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Abstract: In this paper, we study a class of univariate skewed distributions, obtained by converting the symmetric inverted weibull
distribution into a skew one. We discuss basic properties of skewed double inverted weibull disti#htid¥, the probability density
function, cumulative distribution function, the moments, maximum entropy are derived. Maximum likelihood estimators and Fisher
information matrix for theSDIW are provided. We have used two real failure time datasets and compared our work with the results
reported from [15], the exponentiated exponential model was the best fitted model in the first datasetSdntiihés the better fit in

the second datasets.
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1. Introduction univariate normal distribution. [7] examined further prop-
erties of skew multivariate normal distribution. [16] intro-

Over the past years many researchers have been workétyced the stochastic representation of the univariate skew
on searching alternative distributions that have accuratelj?ormal distributionSN'(A) in terms of normal and trun-
described and model data from wide range of applicationated normal laws. [11] introduced a new method to con-
In real life, for a particular dataset the construction of the Vert any symmetric distribution into skewed.

symmetric families distribution may not exactly the appro- h(z/k) )
priate distributions to model the data. Given this situation

an increased interest to construction skewed distribution_ 2K [f (k2)I{z < 0} + f(z/k)I{x > 0}]

which is analytically tractable. A skewed distribution ex- 1+ &2

tends the symmetric distributions through adding a new  \nerex > 0 is the skewness parameter.

shape parameter that controls the weight of the distribu-  [26] constructed the skewed generalizedd@T') dis-
done with parametric skewed families distributions. “Nor- on, the following way:

mality is a myth; there never was; and never will be; a

normal distribution” . . . [12]. h(z/e) = fi(——)I{z < 0} + fo(——)I{z > 0} (3)
[6] introduced the univariate skew-normi8lV) distri- 1—e lte
bution,this class of distribution includes the normal distri- [3] introduced the skew-generalized normal distribu-
bution as a special case. The skew normal is: tion which is a closed related to the skew-normal distribu-
tion (SN) introduced by [6]. [4] considered a general class
h(z/B) = 2¢(x)P(0x); xR (1)  of skewed univariate distributions depending on the skew-

ness parameter. [24] extended a family of skewed distribu-
here¢(z) and®(x) denoted the density and the dis- tion generated using a symmetric density which depends
tribution function respectively. The parametee R con-  on two parametera and . [5] presented the skewed ex-
trols the skewness in the real line. [8] formalized the skewponential power distribution depending on [11]. [19] con-
multivariate normal distribution as an extension of the skewsidered new class of skew-normal distribution which is the

* Corresponding author: e-mail: anflaih@ualr.edu

© 2012 NSP
Natural Sciences Publishing Cor.



270 %N = o Flaih et al.: The Skewed Double Inverted Weibull Distribution

logarithmic skew-normal distributioiLSN) depending Step 3.The symmetrization procedure in step 1 leads to a
on the formula of [6] with(inz). [9] introduced a gener- double inverted weibull distribution with density function:
alization of the univariate skew Balakrishnan normal dis-

tribution with two parametrer. [13] discussed the epsilon ¢(;) — ﬁ(‘xD—(ﬁH)e—é(lm\)*ﬂ (6)
skew student distribution. Special case of this distribution 2a

is the Epsilon-skew Cauchy, Epsilon skew-normal distri-  \yhere3, o > 0, —co < 2 < oo. The distribution func-
bution. [1] defined some skewed-symmetric distributionsyjgp, is:

with properties, skew double gamma distribution, skew dou-

ble weibull distribution, skew double beta-prime distribu- 1- 11~ e—é(%)"]; >0
tion depending on [6]. [2] defined some skew double in-£(z) = - e—%(%)f’]. r <0
verted distributions depending on [6], skew double inverted 2 ’

gamma, skew double inverted weibull, skew double in-

verted pareto. [21] investigated the goodness of fit of the . .
univariate skew-normal distribution depending on [6]. [14] 3; Skewgd double inverted weibull

presented the table of univariate skew-normal distributiondistribution

with different values of skewness parametef25] intro-

duced a generalize t§ N()\) in another way. [20] pro- In this section, we disccus Skewed double inverted weibull
posed a flexible class of skew-symmetric distribution which(SDIW) distribution and study their properties, from trac-
is combined of symmetric density and a skewed densitying the approach of [26] and [11] for describing (D 11V)
function. [22] proposed two methods to estimate the pa-distribution, we can obtain thgs DIWW) probability den-
rameters of the skew-normal distribution and skew expo-sity function:

nential power distribution in small samples. The basic idea

is to construct a distribution by joining at= 4 two half f(@;p, e, By €) (8)

()

double inverted weibull with different shapes parameters B a—p\—(B1) —L(2z) 7
(1 — ¢) for the negative orthant and + e) for the posi-  _ } 2a (T5¢) e ottt » T p
tive orthant. The same principle applies to construction the 2&(%)—(%1)@—%( =) T < p

distribution given in [26] and [11]. The contents of this pa-
per are organized as follows: Section 2 discusses the basic wherea, 3 > 0and—1 < e < 1.

steps to construct the skewed parent distribution from non-  We denote the distribution 6f by SDIWj3(a, 5, €, 1);
symmetric parent, especially the case of inverted weibullX ~ SDIWj3(a, B, €, 1)

distribution. Section 3 focuses on the skewness, kurtosis, The parametera and3 correspond to scale, shape re-
entropy, and median. Maximum likelihood estimation for spectively,c the skewness parameter amds the location

the SDIW model and Fisher information matrix are pre- parameter. Figure 1 gives a selection of the shapes of the
sented in Section 4. probability distribution functions. The corresponding CDF

2. Double inverted weibull distribution

In this section, we describe the basic steps to extend the
inverted weibull distribution on the negative part:ofixis

to construct the double inverted weibull distribution.
Step 1.Let X have the density(z)I{X > 0}, sinceh(z)
integrate to one o0, o), we can redefin& on the do-
main (—oo, co) with density,

o5

)

(@) = 3h(la]) @

which integrates to one oft-oo, c0) , thereforef ()
is a symmetric density function.
Step 2.The inverted weibull distribution function is de-
fined as follows:

ﬁ 1 _1(1)B8
Ja) = 2= (5)
whereg, o, x > 0 and the distribution function is:
. Figure 1 The pdf of the epsilon-skewed double inverted weibull
Fz)=e o) " 2>0 distribution fore = —0.5,0,0.5 anda. = 1, 3 = 1.
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_ el(1—5)I(1—2)(1+3€)
IS: —
_2 272(1 — 1y13
| LA o [r( 2)(1+ 3¢?) — 4e22(1 — 1)
F(z) = 2 L p—zy =B 7 - ©) 373 1
%[1 e~ a(i=e) I; T<p N 16e° (1 —B)
(11— 2)(1+3€2) —4e2I2(1 — 1))
3.1. Special Cases wheres > 3.
3.1.1. Casgg = 1 (1 — 5)(5¢" +10€* + 1)

kurtosis(x) = 2 ” e IS
Here the density function (8) simplifies to: [P(1 = 5)(1+3e%) —4e2I*(1 — 5)]2
64e’2(1 — 5)I(1 = 3)(1 + €2

[T(1— 2)(1+3€) —4e2I2(1 — 4))#

1 jz—pu\—2 —L z— 71.
flz;p, o, By€) = 7(1-&-”) € ‘*(Hﬁ) ,xzu(lo) o
y Hby Gy 1y 1(u )726*i(u—w)*1_‘r<
20\ 1—€ 1—e¢ 5 1%

Which is the skewed symmetric double inverted expo- 24eT?(1 - 5)I'(1 — 2)
nential distribution. (- 7)(1 +3¢2) — 42 12(1 — 7)]%

24114 (1 - 1)
(11— 2)(1+3€2) —4eI2(1 — 1))

3.1.2. Cas¢g =2

FE TR T ez
flwsp,a,8,€) = { o lrer My (11) wherej > 4
TR T w<p

This is the skewed symmetric double inverted Rayleigh ~ 1he Entropy is:

distribution.
B I) v loga
H(X) = ~log(3) + 7+ 5 +1
3.2. Moments and related parameters wherey = 0.5772 is the Fuler’s constant and

Iy logze™*dz = —v
In this subsection, we derive formulas for moments and
related parameters of skewed double inverted weibull dis-
tribution. For the continuous random variable

X ~ SDIW (S, a, €, u) thenth moment is defined as: 4. Maximum Likelihood Estimation

rai-12

EX —p)" = 72‘3[(—1)”(1 — )"+ (1+¢)™™]  Inthis section, we consided L estimation for thes DIW

2007 model, [23] methodology folM L estimation consider. Let
wheren is an integen > 1. Ty < 2(2) < ... < 2(p) bE the order statistics of a sample

The mean ofX ~ SDIW (8, a, ¢, i) is defined as: from the SDIW (3, v, €, ;1) population, use: gy = 0 and

T(py1) = 00 . Letk = (z(y),..., (), ) be an auxiliary
1 1 ;
E(X)=p+2a (11— 2) integer such that ) < u < z(441),and0 < k < n.In
B terms of the integek the loglikelihoodl (53, o, €, 11) can

whereg > 1. Its variance is: be expressed as:

2 2 1 logB — nlog2 — nloga — (B + 1)
var(a) = a3 (1 = g)(1+3¢) —4E(1 - ) S log(Zegt) - LS (Bt

wheres > 2. Itis easy to find the median:

nlogB — nlog2 — nloga

m\.-t

median = { (1 +e)[—alog(1 - 1+€1 1 €<t :(6;1‘ 1) 2_:7:1 log(E52:)—
—(1—€)[—alog(l — 1=]7; €>0 (B,o,6,p) = ¢ L0 (B52)=0 fk=n
The skewness , Kourtosis, and Entropy respectively as n Ti—p
follows- Py respecively nlog(£:) — (B+1) S0y, log(52)—

1 Zz l(wf :L) A
Se(1+€)I(1 - 5) (31 )T log(12)

skewness(X) =
0 [r(1— %)(1 +3€2) — 4e2I'2(1 — %)] 52521(“17? )8 1<k<n

o
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Lemma 1If £ = 1 or £ = 0 the maximum likelihood
estimategé, (i, &, ) is given by:
s on A A (1@(1)7061,31); k=0
€, 70[,6 = A 13
( a ) { (17x(7l)7a27162); k= ( )
where
1 - T; — I -8
N ;( > )
and

1 Ty — X
——— on =g
%) nE( 5 )

i=1

31 andj3; can be accomplished by the use of standard—E|

iterative procedure (i.e., Newton-Raphson method).

Whenl < k < n,the ML estimates are found by
solving the following loglikelihood function

Il (N) .
- —1,2,3,4
a)\l 07 Z b 737
wherex = (A1, ..., \s) = (& fi, &, )

In terms ofa we can easily solve the likelihood equa-
tion 2 1;,(3, €, ) = 0 to find:

n k
- M Gt

i=k+1

(14)

Additionally, numerically methods must be applied to
solve the likelihood equations:

anli(B,a,6,1) =0,

%lk(ﬂaaa€7u) =0,

Tﬁlk(@a,eyu) =0.

fus will be either X4 or X1y if 2:0.(8,c,e,1) = 0
has a solution in the intervalX ), X (x11)).

Applying Proposition 5 proposed in [4], thel L es-
timates of\ becomes(/lk,q,ﬁk), wherek is such that
Ui (fies €, Br) = Li(fig, €y Br), Vi € 0, ...,n. The Fisher
information matrix is given by the elements:

Plogf, 2%aP0(2+3) (14 8)ail(1+2)

_F|

0%logf .
G001 =0
A%logf _ ﬂa% 2
—E| 950, = 1—eF(2+B)
2 —Ba?
—e ) - 2 e )
D*logf, 1—e +Ina(l—e)
—El B0 I= o
9%logf B
il Oade I=0
32l09f] 1B
0Boe 2 2(1+e)

5. An Application

In this section, we illustrate the application of the Skewed
Inverted Weibull distribution described in the previous sec-
tions using two uncensored datasets:

First dataset: The first dataset, available from [17],
consists of the number of million revolutions before fail-
ure for each of 23 endurance of deep-groove ball bearings.

17.88, 28.92,33.00, 41.52,42.12, 45.60, 48.40, 51.84, 51.96,
54.12,55.56,67.80, 68.64, 68.64, 68.88,84.12,93.12, 98.64,
105.12, 105.84, 127.92, 128.04, 173.40.

We have compared the MLEs of the unknown parame-
ters and the corresponding Log-Likeliho@tlL), theS DIW
model with the results that reported from [15], as given in
Table 1.

Table 1 The M LEs and the correspondingL

The model MLEs LL
Gammah, o) 1=0.0556,4=4.0196 -113.0274
Weibull(\, ) =0.0122,4=2.10502 -113.6887

EEQ\, o) \=0.0314,4=5.2589 -112.9763
SDIW(G, a, B:l.864,(3¢=0.5576, -124403.610
14y €) [1=68,é=-0.4494

Op? (1+e)(1—e) 1—¢ Second dataseffhe second data is set available from
2 2 [18]. They are the time intervals (hours) between failures
,E[aaloéqf] _ 11 +Kz i 22[)3(15 5 of the air conditioning system of an airplane:
€ — € € — €
2 2 23,261, 87,7,120, 14, 62, 47, 225, 71, 246, 21, 42, 20, 5,
%log f In“a
—E| 952 |= 7 12,120, 11, 3,14, 71, 11, 14, 11, 16, 90, 1, 16, 52, 95.
dlog f 1 The MLEs of the unknown parameters and the corre-
Bl atl= sponding Log-likelihood L L) for the S DIW model have
@© 2012 NSP
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Table 2 The M LEs and the correspondingL [3] R. B. Arellano-Valle, H. W. Gmez and F. A. Quintana, A
New Class of Skew-Normal Distributions, Communications
The model MLEs LL in Statistics-Theory and Methods,1532-41%8%, 7, 1465-
Gammad, a) A=0.01354=0.8134  -152.2312 1480 (2004).
Weibull(\, @)  A=0.0183,4=0.8554  -152.007 [4] R. B. Arellano-Valle, H. W. ®mez and F. A. Quintana, Sta-
EE(\, a) A=0.01454=0.08130 -152.264 tistical inference for a general class of asymmetric distribu-
tions, J. of Statistical Planning and Inferend@g 2, 427-

SDIW(3, «, $=1.248,4=72.067, -80.9411

1y €) [=22,6=0.5902 443 (2004).

[5] A. Ayebo, Skew exponential power distribution, M.Sc. The-
sis, USA (2002).
[6] A. Azzalini, A class of distributions which includes the nor-

. . mal ones, Scand. J. Statist2, 171-8 (1985).
been obtained and compared with the results that reported7) o. Azzalini and A. Capitanio, Statistical applications of the

from [15] as given in Table 2. ) - multivariate skew normal distribution, J. R. Statist. Soc. Ser.
Our comparison is based on the negative log-likelihood B, 61, 579-602 (1999).

(LL), for the first dataset we observed from el ) that [8] A. Azzalini and A. D. Valle, The multivariate skew-normal
SDIW model does not fitted the data well, nevertheless  distribution, Biometrika83, 715-726 (1996).

the SDIW model fits the best in the second dataset in [9] W. Bahrami, H. Agahi and H. Rangin, A Two-parameter
terms of the negative Log-likelihood values. So, it is not Balakrishnan Skew-normal Distribution, J. Statist. Res. Iran,
guaranteed the DIW will fitted always better than Gamma, _6,231-242 (2009). . o
Weibull, and Exponentiated exponential ), but at least [10] H. Elsalloukh, The_ epsilon skew exponential power distri-
we can say in certain datas6D W might work better bution, Ph.D. Thesis, USA (2004). . .

than Gamma. weibull C([EE) These four modelss DIW [11] C. Fernandez and M.F.J.Steel,On Bayesian modeling of fat
Gamma Weibull an(éEE) are not nested. However th'e tails andskewness, Journal of the American Statistical Asso-

Lo . ., Ciation,93, 359-371 (1998).
Log-likelihood values also can be compared by using Akallffﬁ R. C.Geary, Testing(for no)rma”t% Biometrikad, 209-242

information criteria @A7C). We observed that the differ- (1947).

ence, 2 (124403-112.976) is so large, it follows that the[131H. W. Gomez, F. J. Torres and H. Bolfarine, Large-
exppenentiated exponential modél £) providing a sig- sample inference forthe epsilon-skew-t distribution,
nificantly better fit than Gamma, Weibull, asd> W model Commun.Statist.-Theory Mett86, 73-81 (2007).

in the first dataset. In the second dataset and according fd4] A. K. Gupta and T. Chen, Goodness-of-fit tests for the

the AIC value, itis observed that the difference 2 (152.007-  skew-normal distribution, Communications in Statistics-

80.9411) is the largest, it follows that ti&D 11 model Simulation and Computatio0, 907-930 (2001).

provides a significantly better fit. [15] A. K. Gupta and D. Kundu, Exponentiated Exponential
Family: An Alternative to Gamma and Weibull Distribu-
tions, Biometrical Journa$f3, 117-130 (2001).

[16] N. Henze, A probabilistic representation of the “skew-
normal” distribution, Scand. J. Statist3, 271-5 (1986).

. . o [17] J. F. Lawless, Statistical Models and Methods for Lifetime

In this paper, we considered ti$&) I/ distribution. We Data, John Wiley and Sons, New York (1982).

derived the basic properties of this new family, PDF, CDF, [18] H. Linhart and W. Zucchini, Model Selection, Wiley, New

Mean, variance, Median, Skewness, Kurtosis, and entropy.  York (1986).

Also, we provided the maximum likelihood estimators alon@l9] G. D.Lin and J. Stoyanov, The logarithmic skew-normal

with the fisher information matrix. We presented two real distributions are moment-indeterminate, J. Appl. Prdb,,

6. Conclusions

life datasets: in the first dataset thEE') model has a bet- 909-916.(2009).

ter fit model as compared to Gamma, Weibull, &1d77V . [20] Y. Ma, and M. G. Genton, Flexible class of skew-symmetric
In the second dataset, we have observed $Haf W has distributions, Scandinavian Journal of Statisti&l,,459-

a better fit model as compared to the Gamma, Weibull, 468 2004

and(EE) model. So, it can be concluded that e 1TV 21] G. Maute-Figueras, P. Puig and A. Pewsey, Goodness-of-fit
model is very Sensi'Eive to the type of data dealing with tests for the skew-normal distribution when the parameters

. . . are estimated from the data, Communications in Statisics-
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