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Abstract: The well-known technique of subordination has recently been extended from the geometric function theory to the fuzzy set
theory by several authors. In this paper, we use the notion of fuzzy differential subordination to introduce certain fuzzy classes using
the generalized Noor-Salagean operator. Certain interesting results are established for these classes.
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1 Introduction and preliminaries

One of the most recent techniques of research in the one
complex variable is the method of differential
subordination, which has been introduced by Miller and
Mocanu, see, for example, [1,2].

A new research direction in this area has been launched
by combining the concept of differential subordination
with the complex functions domain to the fuzzy set
theory, which is named as fuzzy differential
subordination. For some details, see [3,4,5].

In this paper, we shall use fuzzy subordination to
obtain some interesting results in the context of geometric
function theory for certain classes of analytic functions
defined by generalized Noor-Salagean operator in the
open unit disc.

The unit disc of the complex plain is denoted by
E ={z:] z|< 1} and the class of analytic functions in E
by & |a,n] consisting of functions written in the form

@) =a+ad +ap "+ (1.1)
Note that &[0, 1] = <7 is the normalized class of analytic

functions in the unit disc E.
We recall here some definitions of basic concepts.

Definition 1./6] Let X be a nonempty set. A pair (A,Fy),
where

Fpr:X —[0,1] and A={xeX:0<Fy(x) <1}

is called the fuzzy subset. The function Fx is called
membership function of the fuzzy subset (A, Fy).

For the applications of fuzzy sets, see [7,8] and the
references therein.

Definition 2./10] Let y : C3x — C and h be univalent in
E with

v(a,0,0) = h(0) = a. If p is analytic in E with p(0) = a
and satisfies the

(second order ) fuzzy differential subordination

FW((C3><E)7 (W(P(Z),ZPI(Z),ZZPII(Z);Z) € Fh(E)a z€ HKl.2)

then p is called a fuzzy solution of the fuzzy subordination,
or more simple a fuzzy dominant, if

Foi)(p(2)) < Fye)(q(2)),
for all p satisfying (1.2). A fuzzy dominant § that satisfies
Fye)(4(2)) < Fye)(q(2),

for all fuzzy dominant q of (1.2), is called the fuzzy
dominant of (1.2).

z€eE

zeE

Definition 3./10] Let (M,Fy) and (N,Fy) be two fuzzy
subsets of X. We say that the fuzzy sets M and N are
equal, if and only if,

Fulx) = Fy(x), x€X
and we denote it by (M,Fy) = (N, Fy).
Also

(MaFM) Cc (NaFN)7
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if and only if
Fu(x) < Fy(x), xeX.
Let D C C and let f,g be analytic functions. We denote by

F(D) = supp(F(D),Fr(p))

={f(2) : 0 < Fp(p)(f(z)) <1, z€D}
and
(D) = supp(F (D), Fyp))

={8(2): 0 < Fypy(g(2)) <1, zeD}.

Definition 4./10] Let D C C and zo € D be a fixed point.
Let the functions f,g be analytic in D. The function f is
said to be fuzzy subordinate to g, written as

f=zg or f(z) <722,

if the following conditions are satisfied.
(i) f(z0) = g(z0),
(ii).  Fpp)(f(2) < Fyp)(8(2))s

Remark.We say that f € o7 is subordinate to g € 7, if
there exists a Schwarz function w analytic in E with
w(0) =0 and |w(z)| < 1, for z € E, such that

flz) = gw(z)), z € E and we write f < g or
f(z) <g(z),z€E.

zeD.

Let f(z) =Y omzt and  g(z) = Yrobi*. Then
the Hadamard product (or convolution) of these power
series is defined as the power series

(F8)(2) = 1) () = ¥, auic
k=0

FormeZ={0,+£1,+2,...}, A >0and f given by
flz) = Xr, a;7* , the generalized Salagean operator
S — o/ is defined as follows:

S =24 Y (1 +Ak—1)"and, zcE. (13)
k=2

‘We note that

a1 = f
S31A1R) = SalA1=) = (1 = A)f(2) + Azf'(2),
and

SPIf(=) =S5f(x) =Sa(S77 ' f(z)), m=1,23,...

For A =1, the operator S{" = § is called Salagean
operator, introduced in [9] and for S”', we refer to [10].

Also, for negative integral values of m and A > 0, we
have

S;l[f](z) = %z“(%)/ozt(ll)*zf(t)dt,z c€E

and, in general

S " [f1()
Z

= lz‘*<%>/ (325 (nde, z€E
0

= {83! (TS ()
<

..... « ST * £(2):

s (1.4)

Let fu(z) = m and f,!(z) be defined as

z
(1—2)"
The Noor integral operator N,, : &7 — < is defined [11]

@* £ 2) = neNg={0,1,2,3,....}.

as

Naf(2) = £, (@) % £ (2).

It can easily be observed that

Nof(z) =zf'(z) and Nif(z) = f(2).

From (5), we can derive the following recursive
relation for the operator N, :

2(Nof(2)) = (n+ 1)Nuf(2) — N,y 1£(2). (1.6)

Many authors [10,12,13,14,15,16] have used Noor
operator to introduce and investigate the properties of
certain known and new classes of analytic functions.
Also, see [17,18,19,20] for related classes of analytic
functions and their variant forms.

We now define a new operator LY : .o/ — o, called

Noor-Salagean operator, as follows.

(1.5)

Definition 5. Let

fed, A>0, meZ={0,+1,+2,...},

neNy= {0, 1,2,3,....}.
Then the operator

b af (@) = (SY X Na)f(z), z€E.

f € o/ is said to belong to the class
satisfies the subordination fuzzy

LY o — o, is defined as:
(1.7)
X7 (hg), if it

1+ Bz
(L} . f(2) (2) <7 hp(2) = g z€E.
The function hg(z) = lljlffz is a special case of Janoswki
con 1Az
function 1=,

with A = B, B = —p2,
univalent in E with

B € (0,1] and is convex

1-B

, zZ€E
1+n2 °

1+ﬁz)

Re(h[; (z)) = Re( B
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Some special cases

).
Ly f(2) = (1= MNuf () + A2 (Nu f(2))’
and
fe R}L,n’ if (L}L,nf(z)) <z hp(z)), z€E.
That is,

(1= A)(Naf(2))) + Az(Naf(2)" <7 hp(z), z€E.

(i). L3 ,f(z) =Nuf(z) and f € R (hp(z)) implies
(2Naf(2))' <7 hg(z), z€E.
(ii).
L @)=z *(%>/0Zt<%>*2N,,f(t)dt,7L >0, zcE.

and for m = 2, we have

_ Ioy_ony [% (1y_o _
Lﬁnf(z):zzl w/o (3720 f(e)dt, z€E.
In general, by convolution properties, see [21],
Ly’ /()
1 4
== Hﬁ/ (2L f(1)dr, (meN, z€E)
A 0 M
-1, <% -1, < 1, z
—{ Ml(—l—z) L’l”(—lfz)* ..... A”(—l—z)}*f(z)
Thus
feR;(hg(z)), ifandonly if,
(Li"f(2) <7 hp(z),  B(O,1].
Definition 6. Ler 60 € (0,a], m € Z, n € N. Then a

function f € & is said to belong fo the class ER’){””(S), if
it satisfies the following inequality

Fip

l,n),(E)( rln‘n)l(E) > 5; s E.

2 Preliminary Results

We shall need the following set of lemmas to prove our
main results.

Lemma 1./1,2] For a,b,c € C (c # 0,—1,-2,.....),
the Gauss hypergeometric function o F is defined as
ala+1)b(b+1) 72

TR

ab z
2Fi(a,bie;2) * ¢ 1!+ c(c+1)
This series is absolutely convergent for z € E and
therefore it represents an analytic function in E.

The following identities are well known.

(i). Jott=

% 2Fi(a,b;c;z),

NP1 tz)"%dt =
(Re(c) > Re(b) > 0).

(ii). 2F(a,b;c;z) = 2Fi(b,a;c;z)

(iii).  2F(a,b;c;z) = (1—2)% 2F(a,c—b;c; %)

T2
(iv).
(a+1)4+az F(l,a+l;a+2z2)

=(a+1) F(l,a;a+1;2)

Lemma 2./2,22] Let the function h be analytic and
convex (univalent) in E with h(0) = 1. Suppose also that
the function § is analytic in E with ¢(0) = 1. If

29'(z)

¢(z)+7<h(z), (Re(y) >0, y#0, z€E),

then
9(0) <y() =1 /zt?’*lh(t)dt <h(z), z€E,
ZrJo

and y is the best dominant.
If the function ¢ also satisfies the inequality

Re(9(z)) >p, (0<p<1), z€E),
then
Re[¢(z)] > (2p—1)+z(]1+7|5|).

For the following two Lemmas, we refer to [23].

Lemma 3. Let h be a convex function with h(0) = 1 and
vy€C, Re(y)>0,y#0. Ifpisanalyticin E with
p(0)=1, y:C*xE—C,

v(p(2),zp'(2),z=p(2) + Zp/# is analytic function in E
and

Fyc2xp) (P(2) + Ql,zp'(Z)) < Fyg) (h(2),
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that is That is
—op' 7 h E o p /
p(Z) + —zp (Z) <z (Z)v zekrL, F(L’ln‘n))/(E) (L;{l”f(z)) = FO£| (L'ln‘n))/(E) (L}f,nfl (Z))
then ey, () (L3 af2(2) B9)
Fpe)(p(2)) < Fy(r)(8(2)) < Fiy)(h(2)), From definition (6), (3.8) and (3.9), we obtain the required
result.
that is If we take f1, /> € R (hg(2)), then § = =& and in this
’ A, ) 2
p(z) <7 8(z) <7 h(z), z€E, case, P 1+h
where : feyRT,n(lyzgz)a B < (0,1].
8(2) = Z—’; A " 'n(t)dr, z€E, Also fi,f> € R}, (hi(z)) implies

and g is convex and fuzzy dominant.
Lemma 4. Let g be a convex function in E and let

h(z) =g(z) +nag'(z), z€E, a>0,

and n is a positive integer.
If
p(z) = g(0) 4+ pu" + pu1Z T +.. 2 €E

is holomorphic in E and

Fiptazp)(E) (p(2) + 0zp'(2)) < Fy)(h(z)),

that is
p(z)+ozp'(z) <7 h(z), z€E,
then
Fye)(p(2) < Fyp)(8(2), z€E
That is
p(z) <7 8(z), z€E
3 Main Results

Theorem 1. The class F R} ,(3) is a convex set

Proof. Let f1,f> € fRﬁ"yn(& and

let f = oy fi + 0 fo = 1, where o, o are

nonnegative with a1 + o = 1. To prove this result, it is
sufficient to establish that f is alsoin ZR} (5) for

zeE.
Now

f(2) = oufi(z) + oafs(z)

and

(L5 1/ @) = (L7 1 f1(2) + e (L7, f2(2)
Since f1, f> € ngT,n(S)v we have
S<F(Ly A1) (E)<1 and §<F(Ly,f)(E)<1,
which implies

S§=(m+m)d<F(Ly,) <. (3.8)

fE€ TRy, (1), 8 =0.

This completes the proof.

Theorem 2. Let
fER; hp(2).

Then f € Ri,nﬂhﬁ (z), meN.
That is,

R}L,nhﬁ (Z) gﬂ R}L,nJrlhﬁ (Z)

Proof. Let
f € R}L,nhﬁ (Z)

Then (L} ,f(2) <7 (hp(z)).
That is,

{1 =2)(Naf@)) +22(Naf(2))") <7 (hp(2)).

Let p(z) = (L/lllf(z))/. It is easy to show that p is analytic
in E with p(0) = 1. Simple computation together with the
use of (1.6) leads us to

@+ 28 (- 0Nt @) + Az (Nur (2))”

= (L} . f(2) <7 (h(2)).

Using Lemma 3, it follows that Fy,z)p(z) < Fyg)(g(2)),
that is,

p(2) =7 8(2) <7 (hp(2).

where
I R
8@ =5 [
_ 1
B
1.1 —B?

by using identities in Lemma 2 with a change of variables.
Thus L} . ,f(z) <7 &(z), &(2) is given by (3.10) is
fuzzy best dominant.

Putting B = 1, we have
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Corollary 1.

Ri,n(hl) Cs R}L,;H»l(al)?

(X]—QF](llfl‘Fl l) 1.
hi(z) = 1+Z . This implies Re(h(z)) > 0.
(3.10) is the best dominant and

= inf (Re(g(z)) = g(—1).

€E

Now the result follows from Theorem 2.

This result is best possible.
g(z)) given by

Corollary 2. Let g be convex, g(0) = 1 and let h(z) =

g(z) +28'(2).
Let
1+(2671)z) 5 1-p

fERi,O( 1—z

Then, form Theorem 2, we have

Corollary 3. Let L) f(z) = zp(z), where

Ly 1 f(z) = (Sp*N1)f(2)

= (S * (M f(2))

=S5, 1(2)

= (1-1)f(2) +Azf'(2).
Since

@) =pa = -0 ap

1+ i{(l -2
n=2

so p(z) is analytic in E and p(0) = 1. Now

(L3, /@) = (@)

=p)+2p'(z) <7

) +nd a2,

1-(26—1)z
1—z '

14+ (28— 1)z Using Lemma 2 with v = 1, we obtain from Theorem 2,
fERi,O(T)’ z€E, p <7 g, where g is given by (3.11).
where By using convolution properties given in [21],
5 =g(1) following result can easily proved.
1-B Theorem 3. Let
= (26 —1)+2(1 - 8)log2, 5:1+Bz fERY (hp(z), i=1.2, Bie(0,1],A>0.
Let
and 2= L)), z€E.
I 214286 —1)
g(z) = ;/0 %df Then f € of belongs to the class R’f,n(%;l)z),
s 21-8) 7 1 where
=20-1)+— /O T 0=0203—-1)+(1-03)(A+2(1—2)In2
2(1—-6 (73:1—2(]—01)(]—0'2)
=26—-1)+ ( )log(1+z). 3.11)
z and
. 1 1 2
Proof.  Since Gi:f_Jr(l,_)(lJrﬁl) 2F1(1 11+ — i 2)
! ﬁl ﬁl )v 1 — ﬁ
(Liof ()" = (S'A*Nof(2)
, Theorem 4. Let g be a convex function in E and let
= (S"A( zf )) |
[( )—i—l(f())} hﬁ(z): ()+—b+zzg(), z€eE, b>-2.
= f'(2) +lf”( ). Iff €RY (hg(2)) and
So, we have b +2
' G(z) =Npf(z) = / b(r) Z€E, (3.12)
Ful yorre) (Lyof(2) < Fugie) (hs(2)), 2l
here  hs(z) = 1+(20-1) e m !
W 512 147 ’ F(Uf f)/(E) (L;L’,,f(z)) < Fhﬁ(E)hﬁ (),
implies that thatis (L} f ) <z hg(z) implies that
1 !
" <
F(L<1LO(]) (E) (Ll,of(z)) < Fy() (8(z)), z€E, F(L'x" G)/(E)( ;Ln,ng(z)), < Fg(E)g(Z)v
where g is given by (3.11). That is, that is
!/
. (L5 ,G(2) <7 8(z), z€E.
E(L)L,o (f(Z)) <7 8(2), z€E. This result is sharp
© 2022 NSP
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Proof. Let p(z) = (Lﬁ"nG(z))/. Then p is analytic with

p(0) = 1.
Differentiating (3.12), we have
(b+1)G(z) +2G'(z) = (b+2) f(2). (3.13)

We apply operator L7 ~—on both sides of (3.13) and

differentiate to obtain

P()+ ——2p/ () = (L, £(2)) -

b+2
That is

P+ 5 ()

= (L},6(2) + b12 (L ,G(2))
= ( ;Ln,nf(z)) <7 hg(z), zZ€E.

This implies that

4

(3.14)

m / 1 m "
Fug pye{(L7,6) + 57752(L3,6) 1)
leq Fy, ) (hp(2))

= FhB(E) (ng

Now applying Lemma 4, we obtain

1
2%
Fpe)p(2) < For)8(z), z€E.

where g is the fuzzy best dominant.
This proves G € R;L"n(g)

Corollary 4. Let, in Theorem 4,

1-(26-1)z
1—-z

b=—1, hﬁ(Z):
Then, for m=1, n=1

(£3,6(2) = g(2),= {(26-) +

When B = 1, then 6 = 0 and in this case

2(1-8)
Z

8(2)

2
Zlog(l +2)— 1.

Corollary 5. Letb=0in(3.12). Then
1—-(26—1)z
1-z
1—
s 1=P

1+ B2

1—(26"—1)z
1—z

NO( T,IG(Z)),( )7

) Sz Ry, (

and

5*:2671+4(176)/1Ld1‘.
o 1+1

Proof follows directly from Theorem 4 and
That is

Foe)p(2) < Fye)8(2) < Fiige) (hs(2)),

1-26—1)z
hg(Z) == 17%
That is

Fug ye) (LY 1G(2)" < Fyy()80(2) < Fige) (ha(2))

where
C1+(28—1)
=2 [p- e
—25 - 1+4(1-6 /
and
6% =go(l).

4 Conclusion

In this paper, we have introduced and investigated various
properties of fuzzy subordination connected with
Noor-Salagean operators in geometric function theory. It
is an interesting problems to discuss the applications of
the fuzzy set and system in the management sciences,
modelling, optimization statistics and probability theory.
See [26,27,28,29] and the therein for more details.
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