+β 2
.

Then, form Theorem 2, we have

f ∈ R1
λ ,0

(1+(2δ ⋆− 1)z

1− z

)

, z ∈ E,

where

δ ⋆ = g(1)

= (2δ − 1)+ 2(1− δ ) log2, δ =
1−β

1+β 2

and

g(z) =
1

z

∫ z

0

1+(2δ − 1)t

1+ t
dt

= (2δ − 1)+
2(1− δ )

z

∫ z

0

1

1+ t
dt

= (2δ − 1)+
2(1− δ )

z
log(1+ z). (3.11)

Proof. Since
(

L1
λ ,0 f (z)

)′
=

(

S1λ ⋆N0 f (z)
)′

=
(

S1λ (z f (z))′
)′

=
[

(1−λ ) f ′(z)+λ ( f ′(z)
)′]

= f ′(z)+λ f ′′(z).

So, we have

F(L1
λ ,0

( f )′(E)

(

L1
λ ,0 f (z)

)′
≤ Fhδ (E)

(hδ (z)),

where hδ (z) =
1+(2δ − 1)z

1+ z
,

implies that

F(L1
(λ ,0

( f )′(E)

(

L1
λ ,0 f (z)

)′
≤ Fg(E)(g(z)), z ∈ E,

where g is given by (3.11). That is,

1

z

(

L1
λ ,0( f (z)

)

≺F g(z), z ∈ E.

Corollary 3. Let L1
λ ,1 f (z) = zp(z), where

L1
λ ,1 f (z) =

(

S1
λ ⋆N1

)

f (z)

=
(

S1
λ ⋆

(

N1 f (z)
)

= Sλ f (z)

= (1−λ ) f (z)+λ z f ′(z).

Since

1

z

(

L1
λ ,1 f (z)

)

= p(z) = (1−λ )
f (z)

z
+λ f ′(z)

= 1+
∞

∑
n=2

{(1−λ )+ nλ}anzn−1
,

so p(z) is analytic in E and p(0) = 1. Now
(

L1
λ ,1 f (z)

)′
=

(

zp(z)
)′

= p(z)+ zp′(z)≺F

1− (2δ − 1)z

1− z
.

Using Lemma 2 with γ = 1, we obtain from Theorem 2,

p ≺F g, where g is given by (3.11).

By using convolution properties given in [21],
following result can easily proved.

Theorem 3. Let

fi ∈ Rm
λ ,n

(

hβ (z)
)

, i = 1,2, βi ∈ (0,1],λ > 0.

Let

Lm
λ ,n = Lm

λ ,n( f1 ⋆ f 2)(z), z ∈ E.

Then f ∈ A belongs to the class Rm
λ ,n

( 1−2(σ−1)z
1−z

)

,

where

σ = (2σ3 − 1)+ (1−σ3)(λ + 2(1−λ ) ln2

σ3 = 1− 2(1−σ1)(1−σ2)

and

σi =−
1

βi

+(1−
1

βi

)(1+βi)
−1

2F1

(

1,1;1+
1

λ
;

β 2i

1−β 2
i

)

Theorem 4. Let g be a convex function in E and let

hβ (z) = g(z)+
1

b+ 2
zg′(z), z ∈ E, b >−2.

If f ∈ Rm
λ ,n(hβ (z)) and

G(z) = Nb f (z) =
b+ 2

zb+1

∫ z

0
tb f (t)dt, z ∈ E, (3.12)

then

F(
Lm

λ ,n
f
)′
(E)

(

Lm
λ ,n f (z)

)′
≤ Fhβ (E)

hβ (z),

that is
(

Lm
λ ,n f (z)

)′
≺F hβ (z) implies that

F(
Lm

λ ,n
G
)′
(E)

(

Lm
λ ,ng(z)

)′
≤ Fg(E)g(z),

that is
(

Lm
λ ,nG(z)

)′
≺F g(z), z ∈ E.

This result is sharp

c© 2022 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1910 K. I. Noor, M. A. Noor: Fuzzy Differential Subordination Involving...

Proof. Let p(z) =
(

Lm
λ ,nG(z)

)′
. Then p is analytic with

p(0) = 1.
Differentiating (3.12), we have

(b+ 1)G(z)+ zG′(z) = (b+ 2) f (z). (3.13)

We apply operator Lm
λ ,n on both sides of (3.13) and

differentiate to obtain

p(z)+
1

b+ 2
zp′(z) =

(

Lm
λ ,n f (z)

)′
.

That is

p(z)+
1

b+ 2
zp′(z)

=
(

Lm
λ ,nG(z)

)′
+

1

b+ 2
z
(

Lm
λ ,nG(z)

)′′

=
(

Lm
λ ,n f (z)

)′
≺F hβ (z), z ∈ E. (3.14)

This implies that

F(Lm
λ ,n

f )′(E){
(

Lm
λ ,nG

)′
+

1

b+ 2
z
(

Lm
λ ,nG

)′′
}(z)

leq Fhβ (E)
(hβ (z))

≤ Fhβ (E)

(

g+
1

b+ 2
zg′

)

(z).

Now applying Lemma 4, we obtain

Fp(E)p(z)≤ FG(E)g(z), z ∈ E.

where g is the fuzzy best dominant.
This proves G ∈ Rm

λ ,n(g).

Corollary 4. Let, in Theorem 4,

b =−1, hβ (z) =
1− (2δ − 1)z

1− z
, δ =

1−β

1+β 2
.

Then, for m = 1, n = 1

(

L1
λ ,1G(z)

)′
≺F g(z),= {(2δ−)+

2(1− δ )

z
log(1+ z)}.

When β = 1, then δ = 0 and in this case

g(z) =
2

z
log(1+ z)− 1.

Corollary 5. Let b = 0 in (3.12). Then

N0

(

Rm
λ ,1G(z)

)′(1− (2δ − 1)z

1− z

)

⊆F Rm
λ ,n

(1− (2δ ⋆− 1)z

1− z

)

,

δ
1−β

1+β 2

and

δ ⋆ = 2δ − 1+ 4(1− δ )

∫ z

0

t

1+ t
dt.

Proof follows directly from Theorem 4 and
That is

Fp(E)p(z)≤ Fg(E)g(z) ≤ Fhδ (E)
(hδ (z)),

hδ (z) =
1− 2δ − 1)z

1− z
.

That is

F(Lm
λ ,n

)′(E)

(

Lm
λ ,nG(z)

)′
≤ Fg0(E)g0(z)≤ Fhδ (E)

(

hδ (z)
)

,

where

g0(z) =
2

z

∫ z

0
{t −

1+(2δ − 1)t

1+ t
}dt

= 2δ − 1+ 4(1− δ )
∫ z

0

t

1+ t
dt

and

δ ⋆ = g0(1).

4 Conclusion

In this paper, we have introduced and investigated various
properties of fuzzy subordination connected with
Noor-Salagean operators in geometric function theory. It
is an interesting problems to discuss the applications of
the fuzzy set and system in the management sciences,
modelling, optimization statistics and probability theory.
See [26,27,28,29] and the therein for more details.
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