
Progr. Fract. Differ. Appl. 12, No. 1, 37-56 (2026) 37

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/120103

Comparative Study of Fractional Heun’s Method and
Fractional q-Heun’s Method for Solving Fractional
Differential Equations

Obaida Aljabari1, Shaher Momani1,2,∗, Iqbal M. Batiha2,3 and Mohammad Odeh4

1Department of Mathematics, Faculty of Science, The University of Jordan, Amman 11942, Jordan
2Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman, UAE
3Department of Mathematics, Al Zaytoonah University of Jordan, Amman 11733, Jordan
4Department of Mathematics, Philadelphia University, Amman 19392, Jordan

Received: 2 Jun. 2025, Revised: 12 Oct. 2025, Accepted: 31 Oct. 2025
Published online: 1 Jan. 2026
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1 Introduction

Fractional calculus is a branch of mathematical analysis that extends the concepts of differentiation and integration to non-
integer orders [1,2,3,4,5]. The origins of this field date back to the late seventeenth century when Newton and Leibniz
laid the foundations of differential and integral calculus. In particular, Leibniz introduced the symbol

dn

dxn f (x)

to define the nth derivative, where n ∈ N [6].
Many problems in various fields of science and technology cannot be solved analytically using known rules and

techniques to obtain exact solutions [7,8,9,10]. In such cases, numerical methods are used to provide approximate
solutions while accounting for an error associated with each method [11].

The subject of quantum calculus, also known as q-difference calculus, was initiated in 1910 when F.H. Jackson
introduced the concepts of q-difference calculus. The fundamental definitions and characteristics of q-difference calculus
were later refined by P.M. Rajkovic et al. (2007). Quantum calculus has proven to be a powerful tool in explaining
various physical phenomena. For instance, the physicist V. Fock used q-difference equations to verify the symmetry of
hydrogen atoms. Later, the foundations of this field were solidified in the late 1960s through the works of W. Al-Salam
and R. Agarwal [12,13].

q-Calculus has been applied in diverse scientific domains such as physics, chemistry, engineering, and medicine, where
differential equations are often used to model real-world problems [14,15]. However, many of these problems cannot be
solved analytically, necessitating the use of numerical techniques to solve the corresponding equations [16].
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Obtaining an exact solution for a differential equation is often difficult or even impossible. However, the use of
computational techniques has facilitated the numerical solution of such equations, making these methods attractive to
researchers. These methods provide an effective way to obtain approximate solutions for differential equations that were
previously intractable analytically. One such method is Heun’s method [17]. The present paper is devoted to studying the
Fractional Heun’s Method (FHM) and the Fractional q-Heun’s Method (FqHM), followed by a detailed comparison
between them.

2 Preliminaries

In this section, we review some basic notions and fundamental results associated with fractional calculus and fractional
q-calculus, which are necessary for this study.

2.1 Fractional Calculus

This subsection introduces fundamental concepts of fractional calculus, including the Riemann-Liouville fractional
integral and its essential properties [18,19,20,21].

Definition 1.[22] Let α be a real non-negative number. The operator Jα
a is defined on L1[a,b], where L1[a,b] is the set of

all functions whose absolute values are integrable on [a,b], by

Jα
a f (t) =

1
Γ (α)

∫ t

a
(t − τ)α−1 f (τ)dτ, a ≤ t ≤ b, (1)

and is called the Riemann-Liouville fractional-order integral operator of order α .

2.1.1 Properties of the Riemann-Liouville Integral

The Riemann-Liouville fractional integral satisfies the following important properties [23,24]:

1.For f (t) = K and a = 0, we have

Jα
0 K =

K
Γ (α +1)

tα . (2)

2.If f (t) = (t −a)p, then

Jα
a (t −a)p =

1
Γ (α)

∫ t

a
(t − τ)α−1(τ −a)pdτ. (3)

3.Let m,n ≥ 0 and f ∈ L1[a,b], then
Jm

a Jn
a f = Jm+n

a f . (4)

4.For m,n ≥ 0, we have
Jm

a Jn
a f = Jn

a Jm
a f . (5)

Proposition 1.Let α ∈ R and m = ⌈α⌉. The operator Dα
a defined by

RLDα
a f = DmJm−α

a f , (6)

is called the Riemann-Liouville fractional-order differential operator of order α .

Definition 2.[22] Let α be a real non-negative number. For a positive integer m such that m−1 < α ≤ m, the Riemann-
Liouville fractional-order differential operator of a function f of order α is defined by

RLDα
a f (t) =

1
Γ (m−α)

dm

dtm

∫ t

a
(t − τ)m−α−1 f (τ)dτ. (7)

Definition 3.[22] Let α ∈ R+ and m = ⌈α⌉ such that m− 1 < α ≤ m. Then, the Caputo fractional-order derivative
operator of order α is given by

cDα
a f (t) =

1
Γ (m−α)

∫ t

a
(t − τ)m−α−1 f (m)(τ)dτ, t > a. (8)
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2.1.2 Properties of the Caputo Fractional-Order Operator

Several useful results arise from the use of the Caputo fractional-order operator, including

1.If α = k for some k ∈ N, then
CDα f (t) = f (k)(t), for t ∈ R+. (9)

2.For m−1 < α ≤ m such that m ∈ N, we have

cDα
a (λ f (t)+µg(t)) = λ

cDα
a f (t)+µ

cDα
a g(t),

where λ ,µ are two scalars.
3.Let m−1 < α ≤ m such that m,β ∈ N and α ∈ R+. If f (x) = (x−a)β , where β ≥ 0, then

cDα
a (x−a)β =

Γ (β +1)
Γ (β +1−α)

(x−a)β−α . (10)

Theorem 1.(Generalized Taylor’s formula).
Suppose Dkα f (x) ∈C ((0,b]) , for k = 0,1,2, ...,n+1,where 0 < α ≤ 1. T hen

f (x) =
n

∑
i=0

xiα

Γ (iα +1)
(Diα

∗ f )(0+)+
(D(n+1)α f )(ζ )

Γ ((n+1)α +1)
x(n+1)α , (11)

where 0 ≤ ζ ≤ x, ∀x ∈ (0,b].

2.2 Fractional q-Calculus

If q ∈ (0,1) and a ∈ R, we define [26]

[a]q =
1−qa

1−q
. (12)

As a result, the q-factorial of a positive integer is defined as

[1]q = 1,

[n]q =
1−qn

1−q
.

The q-analogue of the power (a−b)(α) is expressed by

(a−b)(α) = aα
n−1

∏
i=0

(
a−bqi

a−bqi+α

)
, a,b ∈ R, α ∈ R, (13)

with the special case
(a−b)(0) = 1.

Definition 4.Consider an arbitrary function f (x). Its q-differential is defined by

dq f (x) = f (qx)− f (x). (14)

Definition 5.The q-derivative of order n ∈ N of a function f : [0,x]→ R is defined by

(Dq f )(t) = (D1
q f )(t) =

(dq f )(t)
t −qt

=
f (t)− f (qt)
(1−q)t

, t ̸= 0, (15)

(Dq f )(0) = lim
t→0

(Dq f )(t),

and
(Dn

q f )(t) = (D1
qDn−1

q f ), t ∈ J, n ∈ {1,2, . . .},

where J is a given interval. Note that (D0
q) f (t) = f (t).
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2.2.1 Properties of the q-Derivative

The following properties hold [26]:

1.For n ∈ N and f (t) = tn, we have
Dqtn = [n]qtn−1. (16)

2.For all n ∈ N∗, we have
Dq(x−a)n

q = [n]q(x−a)n−1
q , (17)

and
Dq(a− x)n

q =−[n]q(a−qx)n−1
q . (18)

Definition 6.The q-integral (Jackson’s Integral) of the function f : [0,b]→ R is defined as

(Iq f )(t) =
∫ t

0
f (s)dqs =

∞

∑
n=0

t(1−q)qn f (tqn),

provided that the series converges.

2.2.2 Properties of the q-Integral

The following properties hold:

1.For n ∈ N, we have

Iqxn =
xn+1

[n+1]q
. (19)

2.For n ∈ N, we have

(In
q,aDn

q f )(x) = f (x)−
n−1

∑
i=0

(Di
q f )(a)
[i]q!

(x−a)(i). (20)

Definition 7.The fractional q-integral of order α ∈ R+ in the Riemann-Liouville sense for a function f : [0,b] → R is
defined by

(Iα
q f )(t) =

∫ t

0

(t −qs)(α−1)

Γq(α)
f (s)dqs, t ∈ [0,b]. (21)

Note that when α = 1 and α = 0, we have

(I1
q f )(t) = (Iq f )(t) and (I0

q f )(t) = f (t),

respectively.

2.2.3 Properties of the Fractional q-Integral

The following properties hold:

1.Let f ,g : [0,b]→ R. For γ,λ ∈ R and for any α ∈ R+, we have

Iα
q (γ f (x)+λg(x)) = γ(Iα

q f )(x)+λ (Iα
q g)(x). (22)

2.Let f : [0,b]→ R. For α,β ∈ R+, we have

(Iα
q Iβ

q f )(x) = (Iα+β
q f )(x)

= (Iβ
q Iα

q f )(x).
(23)
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Definition 8.The fractional q-derivative of Riemann-Liouville of order α ∈ R+ of a function f : [0,b]→ R is defined by

(RLDα
q f )(t) =

(
D[α]

q I[α]−α
q f

)
(t), t ∈ J,

where [α] is the integer part of α and J is a given interval. For α = 0, we have

(RLD0
q f )(t) = f (t).

Definition 9.The Caputo fractional q-derivative of order α ∈ R+ of a function f : [0,b]→ R is defined by

(CDα
q f )(t) =

(
I[α]−α
q D[α]

q f
)
(t), t ∈ J,

where [α] is the integer part of α , and J is a given interval. Note that if α = 0, we have

(CD0
q f )(t) = f (t).

2.2.4 Properties of Fractional q-Derivatives

The following properties hold:

1.For α ∈ R+ \N and 0 < a < x < b, we have

(CDα
q Dq f )(x) = (CDα+1

q f )(x). (24)

(DC
q Dα

q f )(x) = (CDα+1
q f )(x)+

(D[α]
q f )(a)

Γq([α]−α)
(x−a)([α]−α−1). (25)

2.For 0 < α < 1, n−1 < β < n, n−1 < α +β ≤ n, and n ≥ 1, we have

CDα
q

CDβ
q f (t) = CDα+β

q f (t). (26)

Theorem 2.(q-Taylor Theorem). Suppose that (Dα
q f )(t) ∈ C[a,b], ∀k = 0,1,2, . . . ,n+ 1, where n ∈ N. For α ∈ (0,1],

there exists c ∈ (0,1) and q∗ ∈ (0,1) such that

f (t) =
n

∑
i=0

(cDα
q )

i f (a)
Γq(iα +1)

(t −a)(iα)+
(cDα

q )
n+1 f (c)

Γq((n+1)α +1)
(t −a)(n+1)α , (27)

for all q ∈ (q∗,1), where
(cDα

q )
i =c Dα

q
cDα

q . . .c Dα
q (i times).

3 Main Results

We will now review two lemmas that are useful for ensuring the accuracy and stability of the method. These lemmas
ensure that the estimates produced by the method do not exceed the calculated limits, thereby enhancing confidence in
the numerical results. The first lemma provides an upper bound for the function (1+ x)m, which frequently appears in
numerical analysis, especially for small or negative values of x. This bound helps prove the convergence and error
confinement of numerical calculations. The second lemma analyzes the behavior of the numerical sequence {ai}, which
follows a recurrence relationship. Such sequences frequently arise in solving differential equations using numerical
methods such as Heun’s method. By using this method, it can be shown that the recurring values in the method are
bounded exponentially, thereby providing a guarantee of the stability of the method and the number of iterations.

Lemma 1.For x ≥−1 and a positive integer m, we have

0 ≤ (1+ x)m ≤ emx.
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Proof.Suppose we want to expand f (x) = ex about x = 0 using Taylor’s theorem. Then we get

f (x) = f (0)+ f ′(0)(x−0)+ f ′′(ζ )
(x−0)2

2
, for some ζ .

Since f (x) = ex, we have

ex = e0 + e0x+ eζ x2

2
.

Simplifying, we obtain

ex = 1+ x+ eζ x2

2
.

This implies
0 ≤ (1+ x)≤ ex =⇒ 0 ≤ (1+ x)m ≤ emx.

Lemma 2.[28] Suppose that t and s are two positive real numbers, and {ai}k
i=0 is a sequence satisfying

ai ≥
−t
s

and ai+1 ≤ (1+ s)ai + t, ∀i = 0,1,2, . . . ,k.

Then,
ai+1 ≤ e(i+1)s

(
a0 +

t
s

)
− t

s
.

Proof.Suppose ai+1 ≤ (1+ s)ai + t, ∀i = 0,1,2, . . . ,k, then

ai+1 ≤ (1+ s)ai + t ≤ (1+ s)2ai−1 +(1+ s)t + t,

ai+1 ≤ (1+ s)2ai−1 +(1+ s)t + t,

or equivalently,
ai+1 ≤ (1+ s)2ai−1 + t [1+(1+ s)]

Continuing this process, we get
ai+1 ≤ (1+ s)3ai−2 +(1+ s)2t +(1+ s)t + t.

By repeating this pattern, we obtain

ai+1 ≤ (1+ s)i+1a0 +
[
1+(1+ s)+(1+ s)2 + · · ·+(1+ s)i] t. (28)

Simplifying, this gives

ai+1 ≤ (1+ s)i+1a0 +
i

∑
j=0

(1+ s) jt.

Since
i

∑
j=0

(1+ s) j =
∞

∑
j=0

(1+ s) j −
∞

∑
j=i+1

(1+ s) j

=
1

1− (1+ s)
−

∞

∑
k=0

(1+ s)k+i+1

=
−1
s

− (1+ s)i+1
∞

∑
k=0

(1+ s)k

=
−1
s

− (1+ s)i+1 1
1− (1+ s)

i

∑
j=0

(1+ s) j =
(1+ s)i+1 −1

s
,

we can write (28) as

ai+1 ≤ (1+ s)i+1a0 +

(
(1+ s)i+1 −1

s

)
t.
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This simplifies to

ai+1 ≤ (1+ s)i+1
[
a0 +

t
s

]
− t

s
. (29)

Using Lemma1, we Know that (1+ s)i+1 ≤ e(i+1)s, so inequality (29) becomes

ai+1 ≤ e(i+1)s
(

a0 +
t
s

)
− t

s

3.1 Fractional Heun’s Method

The Fractional Heun’s Method (FHM) is a variant of the classical Heun’s method, which is essentially a form of the Runge-
Kutta method used to solve ordinary differential equations (ODEs), with a fractional step modification. It is designed to
handle problems involving derivatives and fractional systems [22]. The method is based on two steps: the Fractional
Predictor and the Fractional Corrector, which are adapted to the framework of fractional calculus.
Consider we have the following FIVP:

Dα z(t) = f (t,z(t)), 0 < α ≤ 1, (30)

with the initial condition
z(0) = z0. (31)

With the use of fractional Taylor method, we can have

zi+1 = zi +
hα

Γ (α +1)
f (ti,zi).

Herein, we can assume that zi+1 is an a predictor, i.e. zi+1 = z∗i . This gives

z∗ = zi +
hα

Γ (α +1)
f (ti,zi). (32)

Actually, z∗ can be refined more by considering the corrector step that allows us to re-evaluate the function once again at
the new point (ti+1,z∗). This would give

zi+1 = zi +
hα

Γ (α +1)
f (ti,z∗), (33)

or

zi+1 = zi +
hα

Γ (α +1)
f
(

ti, zi +
hα

Γ (α +1)
f (ti,zi)

)
, (34)

which represents the so-called Fractional Heun’s method (FHM).

Theorem 3.[28] Suppose f is a continuous function satisfying the Lipschitz condition with constant L. Assume that the
2α-derivative of z(t) is bounded by M. Then, the error bound of the fractional Heun’s method is given by

|z(ti)− zi| ≤
η

ψ

[
e(i+1)ψ −1

]
, (35)

where

ψ =
hα L

Γ (α +1)
+

h2α L2

(Γ (α +1))2 , η =
h2α M

Γ (2α +1)
for i = 0,1,2, . . . ,n.

Proof.To prove this result, we consider again the FIVP

Dα z(t) = f (t,z(t)), 0 < α ≤ 1, (36)

with the initial condition
z(0) = z0. (37)

Since f satisfies the Lipschitz condition, we have

| f (t,z1)− f (t,z2)| ≤ L|z1 − z2|,
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for some constant L > 0. Now, we assume that

|D2α z(t)| ≤ M, ∀t ∈ [a,b].

With the use of the fractional Taylor method (11), we can write the exact solution and the approximate solution of the
FIVP (36)-(37), respectively, as follows:

z(ti+1) = z(ti)+
hα

Γ (α +1)
f
(

ti, z(ti)+
hα

Γ (α +1)
f (ti,z(ti))

)
+

h2α

Γ (2α +1)
D2α z(ζi), (38)

and

zi+1 = zi +
hα

Γ (α +1)
f
(

ti, zi +
hα

Γ (α +1)
f (ti,zi)

)
, (39)

Now, we subtract (39) from (38) to obtain

z(ti+1)− zi+1 = z(ti)− zi +
hα

Γ (α +1)

(
f
(

ti, z(ti)+
hα

Γ (α +1)
f (ti,z(ti))

)

− f
(

ti, zi +
hα

Γ (α +1)
f (ti,zi)

))
+

h2α

Γ (2α +1)
D2α z(ζi) (40)

With the use of triangle inequality, we obtain

|z(ti+1)− zi+1| ≤ |z(ti)− zi|+
hα

Γ (α +1)

∣∣∣∣∣ f
(

ti, z(ti)+
hα

Γ (α +1)
f (ti,z(ti))

)

− f
(

ti, zi +
hα

Γ (α +1)
f (ti,zi)

)∣∣∣∣∣+ h2α

Γ (2α +1)
|D2α z(ζi)|. (41)

Now, by using Lipschitz condition, we get

|z(ti+1)− zi+1| ≤ |z(ti)− zi|+
hα L

Γ (α +1)

∣∣∣∣∣
(

z(ti)+
hα

Γ (α +1)
f (ti,z(ti))

)

−
(

zi +
hα

Γ (α +1)
f (ti,zi)

)∣∣∣∣∣+ h2α M
Γ (2α +1)

. (42)

This implies

|z(ti+1)− zi+1| ≤ |z(ti)− zi|+
hα L

Γ (α +1)

(
|z(ti)− zi|+

hα

Γ (α +1)
( f (ti,z(ti)− f (ti,zi))

)
+

h2α M
Γ (2α +1)

.

By using Lipschitz condition once again, we get

|z(ti+1)− zi+1| ≤ |z(ti)− zi|
(

1+
hα L

Γ (α +1)

)
+

h2α L2

(Γ (α +1))2 |z(ti)− zi|+
h2α M

Γ (2α +1)
,

or

|z(ti+1)− zi+1| ≤
(

1+
hα L

Γ (α +1)
+

h2α L2

(Γ (α +1))2

)
|z(ti)− zi|+

h2α M
Γ (2α +1)

, (43)

Now, assume that

ψ =
hα L

Γ (α +1)
+

h2α L2

(Γ (α +1))2 , and η =
h2α M

Γ (2α +1)
,

ai = |z(ti)− zi|, and ai+1 = |z(ti+1)− zi+1|.
Then (43) becomes

ai+1 ≤ (1+ψ)ai +η , for i = 0,1,2, . . . ,n.
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This means that the condition of Lemma (2) is satisfied, and so the result of this Lemma holdes, i.e.,

ai+1 ≤ e(i+1)ψ(a0 +
η

ψ
)− η

ψ
.

This means that

|z(ti+1)− zi+1| ≤ e(i+1)ψ
(
|z(ti)− zi|+

η

ψ

)
− η

ψ
,

or
|z(ti+1)− zi+1| ≤

η

ψ

(
e(i+1)ψ −1

)
.

3.2 Fractional q-Heun’s Method

The fractional q-Heun’s method is an extension of the fractional Heun’s method. It is a numerical method for solving
fractional q-differential equations (FqDEs), combining the predictor-corrector approach of Heun’s method with the
concepts of q-calculus and the q-Taylor series expansion (27). The method preserves stability for a range of step sizes.
Consider we have the following FqIVP:

Dα
q z(t) = f (t,z(t)), 0 < α ≤ 1, (44)

with the initial condition
z(0) = z0. (45)

With the use of fractional q-Taylor method (27), we can have

zi+1 = zi +
hα

Γq(α +1)
f (ti,zi)

Herein, we can assume that zi is an a predictor, i.e. zi = z∗q. This gives

z∗q = zi +
hα

Γq(α +1)
f (ti,zq).

As we said before, z∗q can be refined more by considering the corrector step that allows us to re-evaluate the function once
again at the new point (ti+1,z∗q). This would give

zi+1 = zi +
hα

Γq(α +1)
f
(

ti,zi +
hα

Γq(α +1)
f (ti,zi)

)
, (46)

which represents the so-called Fractional q-Heun’s method (FqHM).

Theorem 4.Suppose f is a continuous function satisfying a q-Lipschitz condition with constant Lq. Assume that the 2α-
derivative of the exact solution zq(t) is bounded by Mq. Then, the error bound of the fractional q-Heun’s method is given
by

|z(ti)− zi| ≤
η

ψ

[
e(i+1)ψ −1

]
, (47)

where

ψ =
hα L

Γq(α +1)
+

h2α L2

(Γq(α +1))2 , η =
h2α M

Γq(2α +1)
and i = 0,1,2, ...,n.

Proof.With the use of the q-fractional Taylor method (27), we can write the exact solution and the approximate solution
of the FqIVP (44)-(45), respectively, as follows:

z(ti+1) = z(ti)+
hα

Γq(α +1)
f
(

ti, z(ti)+
hα

Γq(α +1)
f (ti,z(ti))

)
+

h2α

Γq(2α +1)
D2α z(ζi), (48)

and

zi+1 = zi +
hα

Γq(α +1)
f
(

ti, zi +
hα

Γq(α +1)
f (ti,zi)

)
, (49)
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Now, we subtract (49) from (48) to obtain

z(ti+1)− zi+1 = z(ti)− zi +
hα

Γq(α +1)

(
f
(

ti, z(ti)+
hα

Γq(α +1)
f (ti,z(ti))

)

− f
(

ti, zi +
hα

Γq(α +1)
f (ti,zi)

))
+

h2α

Γq(2α +1)
D2α z(ζi) (50)

Appling triangle inequality, we obtain

|z(ti+1)− zi+1| ≤ |z(ti)− zi|+
hα

Γq(α +1)

∣∣∣∣∣ f
(

ti, z(ti)+
hα

Γq(α +1)
f (ti,z(ti))

)

− f
(

ti, zi +
hα

Γq(α +1)
f (ti,zi)

)∣∣∣∣∣+ h2α

Γq(2α +1)
|D2α z(ζi)|. (51)

Now, by using Lipschitz condition, we get

|z(ti+1)− zi+1| ≤ |z(ti)− zi|+
hα L

Γq(α +1)

∣∣∣∣∣
(

z(ti)+
hα

Γq(α +1)
f (ti,z(ti))

)

−
(

zi +
hα

Γq(α +1)
f (ti,zi)

)∣∣∣∣∣+ h2α M
Γq(2α +1)

. (52)

This implies

|z(ti+1)− zi+1| ≤ |z(ti)− zi|+
hα L

Γq(α +1)

(
|z(ti)− zi|+

hα

Γq(α +1)
( f (ti,z(ti)− f (ti,zi))

)
+

h2α M
Γq(2α +1)

.

By using Lipschitz condition once again, we get

|z(ti+1)− zi+1| ≤ |z(ti)− zi|
(

1+
hα L

Γq(α +1)

)
+

h2α L2

(Γq(α +1))2 |z(ti)− zi|+
h2α M

Γq(2α +1)
,

or

|z(ti+1)− zi+1| ≤
(

1+
hα L

Γq(α +1)
+

h2α L2

(Γq(α +1))2

)
|z(ti)− zi|+

h2α M
Γq(2α +1)

, (53)

Now, assume that

ψ =
hα L

Γq(α +1)
+

h2α L2

(Γq(α +1))2 , and η =
h2α M

Γq(2α +1)
,

ai = |z(ti)− zi|, and ai+1 = |z(ti+1)− zi+1|.

Then (53) becomes
ai+1 ≤ (1+ψ)ai +η , for i = 0,1,2, . . . ,n.

This means that the condition of Lemma (2) is satisfied, and so the result of this Lemma holdes, i.e.,

ai+1 ≤ e(i+1)ψ(a0 +
η

ψ
)− η

ψ
.

This means that

|z(ti+1)− zi+1| ≤ e(i+1)ψ
(
|z(ti)− zi|+

η

ψ

)
− η

ψ
,

or
|z(ti+1)− zi+1| ≤

η

ψ

(
e(i+1)ψ −1

)
.
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4 Numerical Simulation
To study the comparison between the two methods, FHM and FqHM, let us consider the subsequent two examples.

Example 1.Consider the following FIVP:
Dα u(t) =−u(t)2 +u(t), (54)

with the initial condition
u(0) =

1
2
, 0 < α ≤ 1. (55)

The exact solution is given by

u(t) =
1

1+ e
−tα

Γ (1+α)

.

Let
Dα u(t) = f (t,u(t)),

where
f (t,u(t)) =−u(t)2 +u(t).

Now, applying the Fractional Heun’s Method (FHM) yields

z∗ = zi +
hα

Γ (α +1)
fi(ti,zi),

where
f (ti,zi) =−z2

i + zi.

Then, compute
f (ti+1,z∗) =−(z∗)2 + z∗.

This allows us to compute zi+1 as

zi+1 = zi +
hα

Γ (α +1)
f
(

ti, zi +
hα

Γ (α +1)
f (ti,zi)

)
. (56)

We will perform these steps for i = 0 to i = 0.9.. Now, consider the FqIVP

Dα
q u(t) =−u(t)2 +u(t), (57)

with the initial condition
u(0) =

1
2
, 0 < α ≤ 1. (58)

Let
f (t,u) =−u2 +u, for α = 0.5, h = 0.1, and z0 =

1
2
.

Consequently, applying the Fractional q-Heun’s Method (FqHM) yields

z∗ = zi +
hα

Γq(α +1)
f (ti,zi),

where
f (ti,zi) =−z2

i + zi.

Then, compute
f (ti,z∗) =−(z∗)2 + z∗,

where

z∗ = zi +
hα

Γq(α +1)
f (ti,zi).

Now, compute
f (ti,z∗) =−(z∗)2 + z∗,

and find zi+1 as

zi+1 = zi +
hα

Γq(α +1)
f
(

ti, zi +
hα

Γq(α +1)
f (ti,zi)

)
. (59)

For example if one computes z1 for α = 0.5, q = 0.9, and h = 0.1, the following steps should be performed:
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–Compute f (t0,z0), where z0 =
1
2 :

f (t0,z0) =−(0.5)2 +0.5 = 0.25.

–Compute the predictor:

z∗ = 0.5+
0.10.5

Γq(1.5)
(0.25)≈ 0.5223.

–Compute z1:

z1 = 0.5+
0.10.5

Γq(1.5)
(
−(0.5223)2 +0.5223

)
.

Simplifying, we get

z1 ≈ 0.5890.

To verify our theoretical work, we will display numerical results. In particular, Figure 1 illustrates a comparison of
FHM, FqHM, and the exact solution for α = 1 and q = 0.99. Both numerical methods, FHM and FqHM, provide an
accurate approximation to the exact solution. However, the Fractional Heun’s Method (FHM) may be more accurate than
the Fractional q-Heun’s Method (FqHM), depending on how close it is to the exact solution. Figure 2 presents an absolute
error comparison between FHM and FqHM. The FHM demonstrates a very high level of accuracy, with the resulting
error being extremely small compared to FqHM. Consequently, the error for FHM is so minimal that it does not appear
clearly in the plot. On the other hand, FqHM shows a gradual increase in error over time. Therefore, in this context, FHM
performs better than FqHM in minimizing the absolute error.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

0.5

0.55

0.6

0.65

0.7

0.75

u
(t

)

Comparison between Exact, Fractional Heun, and Fractional q-Heun Methods

Exact

Fractional Heun

Fractional q-Heun

Fig. 1: Comparison of numerical results between the exact
solution, FHM, and FqHM for α = 1 and q = 0.99.
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Fig. 2: Absolute error comparison between FHM and
FqHM.

In Figure 3, we observe that FqHM provides more accurate solutions at higher values of q, especially when q = 1.
The difference between the exact solution and the numerical solutions is more noticeable at smaller values of t (near the
beginning) and gradually reduces as t approaches 1.
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Fig. 3: Comparison of FqHM and the exact solution for different values of q with fixed α = 1.

In Figure 4, we observe that the performance of FqHM depends on α . The solutions decrease monotonically as the
independent variable increases. The q-Heun’s method converges more slowly to the exact solution at smaller values of
α . Solutions with α values close to 1 are consistent with the exact solution, while smaller α values produce significant
deviations.
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Fig. 4: Comparison of FqHM and the exact solution for fixed q = 1 and varying α .
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Table 1: Total Comparison of Exact Solution, Heun, and q-Heun Methods

t Exact Solution Heun Solution Heun Error q-Heun Solution q-Heun Error

0 0.5 0.5 0 0.5 0
0.1 0.52498 0.525 2.0813E-05 0.525 2.0813E-05
0.2 0.54983 0.54975 8.34E-05 0.54975 8.3373E-05
0.3 0.57444 0.5742 0.00024696 0.5742 0.00024696
0.4 0.59869 0.59822 0.00046519 0.59822 0.00046519
0.5 0.62246 0.62173 0.00073156 0.62173 0.00073156
0.6 0.64566 0.64462 0.0010382 0.64462 0.0010382
0.7 0.66819 0.66681 0.0013762 0.66681 0.0013762
0.8 0.68997 0.68824 0.0017361 0.68824 0.0017361
0.9 0.71095 0.70884 0.0021083 0.70884 0.0021083
1.0 0.73106 0.72858 0.0024835 0.72858 0.0024835

In Figure 5, when α = 1.00, the approximate solution is nearly identical to the exact solution, indicating the accuracy
of the method at this value. Conversely, for lower values of α (such as 0.25, 0.50, and 0.75), the deviation between the
approximate solution and the exact solution becomes more noticeable, highlighting the effect of the α value. The lower
the α value, the less accurate the method becomes.
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Fig. 5: Comparison of FqHM and the exact solution for varying values of α and q.

In Table 1, we observe that the solution values for the exact solution, FHM, and FqHM range from 0.5 to 0.73106,
while the error ranges from 0 to 0.0024835. Both FHM and FqHM yield exactly the same values and errors for each value
of t, suggesting that the q adjustment in this case made no difference in terms of accuracy or performance. The errors
increase almost linearly as t increases from 0 to 1, with the error approximately doubling every 0.1 unit of time. Despite
this, the overall accuracy remains very high, with errors remaining below 0.25% at all points. The highest error occurs at
t = 1. If we take h = 0.01, we can see in Figure 6 that the two methods produce similar results. The differences between
them are not large but are noticeable. Both methods approach the exact solution, although to varying degrees. In Figure
7, the errors range from 0 to 1.5, indicating significant variation in solution accuracy. Peak errors occur in the mid-range
values (0.4 ≤ t ≤ 0.6). Both methods approach zero error at parameter extremes, close to 0.1 and 0.9.
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Fig. 6: Comparison of numerical results between the exact
solution, FHM, and FqHM for smaller step size (h= 0.01).
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Fig. 7: Absolute error comparison between FHM and
FqHM for smaller step size (h = 0.01).

Example 2.Consider the following FIVP:
Dα u(t) = u(t)2, (60)

with the initial condition
u(0) = 1, 0 < α ≤ 1. (61)

The exact solution is given by

u(t) =
1

(1− tα)Γ (1+α)
.

Let
Dα u(t) = f (t,u(t)),

where
f (t,u(t)) = u(t)2.

Now, applying the Fractional Heun’s Method (FHM) gives

z∗ = zi +
hα

Γ (α +1)
fi(ti,zi),

where
f (ti,zi) = z2

i .

Then, compute
f (ti,z∗) = (z∗)2,

which allows us to compute zi+1 as

zi+1 = zi +
hα

Γ (α +1)
f (ti,z∗i ), for h = 0.1.

We will perform these steps for i = 0 to i = 0.9.. Now, consider the FqIVP

Dα
q u(t) = u(t)2, (62)

with the initial condition
u(0) = 1, 0 < α ≤ 1. (63)

Let
f (t,u) = u2, for h = 0.1, z0 = 1.

Consequently, applying the Fractional q-Heun’s Method (FqHM) gives

z∗ = zi +
hα

Γ (α +1)
fi(ti,zi),
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where
f (ti,zi) = z2

i .

Then, compute
f (ti,z∗) = (z∗)2,

where

z∗ = zi +
hα

Γq(α +1)
f (ti,zi).

Now, compute
fq(ti,z∗) = (z∗)2,

and find zi+1 as

zi+1 = zi +
hα

Γq(α +1)
f
(

ti, zi +
hα

Γq(α +1)
f (ti,zi)

)
.

For example, if one computes z1 for α = 0.5, q = 0.9, and h = 0.1, the following steps should be then performed:

–Compute f (t0,z0), where z0 = 1:
f (t0,z0) = (1)2 = 1.

–Compute the predictor:

z∗ = 1+
0.10.5

Γq(1.5)
(1)2 ≈ 1.356826.

–Compute z1:

z1 = 1+
0.10.5

Γq(1.5)
(1.356826)2.

Simplifying yields
z1 ≈ 1.657.

In Figure 8, we observe that both numerical methods, FHM and FqHM, produce results that are very close to the exact
solution when α = 1. Meanwhile, Figure 9 suggests that FqHM appears to outperform FHM in some areas, while their
performance is comparable in others. Overall, there is no significant difference in performance between the two methods
in most regions. The error for both methods remains low at the beginning and stays stable for a period at point F, which is
approximately equal to the speed of convergence. However, the first method (FHM) appears to be more stable.
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Fig. 8: Comparison of numerical results between the exact
solution, FHM, and FqHM for the fractional nonlinear
blow-up problem.
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Fig. 9: Absolute error comparison between FHM and
FqHM for the fractional nonlinear blow-up problem.

Figure 10 shows that both numerical solutions are identical to the exact solution when q = 1, and the growth is rapid.
As the value of q decreases, the growth slows down.
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Fig. 10: Comparison of FqHM and the exact solution for varying q with fixed α = 1.

In Figure 11, the numerical solution matches the exact solution closely. However, as α decreases (0.75, 0.5, and 0.25),
the numerical solution deviates more from the exact solution. The largest deviation occurs at α = 0.50 and α = 0.25, with
significant deviations increasing over time.
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Fig. 11: Comparison of FqHM and the exact solution for varying α with fixed q = 1.
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Table 2: Total Comparison of Exact Solution, Heun, and q-Heun Methods

t Exact Solution Heun Solution Heun Error q-Heun Solution q-Heun Error

0 1.0000 1.0000 0.0000 1.0000 0.0000
0.1 1.1111 1.1000 0.0111 1.1000 0.0111
0.2 1.2500 1.2491 0.0009 1.2491 0.0009
0.3 1.4286 1.4465 0.0179 1.4465 0.0179
0.4 1.6667 1.7207 0.0540 1.7207 0.0540
0.5 2.0000 2.1274 0.1274 2.1274 0.1274
0.6 2.5000 2.7930 0.2930 2.7930 0.2930
0.7 3.3333 4.0697 0.7364 4.0697 0.7364
0.8 5.0000 7.3485 2.3485 7.3485 2.3485
0.9 10.0000 23.6010 13.6010 23.6010 13.6010

In Figure 12, we observe that the closer α and q are to the value 1, the closer the numerical solution becomes to the
exact solution. Solutions at smaller values, such as 0.25, differ significantly from the exact solution. This indicates that to
improve the accuracy of the solution, larger values of these parameters should be chosen.
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Fig. 12: Comparison of FqHM and the exact solution for varying α and q.

In Table 2, we observe that at larger values of t (such as 0.8 and 0.9), the differences between the values (both first
and second differences) increase significantly. Conversely, at smaller values of t (0, 0.1, and 0.2), the differences between
the values are very small, indicating a high degree of agreement between the methods. In Figure 13, we see that at α = 1,
the two methods are expected to reduce to the classical case. ”Blow-up” problems typically refer to solutions that tend to
infinity in finite time. On the other hand, Figure 14 shows that the error reaches its maximum values, which differ between
the two methods.
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Fig. 13: Comparison of numerical results between the exact
solution, FHM, and FqHM for α = 1 and q = 0.99 with a
smaller step size (h = 0.01).
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Fig. 14: Absolute error comparison between FHM and
FqHM for α = 1 and q = 0.99 with a smaller step size
(h = 0.01).

5 Conclusion

In conclusion, there are significant differences and deviations in error between the two methods, with the error generally
being larger in the FqHM method. This suggests that the algorithms used should be reviewed to improve the convergence
of the results. Increasing differences with large inputs may indicate an approximation error, which can be mitigated by
using very small values of h or modifying the method to enhance stability. The increasing differences in FqHM also
suggest potential numerical instability or approximation errors, which require further analysis. To improve the
performance of FqHM, more efficient numerical stabilization techniques should be explored or modifications to the
method should be considered.

Acknowledgments

The authors would like to express their sincere gratitude to Ajman University for its generous support and for facilitating
the completion of this research.

References

[1] A. Al-Nana, M. W. Alomari, and I. M. Batiha, The modified Taylor method for approximating solutions of initial value problems,
International Review on Modelling and Simulations 17(5), 1–13 (2024).

[2] I. M. Batiha, I. H. Jebril, A. Abdelnebi, Z. Dahmani, S. Alkhazaleh, and N. Anakira, A new fractional representation of the higher-
order Taylor scheme, Computational and Mathematical Methods 2024, 2849717 (2024).

[3] N. R. Anakira, A. Almalki, D. Katatbeh, G. B. Hani, A. F. Jameel, K. S. Al Kalbani, and M. Abu-Dawas, An algorithm for
solving linear and non-linear Volterra integro-differential equations, International Journal of Advances in Soft Computing and Its
Applications 15(3), 77–83 (2023).

[4] G. Farraj, B. Maayah, R. Khalil, and W. Beghami, An algorithm for solving fractional differential equations using conformable
optimized decomposition method, International Journal of Advances in Soft Computing and Its Applications 15(1) (2023).

[5] M. Berir, Analysis of the effect of white noise on the Halvorsen system of variable-order fractional derivatives using a novel
numerical method, International Journal of Advances in Soft Computing and Its Applications 16(3), 294–306 (2024).

[6] F. H. Jackson, T. Fukuda, O. Dunn and E. Majors, On q-definite integrals, Quarterly Journal of Pure and Applied Mathematics
41(15), 193–203 (1910).

[7] A. Zraiqat, I. M. Batiha, and S. Alshorm, Numerical comparisons between some recent modifications of fractional Euler methods,
WSEAS Transactions on Mathematics 23(1), 529–535 (2024).

[8] I. M. Batiha, I. H. Jebril, S. Alshorm, M. Aljazzazi, and S. Alkhazaleh, Numerical approach for solving incommensurate higher-
order fractional differential equations, Nonlinear Dynamics and Systems Theory 24(2), 123–134 (2024).

[9] I. M. Batiha, A. Bataihah, A. A. Al-Nana, S. Alshorm, I. H. Jebril, and A. Zraiqat, A numerical scheme for dealing with fractional
initial value problem, International Journal of Innovative Computing, Information and Control 19(3), 763–774 (2023).

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


56 O. Aljabari et al.: Comparative Study of Fractional Heun’s Method ...

[10] I. M. Batiha, A. A. Abubaker, I. H. Jebril, S. B. Al-Shaikh, and K. Matarneh, A numerical approach of handling fractional stochastic
differential equations, Axioms 12(4), 388 (2023).

[11] E. A. Volkov, Numerical Methods, Taylor & Francis, London, 1990.
[12] W. A. Al-Salam, Some fractional q-integrals and q-derivatives, Proceedings of the Edinburgh Mathematical Society 15(2), 135–140

(1966).
[13] R. P. Agarwal, Certain fractional q-integrals and q-derivatives, Mathematical Proceedings of the Cambridge Philosophical Society

66(2), 365–370 (1969).
[14] N. Allouch, I. M. Batiha, I. H. Jebril, S. Hamani, A. Al-Khateeb, and S. Momani, A new fractional approach for the higher-order

q-Taylor method, Image Analysis & Stereology 43(3), 249–257 (2024).
[15] M. W. Alomari, W. G. Alshanti, I. M. Batiha, L. Guran, and I. H. Jebril, Differential q-calculus of several variables, Results in

Nonlinear Analysis 7(3), 109–129 (2024).
[16] J. C. Butcher, General linear methods, Acta Numerica 15, 157–256 (2006).
[17] M. S. Chandio and A. G. Memon, Improving the efficiency of Heun’s method, Sindh University Research Journal-SURJ (Science

Series) 42(2), 85–88 (2010).
[18] D. Ziane, R. Belgacem, and A. Bokhari, Non differentiable solutions for nonlinear Lane–Emden equation and Emden–Fowler

equation within local fractional derivative, International Journal of Open Problems in Computer Mathematics 16(1), 101–118
(2023).

[19] M. Rakah, Z. Dahmani, and Y. Gouari, A fractional BVP problem and some travelling waves, International Journal of Open
Problems in Computer Mathematics 16(4), 14–32 (2023).

[20] A. Anber and Z. Dahmani, The SGEM method for solving some time and space-conformable fractional evolution problems,
International Journal of Open Problems in Computer Mathematics 16(1), 33–44 (2023).

[21] I. M. Batiha, S. Alshorm, I. H. Jebril, and M. A. Hammad, A brief review about fractional calculus, International Journal of Open
Problems in Computer Science and Mathematics 15(4), 39–56 (2022).

[22] I. Podlubny, Fractional-order systems and PIλ Dµ -controllers, IEEE Transactions on Automatic Control 44(1), 208–214 (1999).
[23] M. Dahmani, L. Marouf, and Z. Dahmani, A coupled model between two languages using fractional dynamics, International

Journal of Open Problems in Computational Mathematics 12, No. 3, 1–12 (2020).
[24] T. Hamadneh, Z. Chebana, I. Abu Falahah, Y. A. Al-Khassawneh, A. Al-Husban, T. E. Oussaeif, A. Ouannas, and A. Abbes,

On finite-time blow-up problem for nonlinear fractional reaction diffusion equation: Analytical results and numerical simulations,
Fractal and Fractional 2023, 7, 589.

[25] J. M. Kimeu, Fractional Calculus: Definitions and Applications, Master’s thesis, Western Kentucky University, 2009.
[26] M. H. Annaby and Z. S. Mansour, q-Fractional Calculus and Equations, Lecture Notes in Mathematics, Vol. 2056, Springer,

Berlin, 2012.
[27] V. G. Kac and P. Cheung, Quantum Calculus, Universitext series, Springer, New York, 2002.
[28] R. L. Burden and J. D. Faires, Numerical Analysis, 9th International Edition, Brooks/Cole, Cengage Learning, Boston, 2011.

© 2026 NSP
Natural Sciences Publishing Cor.


	Introduction
	Preliminaries
	Main Results
	Numerical Simulation
	Conclusion

