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Abstract: We study the invariance properties and exact solutionssokerdomtsev-Petviashvili equation and construct its cvasien
laws and that of its transformed elliptic and elliptic-aydrical versions. Then, it is shown how the conservationsland related
guantities of the transformed versions may be attained plyagy the transformation variables as opposed to indegeinchlculations
which are often cumbersome for high order partial diffei@drgquations of ‘many’ variables.
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1 Introduction with h = h(T,Z,v) lead to the elliptic cylindrical KP
. . . .  equation (ecKP)
The Kadomtsev-Petviashvili (KP) equations originates in

the study of the surface wave problems for an  (h; 4+6hh, +h,,, + = h— 2V __h
incompressible fluid described by the full set of Euler ( o2 ¢ theeet amh~ miea N0 (5)
equations with free surface and rigid horizontal bottom +(T2—a2) hvy = 0.
boundary conditions. It has been extensively studied in a

number of papers {[2,3,4,5], inter alia, and references For a detailed account on the nature, application and
therein). After some well known adjustments, the '€asOns for the respective transformations, we refer the

equation takes the form reader to §]. The inverse transformations in the
respective cases above are

(U't -+ Uuy + Uxxx)x+ 352Uyy =0. (1) )
vV
The transformation t=r, X=X~ 150" y=1v (6)
2
T=t, X =X+ y , v=3—/ (2) and
129 t .
leads to the cylindrical KP (cKP) equatior6(f]), with t=T, x={-155 Y=V T2—a%v. (7)

W =W(T, X,V),
In this paper, we, firstly study the invariance
3s? ®) properties of equatiorlf and show how this lead to exact

w
(We + 6WWy Wy + 57 )x + 7z W =0 solutions. That is, we determine the one parameter Lie
and the transformation groups of transformations (Lie point symmetry
5 generators) to successively reduce the equaf[ion. We then
T—t 7 =x+ ty V= y construct the cqnserved vectors of the equation using the
’ 122(t12—a?2)’ Viz—az2 method of multipliers and the homotopy operator. Next,

2
4) we list, independently, the conservation laws of the
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transformed equations cKP and ecKP. As a final emphasi

where £' n% ¢ &7 and the additional coefficients are

of the study, we show that the conserved vectors of thedetermined uniquely by the prolongation formulae

cKP and ecKP are, in fact, obtainable from the

transformed variables. Since, there is a one to one
correspondence between the multipliers and conserved
vectors, we need only perform the transformation on the

multipliers. Thus, all the properties of the KP obtained via
a study of the conservation laws are, equivalently,
obtainable for the cKP and ecKP. These include
integrability, convergence, conserved quantities andnso o

([8D.
2 Symmetries, reductions and conservation
laws - KP

The Lie symmetry approach on differential equations is
well known; for details see e.g9,[10].

We present some of the definitions and notations

below. Intrinsic to a Lie algebraic treatment of differexti
equations is the universal spacé (see [L0).The space
</ is the vector space of all differential functions of all
finite orders and forms an algebra. Considerr@morder
system of partial differential equations nfindependent
variablesx = (x',x?,...,x") and m dependent variables
u=(utu?,...,um

GH(xuuay,...,up) =0, p=1,...m (8)
whereuy), U, ..., Uy denote the collections of all first,
second, ..., rth-order partial derivatives, that is,

u? = Di(u”),uf} = DjDi(u),... respectively, with the
total differentiation operator with respecttogiven by
17}

D':—.
T ox

7] 7} .
+U|C{W+U|GJW+7 |=1,...,n, (9)

where the summation convention is used whenever

appropriate. A curren? = (71,...,.7") is conserved if
it satisfies

Dig' =0 (20)
along the solutions of§). It can be shown that every
admitted conservation law arises from multipliers
Qu(X,u,U(y),...) such that

QuGH=DiJ’ (11)

holds identically (that is, off the solution space) for some

current.7. The conserved vector may then be obtained

by the homotopy operator (se8,11]). Other works on
symmetries and conservation laws can be found2n13].

a

r’ia ijo
N i = Di,...Di (W) +&lu

= Dj(W%) +&lu
. (13)

jig.iss S> 1.

In (13), WY is the Lie characteristic function given by

W =n®—&uf . (14)

A Lie symmetry generator ofg] is a one parameter
Lie group transformation that leaves the given differdntia
equation invariant under the transformation of all
independent variables and dependent variables. In this
paper, we will assume that is a Lie point operator, i.e.,

& andn are functions ok andu and are independent of
derivatives ofu. A Lie-Backlundoperator of the form
X=n%d/0u” +--- is called acanonical or evolutionary
representation oX.

2.1 Symmetries and reductions

A one parameter Lie group of transformations that leave
invariant () will be written as a vector field

X =T1(t,XY,u)d + &(t,Xy,u) 0+ n(t,xy,u)dy

+(p(taxa ya u)du' (15)

This would be a generator of point symmetry of the
system. The tedious calculations reveal the following
point symmetry generators

X1 = 6.71(t)0x + .7} u,

Xo = —36F5(t) 0y + SY.F50x+ 5Y-F4 0,

X3 = 10873(t)d + (36xF4 — SY2.74 ) Ox + 12740y
+(6xF — T2uF5— SY2.74")0,

(16)
where theZ;s are arbitrary functions df In X3, for e.g.,
3 =t leads to the scaling transformation

3td + xdx + 2ydy — 2udy. Also, we can easily show that a
linear combination of the appropriate choice.#fs lead
to the translations
2i=a, Zr=0d  2=4,
The first two, in the first instance yield the transformation
o = x—ct,y=yandu=u, so that equationl] become
_CUGG + 6ug + 6UUGG + uGaaa + 3SZUyy - O, (17)
which admits a Lie point symmetry genera¥ar= d, and
Xo = dy. These symmetries yield the transformatips-

P P transformation becomes
X=¢& = a___ a. —— 12
Cox TN Gua T 2 Mt gy (12) (— 02+ 3%+ BICU) Uy + BIALZ + KUy = 0. (18)
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By integrating equation1@®) with respect toy twice, we 3 Conservation laws - cKP and ecKP
have
A2 2 2 " Here, firstly, we use a combination of the multiplier and
(—Ck+38%)u+ 3K’ + K" = by+d, (19) homotopy approach, as in the previous section, to obtain
whereb andd are integrating constant. Fbe£ 0, equation  the multipliers and their corresponding conservation laws
(19) have no symmetry generator, which implies no furtherfor ckP and ecKP, respectively. As would be expected,
reduction is possible. To this end, we consibder O with  they admit four independent conservation laws given

d # 0. Suppose” = u, # = U and hence
A U d— (—ck® 4 38%) - 3K

a7z u KA ’
implies
du_ V2 1 e 2 123
ay =@ du—é(—ck +3s?)u2 — k2u8,
and consequently the solution of equatid@hié given as
Ik L du
\/du (a2 +3s2)u2—k2u? (20)
= Bly—kix—a)]

2.2 Conservation Laws

The conserved vectors of 1)( will be written
(7Y, T7%.7Y),le.,

Dt 7'+ DxT*+Dy7Y =0 (21)
along the solutions of the differential equation. By
omitting the calculation details, we directly write below

the set of multiplier® and their corresponding conserved
vectors for the systend].

() Qu = — oz V(YR — 18F (1))
Tt = —ﬁy(yzFllux—k 185°F1(u— xuy)),
TX = —%y(u(—yzFll/ + 6F L (352 + 2y2uy))
+Y2FY (U + 2Up)
+182F1(6U2 — Xty — 12XUUy + 2Uyy — 2XUxx) ),
Ty = —3HFL(u—yuy) — $y?FY(~3u+yuy)

(i) Q2 = — ¢ (Y?R2 — 6XF2(t))

73 = B(- 5% 6F2(u—xuy).
gzx - 112[ (_y2F2” + 6F2 (X + 2y2Uy))
Y2F 2 (U + 2y )
+6$2F2(6u2 — XUt — 1 2XUU 4 Uy — 2XUsx)]

Ty = yuF? 4 1(62xF2 — y?F?)uy

(i) Qa3 =yF3(t)
T3 = 3¥F3us,
T = 1y(—u(F¥ — 12F3u,) + F3(U + 2Uex) ),
T3 = —3°F3(u—yuy)

(iv) Qs = F*(t)

<74t - 1F4UX7

Zyx =u( 7 L BF%Uy) + SF4(Ur + Uy ) 352F 4uy,
T3 352F

below.
The CKP admits the following four conserved vectors

0]
9{ =L [-28r2GYw
( 3682WV—|—V(V2T—|—3682X)WX)]
ylx - v(T(W(2PT2GY + G (VT - 368X
242720y )) — 22 T2GY (Wy + 2Wyy y )
+GH(—2162TW? + 12W(32x + T(V°T + 362X )Wy )
+T((V2T 4 368%X )Wy
—7232Wxx+2(V T+ 365X )Wxx))):
T = =2l 2212GY (— 3w+ ww)
%( 3(V2T + 1252 )W+ V(V2T + 3682 )Wy ).
(ii)
%T _ 1 [ 2V2-[2G2’
) 275?(2 1232W-|—2(V2 TZJ; 128X )wy )],
T3 = g (TW(T°G
+§2(_ — 122X — 24v2T?wy))
—2212G? (Wy + 2Wy y x )
+G2(—7252TW? + 12W(S?X + T(V2T + 1282 )wy)

+T((V2T + 122X )Wy
—2482WXX+2(VZT+1232)()WXXX))),
Ty = L [—2vr2G? (— 2w+ ww)
+G5( 2VTWH (V2T + 122X )wy ).
(iii)
Ty = %VG3WXa
T = 3 [V(~TWG¥ + G3(W(L+ 121wy
+T(Wr + 2wy xx)))];
Ty = -5 (3G (w—ww)).
(iv)
Ty = 3Gy,
T = zi[ WG + GH(W(1+ 121wy)
(Wr+2Wxxx))]
Ty = 5(3°Gw).

The correspondmg multipliers are

Q1 = g V(36G (1) - 2°T%Gr + 1GY)
Q2 = 25 [12G?(1) xS? — 212G +V21G?

Q= _Zfi )V,
Qs =G*(1)

Similarly, the corresponding multipliers and conserved

vectors for ecKP are
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N0 2 =
v[— 2T2H1v2+2a2H1v2+36H1( (S + THIV?)

36@2

Ty = 25 [~3652vhH! + v((36s2 + Tv?)H?
+2(a2 - T2 v2HY)h,],

T = T V(- 12962%*?H*
+1296*T?h?H? — 68°h(H1(365°T¢
+7a2v% — 12(a% — T?)(36s°C + Tv?)hy)
—(@2—T?)(2(~2+ T?)v2HY
+HY (—3652¢ + Tv2 + 248~ T?)v?hy)))

+2(2 — T2 V2HY (65%(a% — T?)hr +a?v?h,
+125%(a ~ T?)hyz¢)

+HY(68%(a? — T?)(365%¢

+Tv2)hr +a?v?(365°C

+T Vz)hz + 1232(a2 — TZ)(—3632hZZ

+(365°C + Tv?)hgze))),

m(3h((12s26+Tv JH!
+2(a2 - T2)v2HY) — v((365%¢
+TVv)HL 4+ 2(a2 - T2)v2HY)h)

2, = %2[ 2T2H2v2 + 2a?H2v? + 12H2(T) (<
—TH?v?]

= iz [—12%°hH2 + ((125°C + Tv?)H?
+2(a% —T?)v2H?)h, ],
= paaar ) (—432°ShPH? + 43251 T2h?H?
—652h(3H?(48°T { +a’v? — 4(a? — T?) (1287
+Tv?)h,) — (82— T2)(2(—a2 + T2)v2H?"
+H? (—12927 + T2+ 24(a2 — T?)v?hy)))
+2(a% —~ T?)v2H? (65%(a2 — T2)hr +a2v2h,
+12$2(a2—T2)h555)

H2(6s?(a? — T?)(125°C + Tv?)hy + a?v?(128¢
+T Vz)hz —+ 1232(32 — TZ)(—].ZSZhZZ

(12325 +Tv?)hz0)),
[2vh(TH? 4 2(a% — T?)H?)
T2)v2H?)hy]

%V_

(a2 T2

—((125°C + TV?)H? +2(a® —
(iii) 25 = vH3(T)

%T = %VH3h57

Ty = trV(—65°h((@ — TH)HY
FH3T —12(2% — T2 ) + H(65%(@” ~ T?)hy
+a?v2h, +125%(a% — T?)hzz2))],

Ty = 515(38H3(h—vh,))

(V) 24 =H*(T)

94 = 2H th

T} = Tz |-65°((2 ~ T2)HY
+H4(T —12(a? — T?)h;)) + H*(65?(a?
+aZV2hZ + 1282(82 — Tz)hzzz)],

”94‘/ = _aZETZ (332H4hv)

T2)hr

3.1 Conservation laws via transfor mations

The transformation?) and transformation4 transform
the equation 1) into cKP and ecKP, respectively. By
exploiting this fact, we show that one can avoid the
lengthly procedure and can directly obtain the
conservation laws by using these transformations. It is
sufficient to calculate the multipliers via the
transformations and as there is a one to one corresponding
between the conserve vector and the multiplier, the
conserved vectors can be constructed directly from the
homotopy integral. For illustration, we transform some
multipliers.

(a) Transformation of multipliers from KP to cKP

(i) The transformation o®; is

Q1 = — YR — 185xF (1))
~ap(leR 18 1) F (1)
= — 55z (TV)(2T2V?F{ — 36s2xF1 3Tv2F1)

If we let TF(1) =G

Qi = —ngﬁ(rv)(Zrzvz( Gt - 4G
3 ¥G - 3v°GY)

—12v[3661 XS — 212G+ V21 GY,

(1), we get

which matche@l of cKP.
(ii) The transformation o), is
= — o2 (VPR — 6°F (1))
= —61 ((TV)2F2— 62(X + 132 )F2(1)
L, [-2122F2 4 1292(x + £5)F?)

le

where, if we Iein(r) = G?(1), we obtain

Q= [12G?(1)xS — 2V T2G2 +V21G7),

1232
which is the same a(§2 of cKP.
(b) Transformation of multipliers from KP to ecKP
The multiplierQ, of KP leads to

Q2 = — 5 (Y?R? — 65XF2(1))
— L [(VTZ—a2v)2F2 — 65%({ — LS)F(T))]

1

2

(—2T2V2F¢ + 2aV2F2
+122F?

Tv2F2)

=

(@© 2015 NSP
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Again, if we letF2(T) = H?(T), we obtain

Q2 = 7a5[—2T2HEV2 + 2a°H3v?
+12H2(T){s? — TH?v?),

which is 2, of ecKP.

It is clear, therefore, that one can obtain the other
multipliers and hence the conservation laws for cKP an
ecKP from that of the KP.

4 Conclusion

In this study, via a knowledge of the Lie symmetry
generators, we have successively reduced the fourth ordke
KP to a first order ODE and further obtained an exact
solution. The conservation laws for KP, cKP, and ecKP
have been obtained independently. We have demonstrate
that the transformations used to transform KP to cKP ang
ecKP can, in fact, be used to obtain the conservation law
for cKP and ecKP. This fact is significant in the sense that
the interesting features, well known or otherwise, of the
KP, like the exact solutions, multipliers and conservation

J. Boon Zik Hong is a
final semester PhD student of
Department of Mathematical

Sciences, Faculty
of Science in Universiti
Teknologi Malaysia,
where he had obtained

his first degree. His field of
interest involves 'Symmetry
and Conservation Laws of
Partial Differential Equation’.

K. Fakhar obtained his
PhD in 2005. He is a fellow
of Interdisciplinary Center for
Theoretical Studies at China.
He is a recipient numerous
awards, scholarships and
merit certificates. Currently
he is working as a research
associate at Department
of Mathematics, University
of British Columbia, Canada.

laws can easily be achieved for the cKP and ecKP. Dr. Kamran’'s research interests are Symmetries and

differential equations, Conservation laws, Fluid
AcknowledgementAHK thanks the African Institute  Mechanics, Engineering Mathematics; he has published

of Mathematics (AIMS) for providing facilities to carry numerous articles in these areas. He has supervised a

out the research. number of MSc/PhD students.

S. Ahmadis an Associate

References Professor at  University
Technology Malaysia.
[1] B. P. Kadomtsev and V. |. Petviashvili, Sov. Phys. DA, His area of research

539 (1970).

[2] M. J. Ablowitz and H. Segur, J. Fluid MecB2, 691 (1979).

[3] R. S. Johnson, J. Fluid MecBz7, 701 (1980).

[4] M. J. Ablowitz and H. Segur, Solitons and the Inverse
Scattering Transform (SIAM, Philadelphia, 1981).

[5] R. S. Johnson, A Modern Introduction to the Mathematical
Theory of Water Waves (Cambridge University Press,

is multi fold and focuses
on Mathematical Physics.
He has over twenty five years
of teaching experience and
has published several articles.
Dr. Shamsuddin supervised

Cambridge, 1997) several Master and PhD
[6] K. R. Khusnutdinova, C. Klein, V. B. Matveev, and A. O. students.
Smirnov, Chao23, 013126 (2013). .
( ) Abdul Hamid Kara

[7] V. D. Lipovskii, V. B. Matveev, and A. O. Smirnov, J. Sov.
Math. 46, 1609 (1989).
[8] U. Goktas and W. HeremarPhysica D, 123 425-436
(1998).
[9] G. W. Bluman and S. Kumei, Symmetries and Differential
Equations, Springer, New York, (1989).
[10] P. J. Olver, Applications of Lie Groups to Differential
Equations, Second Edition, Springer, New York, (1993).
[11] A. H. Kara,Journal of Nonlinear Mathematical Physics, 16,
149-156 (2009).
[12] A. H. Kara and F. M. Mahomednt. J. Theoretical Physics,
39, 23-40 (2000).
[13] A. H. Kara and F. M. Mahomed, Nonlinear Math. Phys, 9
, 60-72 (2002).

is a professor in the School of
Mathematics at the University
of the Witwatersrand in
Johannesburg, South Africa
from where he obtained
his PhD. His field of expertise
involves the analysis
of differential equations
using invariance properties
and conservation laws. He has
published, collaboratively, in the areas of mathematical
physics, relativity and cosmology, applications of
differential geometry, classification of Lagrangiansemt
alia. Prof Kara has supervised a number of MSc/PhD
students and is an NRF rated researcher in South Africa.

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Symmetries, reductions and conservation laws - KP
	Conservation laws - cKP and ecKP
	Conclusion
	References

