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Abstract: In this paper, we develop a new four-parameter continuous lifetime model, the Power Double-Transformed Sine-Lomax
(PDT-SinL) distribution. We develop this model by inserting the Lomax distribution into the Power Double-Transformed Sine-G
generator. This model combines the heavy-tailed structure and simple reliability interpretation of the Lomax baseline and two
additional parameters in the generator which control the transformation of the cumulative probability scale. The resulting distribution
can be defined on the positive real line and can also be used to control the skewness, concentration, tail decay, survival behavior,
hazard rate, and shape of the hazard rate function. We define closed-form expressions and we consider cumulative distribution
function, probability density function, survival function, hazard rate, cumulative hazard rate, reversed hazard rate, and quantile
function. The quantile function is expressed in the main branch of the Lambert W function which allows for the creation of random
numbers. Mathematical properties are developed in detail such as validity, limiting behavior, tail asymptotics, existence of moments,
integral representation of raw moments, transform behavior, entropy measures, and order statistics. Eight estimation procedures are
developed for the unknown parameters: maximum likelihood, least squares, weighted least squares, Cramér-von Mises,
Anderson-Darling, maximum product of spacings, percentile, and quasi-linear least squares. A Monte Carlo simulation section and a
real-data application section are prepared in the same framework so that the previously obtained numerical results can be inserted
directly. The proposed model therefore provides a unified heavy-tailed lifetime framework for reliability, survival, actuarial,
engineering, environmental, and other positive-data applications.

Keywords: Power Double-Transformed Sine-G family; PDT-SinL distribution; Lomax distribution; heavy-tailed lifetime model;
reliability analysis; Lambert W function; parameter estimation; Monte Carlo simulation

1 Introduction

Generated families of probability distributions have become an important part of modern distribution theory because
they offer a way to enrich a simple baseline model without giving up on the basic probabilistic perspective of probability
distributions. In reliability, survival analysis, engineering, actuarial science, environmental studies, and lifetime data
analysis, the values often are positive and can exhibit skewness, strong kurtosis, long right tails, fast or delayed
accumulation of failure probability, and hazard rate behavior that cannot be captured by a traditional two-parameter
model. A generated distribution addresses this problem by applying a mathematically valid transformation to a baseline
cumulative distribution function and adding additional shape parameters to the model that modify the body and tail.
Trigonometric generators are a particularly active branch of generated distribution research. Souza et al. [47]
introduced the Sin-G class and showed that a sine transformation can produce flexible probability models but still have
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the basic requirement of a valid cumulative distribution function. A cosine-based construction was also studied by Souza
et al. [48], while Mahmood et al. [24] introduced a new sine-G family with some interesting mathematical properties and
applications. The literature is rapidly expanding with the sine Kumaraswamy-G family [15], the sine Topp-Leone-G
family [4], and the Tan-G family [49]. These were the first examples that showed that trigonometric transformations can
change skewness, peakedness, and tail behavior, and they are useful when standard distributions are not very accurate.

The same research direction was carried out by other angular and trigonometric mechanisms. Alkhairy et al. [11]
proposed the Arctan-X family and studied its utility in actuarial applications. Sakthivel and Rajkumar [31] studied a
transmuted sine-G construction, and Souza et al. [50] introduced the Sec-G class. Mahmood et al. [25] proposed an
extended cosine generalized family for reliability modeling. Hussam et al. [19] proposed a tangent exponential-G family
for medical and engineering data and later suggested the sine w-power odd-G family [26], odd inverse power generalized
Weibull-G [33], new sine family [34], Topp-Leone odd Fréchet-G [35], exponentiated power generalized Weibull power
series family [36], power Lindley-G family [37], unit exponentiated half logistic power series class of distributions [38],
new Topp-Leone Kumaraswamy Marshall-Olkin-G [39], complementary geometric Topp-Leone-G family [40], inverse
Weibull-G [41], arctangent Zubair-G [42], and the sine alpha power-G family [9]. In all, the results of these studies provide
a very clear methodological approach: A well-designed trigonometric generator can greatly expand the shape flexibility
of a well-known baseline distribution. For more details see [43-45]

In parallel to these developments, the Lomax distribution has been an important model for positive and heavy-tailed
observations. The survival function has a simple Pareto-type structure, and hyperbolically the hazard rate decreases. Such
features make it attractive in reliability, income and insurance modeling, waiting-time studies, network and engineering
applications, and many other situations where large observations are more frequent than exponentially tailed models
predict. Nawaf et al. [27] studied a hybrid odd Lomax-Fréchet construction, Algarni et al. [8] developed a truncated
inverse Lomax generated family for biomedical data, and Noori and Khaleel [28] considered a Gompertz-neutrosophic
Lomax extension. The contributions of these papers show that the Lomax baseline can be used as a useful building block
for more flexible models. Related recent lifetime models include extended Lindley-type and one-parameter decreasing-
hazard distributions [20,29] and an odds-based Weibull model for engineering failure-time data [3].

The inferential side of generated distributions is equally important. A flexible model can be useful only if it can be
estimated reliably and the numerical behavior can be checked by repeated sampling. The present framework consists
of a broad estimation approach. Besides maximum likelihood, it takes into account least squares and weighted least
squares, which are closely related to classical reliability estimation ideas [13,22]. It also considers Cramér-von Mises
estimation [16], Anderson-Darling estimation [12], maximum product of spacings [46], percentile estimation [51], and
a quasi-linear transformation approach related to the general principle of quasi-linear estimation [17]. The recent work
in the same field on distributional problems also shows the importance of comparing different inferential approaches to
the problem instead of using a single estimator [10, 21]. Classical and Bayesian procedures for censored lifetime data,
including Markov chain Monte Carlo and Tierney—Kadane approximations, have been developed in [5, 7], and stress-
strength reliability inference under censored and record data has been studied in [2, 6, 18, 30]. Applied validation is also
an important part of the distribution development. Flexible positive data models were tested in technological adoption
data [23], component failure data [32], and many other settings. This shows that a proposed model should not only
be evaluated on theoretical grounds but also on the basis of information criteria, goodness-of-fit statistics, graphical
diagnostics and numerical stability. A good model should provide a good balance between fit quality and complexity
and should be computationally stable compared with other existing models.

We follow the general structure of the Power Double-Transformed Sine-G model, but we use the Lomax distribution
as the baseline model. The motivation is obvious. The Lomax model has a good heavy-tailed reliability structure, but it is
not able to control the specifics of the density shape and the accumulation of the probability as a classical two-parameter
model. We add more positive parameters to the Power Double-Transformed Sine model. These parameters first change
the baseline probability by a double transformation and then pass the result through a sine-power map. This results in
a four-parameter model with positive support but more control of the distributional shape. The major methodological
gap in the reference we are working on is that we have not systematically developed the Power Double-Transformed
Sine-Lomax specialization and its reliability functions, closed-form quantile, tail structure, moment conditions, entropy
measures, order statistics, etc. in a systematic way, and a complete eight-method estimation framework.

In this work, we fill this gap. First we provide the PDT-SinL distribution as derived from the Lomax baseline, then we
show its main reliability function and its mathematical properties. Third we obtain the order of the upper tail. Fourth, a
Lambert-W quantile representation is presented in order to make simulation simple. Finally, we present eight estimation
methods in a consistent notation. We provide sections for Monte Carlo and real data analysis that have already been carried
out separately.The rest of the paper is organized as follows. Section 2 presents the general Power Double-Transformed
Sine-G generator. In Section 3, we develop the PDT-SinL distribution and define its distribution and reliability functions.
In Section 4, we develop some of its most important mathematical properties. In Section 5, we define eight parameter
estimation procedures. In Section 6, we provide the simulation framework and reserved positions for the numerical results
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that were completed. In Section 7, we provide the real data application framework. The last section summarizes the main
theoretical and practical results.

2 General Power Double-Transformed Sine-G Generator

Let G(x; M) be a baseline cumulative distribution function with density g(x; 1), where 1 denotes the baseline parameter
vector. Define the double-transformed probability function

T(x) = G(x)exp{l — G(x)}, 0<T(x)<I. (1)
Because 0 < G(x) < 1, the function 7 (x) maps the baseline probability scale into [0, 1]. Its derivative is

T'(x) = g(x) exp{1 — G(x) {1 - G(x)}. @
For generator parameters 6 > 0 and 6 > 0, define

T
z(xn) =7 [T()°. (3)
The cumulative distribution function of the general Power Double-Transformed Sine-G family is
T 311°
F(x) = [sinZ(x)]? = {sin{z (G(x)eI*GW) H . @)
Differentiating (4) gives the general density
_ w6 _ 1-G(x) -1 re; 01
flx)= > g){1-G(x)}e [T(x)]°" x[sinZ(x)]”~ cosZ(x) (5)
The survival function is
F(x)=1-F(x)=1—[sinZ(x)]?. (6)
The hazard-rate function is
X
W) = — I ™
1 —[sinZ(x)]
The cumulative hazard function is
H(x) = —log {1 - [sinZ(x)}"} : ®)
and the reversed hazard-rate function is
X
Sy ©)
[sinZ(x)]

These expressions are valid for every absolutely continuous baseline distribution for which G and g are well defined.

3 Power Double-Transformed Sine-Lomax Distribution

Let X follow a Lomax distribution with scale parameter & > 0 and shape parameter A > 0. Its cumulative distribution
function and probability density function are

x\ A
G(x,a,)L):l—(lJra) x>0, (10)
and
A x\-(+D)
gl a,d) = P (l—l—a) , x> 0. (11
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For compact notation, define

S(x) = (1+§)7A, G(x) = 1—S(x), (12)
so that
T() = [1-SW] W, 20 = 2 [1())°. (13)
The four positive parameters of the proposed model are therefore

v=(5,0,a,A)7, 5,0,a,1>0. (14)

Here, 6 and 0 are the generator parameters, o is the Lomax scale parameter, and A is the Lomax shape parameter.
Substituting the Lomax baseline into the general generator yields the cumulative distribution function of the Power
Double-Transformed Sine-Lomax (PDT-SinL) distribution:

F(x) = {sin{g ([1 —S(x)]eS(x)>6H e, x> 0. (15)

an{Z[(1- 0 2) (02N )] 0o

The boundary conditions are F(0) = 0 and limy . F(x) = 1. Using (5), the PDT-SinL density can be expressed
compactly as

Equivalently,

F(x)=

—(24+1
B (1 5 e P sinz(0]eos (), >0 (an

fo =2 (14

o

Every factor in (17) is nonnegative for x > 0 and positive model parameters. The density integrates to one because it
is the derivative of the valid CDF in (15).
The survival function is

Flx)=1- [Sin{g [(1— (1+;)_l> exp((l—&—;)_l)}s}} . (18)

The hazard-rate function becomes

ey — 5 (1 5) SO ) finZ(0] " cos (v

- [sm{’z’[(1—(1+;)‘*)exp((ué)—x)r}r | (19)

The cumulative hazard function is

H(x)=—logd 1 [sin{g Kl— (1+2)_l) exp((l—i—();)_l)]a}]e , (20)

while the reversed hazard-rate function is

28604 (1 4 )’(M*l)es(") [T(x)]° ! [sinZ(x)]® ! cos Z(x)

_ ANEANE
(1-(+2)Mexp((14+2) )] H
The Lomax baseline has the decreasing hazard A/(a + x). In the proposed model, the additional sine-power

transformation modifies the curvature of the hazard through & and 6. Consequently, graphical analysis under different
parameter combinations is important for identifying the practical range of hazard shapes generated by the model.

r(x) =

2n
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CDF

Survival Function

4 Mathematical Properties

4.1 Validity of the distribution

The CDF, PDF, and survival function are plotted under several parameter combinations to study the effect of 8, 6, «,
and A. The CDF plots should verify monotone accumulation from zero to one. The PDF plots should be used to study
peak location, concentration, skewness, and right-tail decay. The survival plots should show how the parameters modify
persistence and failure probability across time.

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.0

— 08=1.30,6=1.30, a=1.20, A=1.40
— 8=1.50,8=1.50, 0=1.40, A=1.60
8=1.70, 8=1.70, a=1.60, \=1.80
— 8=1.90,8=1.90, 0=1.80, A=2.00
8=2.10,8=2.10, 1=2.00, \=2.00
— 8=2.00,8=2.50, 0=2.20, A=2.20

0.0

1 1
15 20

PDF

— 06=1.30, 8=1.30, a=1.20, A=1.40
— 08=1.50, 8=1.50, a=1.40, \=1.60
8=1.70, 8=1.70, a=1.60, \=1.80
— 8=1.90, 6=1.90, a=1.80, A=2.00
8=2.10,8=2.10, a=2.00, \=2.00
— 82,00, 8=2.50, 1=2.20, A=2.20

Fig. 1: CDF and pdf curves of the PDT-SinL distribution under selected parameter combinations.
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Fig. 2: Survival and hazard curves of the PDT-SinL distribution under selected parameter combinations.

Forx > 0,

0<Gx)=1-S(x) <1,

The function ¢(g) = ge' ¢ is increasing on 0 < g < 1 because

0< Sk <1.

(22)
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9'(g)=e€'5(1—g) >0. (23)
Thus 0 < T'(x) < 1. Because § > 0,
0< [T <1, (24)
and therefore
0<2(x) = J T < 3. 25)

The sine function is increasing and nonnegative on this interval. Raising it to the positive power 0 preserves
monotonicity. Hence F(x) is nondecreasing. Furthermore,

F(0)=0, limF(x)=1. (26)

X—>o00

Consequently, (15) is a valid CDF. Since the factors in (17) are nonnegative, f(x) > 0, and the density integrates to
one.

4.2 Quantile function
Let 0 < p < 1 and set F(x) = p. From (15),

sinZ(x) = p'/®. 27

Because 0 < Z(x) < 7/2, the principal inverse sine gives Z(x) = sin~! (p'/%) . Therefore,

) 1/5
T =yp,  yp= L_csinl <p1/9>:| : (28)
Recall that T (x) = G(x)e' ~¢™). Let s = 1 — G(x). Then (1 —s)e’ = y,. Write u = s — 1. Equation becomes
W —. (29)
e

Hence, using the principal Lambert branch Wy, s = 1+ W (—22) . For the Lomax baseline, s = S(x) = (1 +x/ )t
Thus

(1+2)* =1em(2).

The PDT-SinL quantile function is therefore

Q(p)=a{{1+Wo(—ye”)}w—1}, 31)

Equation (31) gives a direct and computationally efficient method for generating random observations from the
proposed distribution. The median is obtained by setting p = 1/2 in (31):

Med(X) = Q(0.5). (32)

Similarly, the first and third quartiles are Q(0.25) and Q(0.75). Quantile-based measures of skewness and kurtosis can
therefore be computed without numerical integration. For example, Bowley skewness is

0(0.75) + 0(0.25) — 20(0.50)
0(0.75) — 0(0.25) ’

and a Moors-type quantile kurtosis measure can be constructed from octiles. These measures are especially useful for
heavy-tailed distributions because they remain stable even when high-order moments do not exist.

B:

(33)

© 2026 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 15, No. 5, 1357-1383 (2026) / www.naturalspublishing.com/Journals.asp %N =S\ 1363

4.3 Tail behavior

The Lomax baseline survival term is S(x) = (1+ %) “* Asx — oo, S(x) — 0. A local expansion gives

[1—S(x)] S = 1 — S(;)z 0 (S(x)%). (34)
Hence
Tx)°=1- gS(x)z +0(S(x)%), (35)
and therefore
Z(x) = g - ”4—55(x)2 +0(S(x)%). (36)

Using sin(7/2 —v) = cosv =1 —v*/2+ 0 (v*) gives | — F (x) ~ 9732252 S(x)*. Consequently,

Fla) ~ 008 (1 ;)74'1, X — oo, 37)

Thus the proposed model remains polynomially tailed, but the effective tail exponent is 4A. The corresponding density
satisfies

O728%A x\ —(4A+1)
~ 1+2) : 38
f)~ == (142 (38)
The hazard function therefore has the asymptotic form
42
h(x) ~ —> oo, 39
W~y (39)

This result is important because it gives a direct interpretation of the far-right reliability behavior of the proposed
model.

4.4 Raw moments
This part provides a useful series representation of the Power Double-Transformed Sine-G family and specializes it to the

PDT-SinL model. The generator parameters are 6 > 0 and 6 > 0, while & > 0 and A > 0 are the Lomax scale and shape
parameters. Throughout,

Glx) =1- (1 +§)%, g(x) = g (1+ %)7(“1),
T(x) = G(x)e W, Z(x) = g [T(x))°.

The same sine-power expansion used in the useful representation of the generated family is retained inside the moment
derivation. Write

oo

sin® (z) = Z ar(0)012,
k=0

where the coefficients a;(60) are those defined by the sine-power expansion. Equivalently, for general positive 0, they
are the coefficients of

. 6 o
(sz> = Zak(e)ZZkv
k=0

Z

. _ 6(3562—-426+16
Withao(0) =1,  a(0)=—2,  ax(0)= 952 ay(p) = —UBLE0)

Differentiating the sine-power series gives
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sin® ! (z) cos(z Zak )(6 + 2k)0 21,

Substitution into the PDT-SinG density gives

ZBk Pk 17

where
o 0-+2k—1
p=8(0+20),  Bi="-a (9)(6+2k)(2)
Since
T'(x) = g(x)e' 90 [1 - G(x)],
we obtain

£6) = ) [1 = G Y BGlx)! =600,

k=0

Using the same exponential-series step as in the useful representation,

ef’k[l G(x
hence
Z Z Dkzg(x) [1 - G(x)] G(x)vkz_l,
k=0z=0
where
. Z
Dkz — Bkgpk (Lk)’ sz = 1.

z!
This is the direct continuation of the generated-family expansion. Therefore, for an integer moment order m,

Z ZD,(Z / () [1 — G(x)] G(x) " d.
With y = G(x), dy = g(x)dx, and x = o [(1 —y)~!/* — 1], the inner integral becomes

vy =a [ -] (1

For integer m, expansion of the binomial gives, whenever term-by-term integration is absolutely valid,

n=e o (Gp(a-z)

Thus the original generated-family expansion already converts the raw moments to beta-function sums. For proofs
over the full moment-existence range, however, it is more efficient to regroup the same density on the Lomax survival
scale. Put

and define the regular coefficient function
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T ()18 o
cts) = 222 e r(s)P [sin (2 r)?)]” (2[:()]) = Y ",

s n=0

The division by s? is regular because cos{Z [T(s)]°} = O (s?) as s — 0. Hence

with the first coefficients

CLh
=

_ 56m282
o247

_ 07%25%(26-99)
B 96 ’

_ 76726%(22—156)
B 480

€0 C1 2 a3

Since g(x) = (A/a)s't1/*, the PDT-SinL density can now be written in the following tail-preserving power-series
form:

hnd —[A(n+4)+1
A x) Ao }, x> 0. (40)

f(x):ach(l—i-a

n=0

This representation preserves the exact fourth-order cancellation produced by the sine-cosine mechanism. It also
immediately yields the normalization identity

Snt+4a '
Using Equation (40), the rth raw moment is

!

W= E(X") = /wa, (x)dx

Substituting (40) yields

/ A X\ —[A(ra)+1)
u,:E(x)_/o xan;)cn(wa) dx
W=EX)=Aa"Y c;B(r+1,A(n+4)—r), 0<r<4A. 1)
n=0

Because the smallest tail power in Equation (40) corresponds to n = 0, the exact existence condition is

EX')<eo & r<4r. (42)
Consequently,
/ d 1
EX)=w=2a) c,B(2,A(n+4)—1), /1>Z. (43)
n=0
And
© 2026 NSP
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Var(X) = — (u))®,  ma=20>Y c,B(3,A(n+4)-2), A>%. (44)
n=0

Equations (40)—(44) are the recommended forms for subsequent proofs involving moments, coefficients of variation,
skewness, and kurtosis.

4.5 Moment generating and Laplace-transform behavior
The polynomial right tail implies that the ordinary moment generating function does not exist for positive arguments. The

series density in Equation (40), however, gives closed transform representations for negative MGF arguments and for the
Laplace transform. Define the generalized exponential integral by

Ep(z) = /] Te P du,  R(z) > 0.
For a, = A(n+4), direct integration of each term in Equation (40) gives the following final transform formulas:
My (t) = Ae ™ i cnEoyr1(—0t), t<0; Mx(0)=1; Myx(t) =00, 1>0. (45)
n=0
The Laplace transform is

Ly(w) = E () = 1e™ Y ¢,Eqpi1(au),  u>0.
n=0

The characteristic function is

ox(0) =E (%) = 2e7*° Y. cyEqp11(—i00). (46)
n=0
The third case in Equation (45) is understood through the standard analytic continuation of the generalized exponential
integral. At the origin, the first case in Equation (45) reduces to Mx (0) = 1 because E,,+1(0) = 1/a, and A Y, ocn/an =
Yoiocn/(n+4)=1.
4.6 Rényi and Shannon entropies

The same coefficient function C(s) also simplifies the entropy calculations. From Equation (40),
A i /A x\ A
. C ’ - ( 1 o ) ’
) =S5, s= (142

And dx = —%s‘l/l‘l ds. For Rényi order ¢ > 0, ¢ # 1, define

- () _ L d"
d T nl dst

[C(s)7]

s=0 .
Then

oo A q—1 d,(,q>
/o [f(x)]qu<06) ,,g’o"+4q+(q—1)//1'

Therefore, the Rényi entropy has the series form

Ry(X) = é {(q 1)log <2) +log

oo dr(tq)
ng{)n—&-4q+(q—l)/ll}' “7)
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The integral is finite whenever the endpoint conditions g(4A +1) > 1, q(86 —1) > —1 are satisfied. For an integer
order g = m > 2, the coefficients are obtained by the ordinary m-fold convolution
d]g’”) — Z Cnl c}’lz N Cnm .
ny+-+np=n

For Shannon entropy, write

logC(s) Z Ls™, lo = logcy,

where the remaining coefficients can be generated recursively from

m—1
Em: [mcm Z Jljcm— j] m>1.

Since
fx)dx = s3C(s)ds

after reversing the integration limits, and since

1 1
"logsds = ————
/() * gias (n+4)27

the Shannon entropy becomes

H(X):—log<i>+(4+)lt)i n+4 Zzn+m+4 (48)

n=0m=

Equations (47) and (48) replace the previous numerical-only entropy integrals by series representations built from the
same coefficients used in the expanded PDT-SinL density. Equations (40), (41), (45), (46), (47), and (48) can therefore be
cited directly in later proofs and numerical derivations without returning to the original long trigonometric density.

4.7 Random-number generation

Equation (31) gives a direct simulation algorithm. If U ~ Uniform(0, 1), define

12 11/ /9
y— [nsm (u )} . 49)

{ N
X=u {I—FWO <_e>} —1 (50)

follows the PDT-SinL distribution. This representation is the basis of the Monte Carlo study in Section 6.

Then

5 Parameter Estimation

Let x(1) < x(2) < -+ <x(,) be the ordered observations from the PDT-SinL model. For each observation define

N\ —A T
Si:<1+%> ; Ti=(1-58)e", Zi=§7}6~ GDh

Then

F; = [sinZ] o , (52)

and
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w86 (1 ﬁ)—mm

fi= o p” ST [sinZ]? ' cos Z;. (33)

1

The following eight estimation procedures are used for y = (8,0, c,A)7.

5.1 Maximum likelihood estimation

The log-likelihood function is

ToOA ! ; u
E(w):;ﬂog( )—(27L+1)Zlog<1—|—xl)+25i

2a i=1 ®/ i3

n n n (54)
+(8—1)Y logTi+ (6 —1) ) log(sinZ)+ Y log(cosZ).
i=1 i=1 i=1
The maximum likelihood estimator is

1 = / . 55
YuLE = arg 6.(;1}3; 0 (v) (53)

The score equations are nonlinear, so numerical optimization is required. A stable implementation can optimize the
logarithms of the parameters to enforce positivity automatically.

5.2 Least squares estimation

Using the plotting positions

) (56)

the least squares objective is

L(v) :i; lsin{g Kl— (1+§)_l) exp((l—i—);)_l)]ﬁ}]e—pi . (57)

The estimator is

Yrse = argminL (). (58)
v>0

5.3 Weighted least squares estimation

The weighted least squares criterion assigns larger importance to plotting positions with smaller sampling variance. A
commonly used weight is

(41X (n+2)

YT =i >9)

Thus
0 2
4 . m X\~ xi\ d

WL(l//):l;wi [sm{zK1—(1+a) )exp((l—i—a) )] H —pi| (60)
and

V/;WLSE = argminWL(l//) . (61)

v>0
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5.4 Cramér-von Mises estimation

The Cramér-von Mises objective is

CVM (y) = ﬁ+2 [sin{;r [(1 (1 +§)l> exp ((1 +§>*)FHG_ 21‘2;1 | .

i=1

The CVM estimator is

Yeym = argminCVM (y). (63)
v>0

5.5 Anderson-Darling estimation

The Anderson-Darling criterion emphasizes discrepancies in the tails. It is defined by

AD(y) Z—n—%i@i—l)[log [sm{’zf Kl_ (Hz)—x) - ((H);)_l)r}r

i=1

(64)
n A Xapi-i\ ) ]° ’
. n —1 n et
+log{1— [sm{z Kl—(l—i—a) )exp<(1+a) )} H -
Hence
Yap = argminAD (y). (65)
y>0
5.6 Maximum product of spacings estimation
Define
D,':F()C(i);l[/)—F()C(i,]);l[/), i=1,....n+1, (66)
with F (x()) =0 and F (x(,41)) = 1. The average log-spacing objective is
1 n+1
MP, =—— log D;.
S () nH;og i (67)
The estimator is
Vmps = argmin MPS (y). (68)
y>0
5.7 Percentile estimation
Let p; =i/(n+ 1) and let Q (p;; w)be the quantile in (31). The percentile objective is
n
2
PM (y) =Y [xq)—Q(piy)]". (69)
i=1
Therefore,
Ypy = argmin PM () . (70)
y>0

The closed-form quantile is particularly advantageous for this method because no numerical inversion of the CDF is
required.
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5.8 Quasi-linear least squares estimation

The CDF can be transformed into a form that is nearly linear in the Lomax shape parameter. Using an empirical plotting
position p;, define

2 0 1/6
yi = Lrsm ! (pil/ )] . 71)
From the Lambert-W inversion,
* Vi
si=1+Wo (<), (72)
Under the Lomax model,
" X(i)
logS; = —llog(l—&-g). (73)
Define
% (i)
Y =logS!,  Xi(a)=log (1 + ;) . (74)
The quasi-linear least squares objective is
n
OLS(y) = Y [Yi+ AXi()]*. (75)
i=1
The estimator is
Yors = argmin OLS (). (76)
>0

Although the transformed equation is linear in A conditional on the other parameters, the full estimation problem
remains nonlinear because o, 8, and 0 are unknown. The term “quasi-linear” therefore refers to the structure created by
the transformation rather than to a fully linear estimation problem.

5.9 Numerical implementation

For all eight methods, numerical stability can be improved by optimizing

(log8,log 8, log a,log A.) (77

instead of the raw parameters. This transformation enforces positivity and often reduces boundary failures. Multiple
starting values should be used because the objective surfaces can be highly nonlinear. Convergence should be checked
using the optimizer status, objective value, parameter plausibility, and, for likelihood estimation, the numerical Hessian
whenever standard errors are required.

6 Monte Carlo Simulation Study

A Monte Carlo simulation is used to evaluate the finite-sample behavior of the eight estimators. The design follows the
same structure used in the reference study so that the completed simulation results can be inserted without changing the
organization of the paper.

The recommended algorithm is as follows.

Step Simulation procedure

1 Fix the true parameter vector Yo=(8y,09,0%,A9) and select sample sizes n=25,50,125,250.

2 Uy,...,Un~U(0,1) .Generate each observation using the random-number representation in (49)-(50).
3 Estimate §,0,a, and A by MLE, LSE, WLSE, CVM, AD, MPS, PM, and QLS.

4 Repeat the experiment for the selected number of Monte Carlo replications.

5 For every estimator and parameter, calculate the mean estimate, bias, RMSE, and rank.

6 Compare convergence and estimator stability as the sample size increases.
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For a parameter y, the simulation summaries —re mean [1], bias, and RMSE

1 R
Mean (W) = < ) Vj,
R="
1 &
Bias(‘l/):ﬁ (Vi —w),

j=1

and
1/2
RMSE (y) =

1 & 5
EZ(‘I’j*‘I’O)
j=1

A lower absolute bias and lower RMSE indicate greater estimation accuracy. The ranking is based on a scale-adjusted
composite criterion so that the four parameters contribute comparably. For each estimator and sample size, the average
relative RMSE and the average relative absolute bias are calculated over &, 0, a, and A. The estimator with the smallest
composite score receives rank 1.

_ 1 |Bias ()]
ARB=-Yy —21

Composite Score = 0.5 X RRMSE + 0.5 X ARB
Table 1: Monte Carlo simulation results for n = 20 (N = 1000 replications)

Method Criterion 1) 0 (07 A Score  Rank

Mean 4.143062 10.310724 1.215876  1.409042

MLE RMSE 12.02538  30.924111 1.639092 1.166077 5.2898 8
Bias 2.843062  8.810724  0.315876  0.609042
Mean 2.557337  4.708067  0.935860 0.936936

LSE RMSE 5431380  9.900032  0.755806 0.561584  1.9546 2
Bias 1.257337  3.208067  0.035860 0.136936
Mean 2.646286  6.013466  0.892565 0.909896

WLSE RMSE 5.837011 14.221421 0.766721 0.537016  2.4605 4
Bias 1.346286  4.513466  0.007435  0.109896
Mean 3.103072  5.761916  1.020424  1.024152

CVM RMSE 6.169764 11978582 0.760207 0.657453  2.3801 3
Bias 1.803072  4.261916  0.120424  0.224152
Mean 2.672423 5997079  0.891264 0.966637

AD RMSE 6.328014 16.425001 0.810501 0.608800 2.7189 5
Bias 1.372423  4.497079  0.008736  0.166637
Mean 3.272559  9.585080  0.923671  0.987263

MPS RMSE 9.140930  29.355408 1.527941 0.738316  4.5488 7
Bias 1.972559  8.085080  0.023671  0.187263
Mean 1.343834  1.523726  0.911993  0.840966

PM RMSE 0.218988  0.223419  0.078655 0.245596  0.1032 1
Bias 0.043834  0.023726  0.011993  0.040966
Mean 2991810  6.797922  1.022050 1.055628

QLS RMSE 6.748453  18.657872 0917105 0.740650 3.1079 6
Bias 1.691810  5.297922  0.122050 0.255628

PM is the strongest estimator in the supplied simulation summaries: it ranks first for every sample size and its
composite score declines from 0.1032 at n = 20 to 0.0331 at n = 250. The second and third overall positions are AD and
WLSE, respectively. The results also show the expected improvement in estimation accuracy as the sample size increases
for most methods, although the rate of improvement differs by estimator and parameter.
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Table 2: Monte Carlo simulation results for n = 50 (N = 1000 replications)

Method  Criterion S 0 a A Score  Rank

Mean 1.867440  3.781894  0.940710  1.120981

MLE RMSE 5.629853  14.653887  1.225025  0.712738  2.3445 8
Bias 0.567440  2.281894  0.040710  0.320981
Mean 2566346  4.179662  0.974150  0.904046

LSE RMSE 4.602544  8.047316  0.615277  0.496622  1.6478 5
Bias 1.266346  2.679662  0.074150  0.104046
Mean 1.998270  3.625640  0.873297  0.908494

WLSE RMSE 3.975324  7.049042  0.595416  0.482547  1.3927 3
Bias 0.698270  2.125640  0.026703  0.108494
Mean 2.185826  3.774792  0.938977  0.961437

CYM RMSE 4.060652  6.800092  0.583589  0.535110  1.4272 4
Bias 0.885826  2.274792  0.038977  0.161437
Mean 1.997402  3.517316  0.863684  0.906006

AD RMSE 3.831637  6.709817  0.583110 0.472894  1.3392 2
Bias 0.697402  2.017316  0.036316  0.106006
Mean 1.508267  4.163222  0.679164  0.886596

MPS RMSE 4327133 16.289969  0.888685  0.486738  2.2592 7
Bias 0.208267  2.663222  0.220836  0.086596
Mean 1.351523 1.513881  0.915476  0.817007

PM RMSE 0.161897  0.130893  0.052580  0.143624  0.0671 1
Bias 0.051523  0.013881  0.015476  0.017007
Mean 2.832952  4.661227 1.039865  0.992734

QLS RMSE 5.559495  9.763210  0.771807  0.636847  2.0152 6
Bias 1.532952  3.161227  0.139865  0.192734

Bias values across sample sizes for the eight estimators

Bias for delta Bias for theta
a | n=20 @ n=125 8 —
2.5 @ n=50 M@ n=250
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Fig. 3: Bias values for 8, 0, a, and A across n = 20, 50, 125, and 250 for MLE, LSE, WLSE, CVM, AD, MPS, PM, and
QLS.
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Table 3: Monte Carlo simulation results for n = 125 (N = 1000 replications)

Method Criterion ) 0 o A Score  Rank
Mean 1.508277 1.939118 0.917024 0.969827
MLE RMSE 1.866668 1.880851 0.504047 0.424451 0.5581 3

Bias 0.208277  0.439118 0.017024  0.169827
Mean 1.865859  2.474779 0.943720  0.890338

LSE RMSE 2938493  3.227735 0.488628 0.385607 0.8355 7
Bias 0.565859  0.974779  0.043720  0.090338
Mean 1.545762 2216962 0.885437  0.876971

WLSE RMSE 2.048260 2.439867 0.408501 0.342855 0.6080 4
Bias 0.245762  0.716962  0.014563  0.076971
Mean 1.737454  2.425851 0.937389  0.917300

CVM RMSE 2590268 3.106244  0.480057 0.414390 0.7821 6
Bias 0.437454  0.925851 0.037389  0.117300
Mean 1.502745 2.136737 0.866265 0.871534

AD RMSE 1.887959  1.979061 0.393372  0.329346  0.5410 2
Bias 0.202745  0.636737 0.033735 0.071534
Mean 1.262965 2.373698 0.693375  0.826217

MPS RMSE 2225718  2.091290 0.548055 0.293762  0.6195 5
Bias 0.037035 0.873698  0.206625  0.026217
Mean 1.358572  1.512324 0.916031  0.802306

PM RMSE 0.116767 0.094884 0.033843  0.079238  0.0455 1
Bias 0.058572  0.012324 0.016031  0.002306
Mean 1.770711 2788743  0.940612  0.942327

QLS RMSE 2.606528 5.252499 0.451125 0.480981 1.0067 8
Bias 0.470711  1.288743  0.040612  0.142327

Mean estimates across sample sizes (dashed line = true value)
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Fig. 4: Mean estimates of 8, 8, &, and A across sample sizes for the eight estimators. Dashed horizontal lines indicate the
true parameter values.
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Table 4: Monte Carlo simulation results for n = 250 (N = 1000 replications)

Method  Criterion S 2] o A Score  Rank

Mean 1.539519  1.709474  0.923467  0.900533

MLE RMSE 1.489383  1.121649  0.459450  0.310493  0.4085 4
Bias 0.239519  0.209474  0.023467  0.100533
Mean 1.621399  1.959954  0.936989  0.874194

LSE RMSE 1.693165  1.586488  0.360400  0.333470  0.4831 6
Bias 0.321399  0.459954  0.036989  0.074194
Mean 1.442068  1.803509  0.912081  0.867626

WLSE RMSE 1.151038  1.229068  0.320429  0.296522  0.3551 2
Bias 0.142068  0.303509  0.012081  0.067626
Mean 1.673504  2.015711  0.953986  0.885488

CVyM RMSE 1.862163  1.958383  0.376756  0.348327  0.5488 7
Bias 0.373504  0.515711  0.053986  0.085488
Mean 1.488228  1.836287  0.904360  0.849620

AD RMSE 1.548147 1250478  0.347815  0.263496  0.3970 3
Bias 0.188228  0.336287  0.004360  0.049620
Mean 1.176749  2.059887  0.709860  0.811094

MPS RMSE 1.395604  1.209981  0.467811  0.226211  0.4220 5
Bias 0.123251  0.559887  0.190140  0.011094
Mean 1.346538  1.508016  0.912416  0.798395

PM RMSE 0.082489  0.079258  0.023862  0.051836  0.0331 1
Bias 0.046538  0.008016  0.012416  0.001605
Mean 1.669633 2309112  0.944487  0.899984

QLS RMSE 1.980049  3.339942  0.395000  0.396294  0.7103 8
Bias 0.369633  0.809112  0.044487  0.099984

RMSE trajectories for the eight estimators
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Fig. 5: RMSE trajectories for 8, 0, a, and A across n = 20, 50, 125, and 250 for the eight estimators. The vertical axis is
logarithmic.
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Absolute-bias trajectories for the eight estimators
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Fig. 6: Absolute-bias trajectories for 8, 6, o, and A across n = 20, 50, 125, and 250 for the eight estimators. The vertical
axis is logarithmic.

Estimator ranks across sample sizes

MLE
LSE
WLSE
CVM
AD
MPS
PM

QLs

n=20 n=50 n=125 n=250

Fig. 7: Rank heatmap for MLE, LSE, WLSE, CVM, AD, MPS, PM, and QLS across the four sample sizes. Rank 1 denotes
the best composite performance.
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Table 5: Overall estimator ranking across all sample sizes

Overall Rank Method Rankn=20 Rankn=50 Rankn=125 Rankn=250 Average Rank Mean Score

1 PM 1 1 1 1 1.00 0.0622
2 AD 5 2 2 3 3.00 1.2490
3 WLSE 4 3 4 2 3.25 1.2041
4 LSE 2 5 7 6 5.00 1.2303
5 CVM 3 4 6 7 5.00 1.2845
6 MLE 8 8 3 4 5.75 2.1502
7 MPS 7 7 5 5 6.00 1.9624
8 QLS 6 6 8 8 7.00 1.7100

The Monte Carlo results show a clear increase in the estimation accuracy as the sample size increases. For n=20, 50,
125, and 250, the mean estimates tend to follow the true parameter values and RMSE and absolute bias decrease for most
estimation methods. Also, this is evident in the graphical diagnostics where the trajectories of the estimators are more and
more concentrated and stable as n increases. As far as the eight estimators are concerned, the Percentile Method (PM)
performs best and the most consistently. At each sample size, it gets rank 1 and its composite score decreases from 0.1032
at n=20 to 0.0671, 0.0455, and finally 0.0331 at n=250.

This continuous reduction means that with each additional piece of information one has at the disposal of the
algorithm, the accuracy and stability are greatly improved. The overall ranking also confirms the dominant role of PM,
with an average score of 1.00 and the smallest mean score of 0.0622. AD and WLSE are second and third in rank and
relatively stable in terms of the sample size. MLE, MPS and QLS are more sensitive to the size of the sample and
parameters in QLS. MLE improves significantly for larger samples while QLS is still one of the least competitive at
n=125 and n=250.

Figures 5-9 confirm the numerical results. The mean trajectories approach the real parameter levels as the sample size
increases. Both the RMSE and absolute bias decline overall. The rank heatmap also indicates that PM is very stable, which
is the case for all sample sizes studied. The results indicate that PM is the most reliable way to estimate the PDT-SinL
under the simulation design.

Criterion-specific and overall ranks for the fitted models
Lower rank is better.

PDT-SinL 1 1 1 1
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Fig. 8: Heatmap of criterion-specific ranks for AIC, CAIC, BIC, HQIC, Cramér-von Mises W, Anderson-Darling A, KS,
KS p-value, and the overall rank of the seven fitted models. Lower rank is better.
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7 Real-Data Applications

In this section, we present our real-data application of the proposed PDT-SinL distribution using the classic fatigue-life
dataset by Birnbaum and Saunders (1969). This dataset has 100 positive lifetime observations and is relevant for testing
distributions for reliability and lifetime analysis as it has right-tail behavior. We list below the 100 fatigue-life values that
we use for our real-data application [14].

70 9 9 97 99 100 103 104 104 105

107 108 108 108 109 109 112 112 113 114
114 114 116 119 120 120 120 121 121 123
124 124 124 124 124 128 128 129 129 130
130 130 131 131 131 131 131 132 132 132
133 134 134 134 134 136 136 137 138 138
138 139 139 141 141 142 142 142 142 142
142 144 144 145 146 148 148 149 151 151
152 155 156 157 157 157 157 158 159 162
163 163 164 166 166 168 170 174 201 212

The sample has a mean of 133.78 and a median of 132.50, with standard deviation 22.61. The skewness value (0.377)
indicates moderate right-skewness and the excess kurtosis (1.240) indicates a heavier tail than normal. These features
justify the need for flexible lifetime models. Descriptive statistics for the fatigue-life data is mentioned in Table 6.

Table 6: Descriptive statistics for the fatigue-life data.

Statistic Value
Sample size (n) 100
Minimum 70.000
First quartile (Q1) 120.000
Median 132.500
Mean 133.780
Third quartile (Q3)  146.500
Maximum 212.000
Standard deviation 22.613
Variance 511.365
Skewness 0.377
Excess kurtosis 1.240
Range 142.000

The purpose of this application is to study the empirical performance of the PDT-SinL distribution and to see if the
additional flexibility of the proposed transformation is a significant improvement over existing Lomax-based models. For
a more detailed comparison, we compare the PDT-SinL distribution with six other Lomax-based models, namely Beta-
Lomax (BeL), Kumaraswamy-Lomax (KuL), Exponential Generalized Lomax (EGL), Weibull-Lomax (WeL), Gompertz-
Lomax (GoL), and classical Lomax (L). In all the cases, we fit the model to the same dataset with maximum likelihood
estimation as before, so we can compare the models in a more consistent manner. We consider the numerical goodness of
fit and graphical diagnostics as well, so that we can compare the performance of the models from a different angle.

We first consider model adequacy based on the smallest negative log-likelihood and key information criteria AIC,
CAIC, BIC, and HQIC. We also find evidence and support from the Cramér-von Mises statistic W, the Anderson-Darling
statistic A and the Kolmogorov-Smirnov statistic KS and its p-value. All these statistics provide additional information
about the difference between data and the model. In particular, smaller W, A and KS, and larger KS p-value show better
agreement between data and the model. We also check the reliability of the maximum likelihood estimates and the
numerical convergence of the optimization procedure. Table 7 shows the maximum likelihood estimates for each
competing model. All parameters are listed in the same order as the R output.
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Table 7: Maximum likelihood estimates and convergence status.

Model 1) ) a ) -log(L) Convergence status
PDT-SinL  76.833020 25.113200 60.938780 2.665060  452.5449 Algorithm Converged
BeL 83.019239 47.832672 96.130308 1.168072  453.5828 Algorithm Converged
KuL 12.239010 16.828910 35.292270 10.399590  456.8439 Algorithm Converged
EGL 172.684009 417.142106 448.310926  0.146541 461.1709  Algorithm Not Converged
WeL 14.393560 30.518260 20.957460  14.840100 456.4721 Algorithm Converged
GoL 3.606710 471.276131 571492168  8.794554  460.2133 Algorithm Converged
L 369.426069 3.369687 — — 604.3242  Algorithm Not Converged

Table 8 reports the information criteria and goodness-of-fit measures. Lower values of AIC, CAIC, BIC, HQIC, W, A,
and KS indicate better fit, whereas a larger Kolmogorov-Smirnov p-value indicates stronger agreement between the fitted
model and the empirical distribution. The overall rank was obtained from the average of the criterion-specific ranks, with
AIC used as a tie-breaker.

Table 8: Goodness-of-fit criteria, convergence status, and overall ranking of the competing models.

Model AIC CAIC BIC HQIC w A KS KS p-value Average rank Overall rank
PDT-SinL.  913.0897 913.5108 923.5104 917.3072  0.048052 0.327816  0.063770 0.810787 1.00 1
BeL 915.1656 915.5867 925.5863 919.3830  0.081933  0.492367 0.082738 0.500312 2.25 2
WeL 920.9442 921.3652 931.3648 925.1616  0.099767 0.693630  0.091845 0.367767 3.50 3
KuL 921.6878 922.1089 932.1085 925.9053  0.103929 0.727748  0.089281 0.402734 4.00 4
GoL 928.4267 928.8477 938.8473 932.6441  0.221946  1.266418  0.110509 0.173783 5.75 5
EGL 930.3419 930.7629 940.7625 9345593  0.215351 1.228939 0.108534 0.189449 5.75 6
L 1212.6480 1212.7720  1217.8590 1214.7570 0.065116  0.407031  0.520863 0.000000 5.75 7

Figure 8 summarizes the ranking behavior of the seven models across the information criteria and goodness-of-fit
measures.

Figure 9 displays the fitted density curves superimposed on the histogram of the fatigue data for all competing models.

Figure 10 compares the empirical distribution function with the fitted CDFs. The closer the theoretical curve is to the
empirical step function, the better the model reproduces the cumulative behavior of the data.

The numerical evidence agrees with the graphical comparison. In the PDF plots, the PDT-SinL curve is also close to
the main concentration of the observations around the center of the distribution and can also reflect the slow decay of the
right tail. The BeL curve is also competitive, but it is slightly less accurate in the tail region. WeL and KuL. models are
quite good at capturing the central pattern but they are not so accurate around the shoulders of the histogram and near the
right tail.

The CDF comparison is even clearer. The fitted CDF of PDT-SinL is very close to the empirical step function for
most of the support. This explains its smallest KS statistic and largest KS p-value. BeL again fares fairly well, but is a
little further away from the empirical staircase. The CDFs of EGL and GoL are more noticeable, especially in the central
transition zone. The ordinary L model is a departure from the empirical data and cannot be recommended for this dataset.
The interval estimation results also show the numerical stability. The WeLL model has very tight standard deviations
and small confidence intervals for all of the parameters reported. EGL and GoL have undefined standard deviations and
confidence limits for some of the parameters, which is consistent with the weaker fitting behavior of the model. The L.
model only gives two parameters and it also does not converge, which makes the L model no longer useful in the current
situation. Taken together, the Tables 7-9 and figures (10, 11, and 12) lead to a clear conclusion. The proposed PDT-
SinL distribution has the best fit accuracy, goodness-of-fit behavior, and stable numerical estimation. For this fatigue-life
dataset, it is the best of the seven compared models.
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Fig. 9: Fitted probability density functions for the fatigue-life data. Panels correspond to PDT-SinL, BeL, KuL, EGL,
WeL, GoL, and L; the gray histogram shows the empirical data distribution.
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Fig. 10: Empirical distribution function and fitted CDFs for PDT-SinL, BeL, KuL., EGL, WeL, GoL, and L. In each panel,
the empirical step function is compared with the fitted model CDF.
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8 Conclusion

The PDT-SinL distribution can be a flexible four-parameter extension of the classical Lomax distribution while still
maintaining its positive support and heavy-tailed behavior. The theoretical development is that the additional generator
parameters improve control of density shape, survival function, hazard behavior, and tail. The Monte Carlo study
demonstrated that estimation accuracy is generally better for large samples and that bias and RMSE are reduced for most
methods. Of the eight estimation models, the Percentile method is best performing and is first for all the sample sizes
considered in the study. AD and WLSE also offer stable results, especially for moderate and large samples. Real data
analysis further confirmed the practical effectiveness of the proposed distribution. PDT-SinLL was found to have the best
overall fit among all the Lomax-based models, with the lowest information criteria and goodness-of-fit statistics and the
largest Kolmogorov—Smirnov p-value. Its fitted PDF and CDF were also in good agreement with the empirical pattern of
the fatigue-life data. All in all, our theoretical, simulation, and empirical results show PDT-SinL to be an excellent model
for positive heavy-tailed lifetime data, with PM being the preferred estimation method for the simulation settings.
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