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Abstract: In this paper, we prove that the regressive time varyingalirdynamic equation® (r) = G(r)x(r), r € T is Ulam—Hyers
stable if and only if it is uniformly exponentially stableufthermore, the Ulam—Hyers stability and uniform expoizstability of the
systemx? (r) = G(r)x(r), r € T is proved in terms of bounded-ness of solution of the follapCauchy problem:

WA(r) = G(rW(r) +w(r), 0<reT,
W(O) = Vo,
whereT denotes time scal&(r) is a matrix valued functionp(r) is a bounded function ol andvy € C™.
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1 Introduction 2 Preliminaries

In 1940, Ulam posed an open problem about the stabilityThe non-empty arbitrary closed subset of real numbers is

of a certain functional equation ir24,25]. In 1941, the called Time Scale denoted by. The forward and

: : ; - . backward jump operators denoted b : T — T,
first partial answer to Ulam’s question was given by = "= o gt .
Hyers [L7]. Later on, it was named as Ulam-Hyers p: T — T, graininess functiow : T — T are respectively

problem. Obtoza proved a result related to the defined as:

Ulam-Hyers stability of differential equations irlg. B(r)=inf{veT:v>rl

Alsina and Ger; se€l], studied Ulam-Hyers stability of ’

first order linear differential equations and soon afteirthe p(ry=sup{veT:v<r}, v(r)=0(r)—r.

results were generalized by Takahasi, Takagi, Miura and , - . .
Miyajima in [23], Jung, in [L3,14,15 and Wang, Zhou A pointr € T is said to be Ieft-scattered and left-dense if
and Sun in 26]. r>p(r)andp(r) =r, respectively. If <6(r) andé(r) =

In 1978, Rassias20] provided an extension of the r, then such a pointe T will be called rlght-scatter_ed and
Ulam-Hyers stability by introducing new function right-dense, respectively. The set known as derived form

. — —7 . ) .
variables and he introduced another new stability concepP! ime scalél” denoted byl is defined as follows:

named as Ulam—Hyers—Rassias stability. For more details . {T\(p(supT),supT], if SUpT < oo

T, if supT = oo.

on Ulam—Hyers stability, we recommentg 21].

The theory of dynamical equations on time scales was
introduced by Hilger 11] in 1988 with in order to unify
the continuous and discrete calculus. For more details, sea functiona : T — Ris said to be right-dense continuous
[2,3,4,5,6,7,9,10,17,19,22,27]. if it is continuous at all right-dense points h and its
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left-sided limits exist at all left-dense pointsTh whereR
denotes the set of real numbers. A functmnT — Ris
said to be regressive if-4 v(r)a(r) # 0 for all r € T“and
if 14+ v(r)a(r) > 0, then the functioro is said to be
positively regressive. The set of all right-dense reguessi
and right-dense positively regressive
respectively will be denoted bBREG(T) andREG(T)*.
A functon wf : T — R is defined

wWo(r) =w(8(r)), VreT.

as

Definition 1.If G € REG(T), then generalized exponential
function g(r,u) onT is defined as

;
es(r,u) =exp (/ Xvw)G(v)Av) VrueT,
u

with cylindrical transformation

{ Log(1+v(r)G(r))

if v(r)#0,
if v(r)=0.

v(r) ’

Lemma 1[2] Let G,H € REG(T), then:
le(r,uy=21landes(r,r)=1.
2.65(0(r), u) = (1-+v(r)G(t))es(r,u).
3.(es(r,u))* = (G(r))es(r,u).
4.e5(r,u) = eIk

5.65(r,u)eg(u,v) =
6.1fr,uveT,then

/ G(n
Definition 2.Let G be mx m matrix-valued function on a
time scalg(T). Then G is said to be rd-continuous @nif

es(r,V).

(M)An = ec(V,r) —e(V,u).

1.®y(r,u) =land@s(r,r) = 1.
) r)

7u) =
5.06(r,u)@s(u,v) = Og(r,v).

functions  6.®4 (r,u) = G(r) dg(r,u).

Now the next theorem guarantees a unique solution to the
regressiven x 1 vector-valued dynamic IVP

WA(r) = G(r)W(r) + w(r), W(ro) = Vo. 2)

Theorem 1[8] Let ro € T and y € R". Then the
regressive IVP(2) has a unique solution WT — R"
given by

W(r) = @s(r.rovo+ | @6(r,0(n))w(m)an.

Consider the regressive time varying linear dynamic
system
X2 (r) = G(r)x(r);

X(ro) =Vo, r€ T, Vo e C™,

(G(r))

Theorem 2[8] The time varying linear dynamic system
(G(r)) is uniformly exponentially stable if and only if

there exists], & > 0 with —n € REG(T)" such that the
transition matrix®g satisfies

||®c(r,ro)|| < ge_p(r,ro), Vr >ro, withr,ro e T.

Theorem 3[8] Suppose that there exists a constgnt
such that for all re T, ||G(r)|| < y. Then the time

each entry of G is rd-continuous and G is regressive if thevarying linear dynamic systen{G(r)) is uniformly

eigenvalues;(r) of G(r) are regressive for all <i <m.

Remarket G* be the conjugate transpose nf>< m

matrix valued functiorG. If G e (R)™", thenG* =
and G* € REG(T). Moreover, the function deflned by

oG(r) = ﬁgg(r) is also regressive.
Consider the matrix-valued IVP,
WA(r) =

G(r)W(r), W(ro) =1 m, 1)

wherel , is mx midentity matrix.

Definition 3.The fundamental matrix is defined to be the

general solution to the matrix dynamic equatidn and is
denoted bydg(r,ro).

Keep in mind that®g as a transition matrix can be
replaced witheg in the following lemma. The next lemma
lists some properties of the matrix exponential function.

Lemma 2[8] Let G € REG(T) be the matrix-valued
function onT, then the familyG = {®g(r,u): Lue T}
has the following properties:

exponentially stable if and only if there exists a constant
B3 > O such that

/ @ (r,6(n

Concerning the uniform exponential stability of the system
(G(r)), we state the following result:

Theorem 4[22] The system (G(r)) is uniformly
exponentially stable if and only if for eacly ¥ C™ and
each bounded function(r), the unique solution of the
following Cauchy problem

NAn <B,Vr>0(n),withr,neT.

WA () = GNW(r) + w(r), 0<r €T,
W(O) = Vo, (G(r)v w, VO)
is bounded.

ProofNecessity: Let the system(G(r)) is uniformly
exponentially stable, then by Theor&nwe have

||@c(r,r0)|| < ye_p(r,ro), VI >ro, withr, ro e T.
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Consider the solution of the Cauchy problé&ir), w, o), ProofNecessity:Let the system(G(r)) is Ulam—Hyers
; stable. Then for everg™-valued right-dense continuous

W(r) = ag(r, o)v0+/ & (r,8(n))w(n)An map w = «(.) bounded bye on T, the solution of the

0 Cauchy probleniG(r), w, Vo) is bounded bKe. We need

r . . .
W(H)|| < [|®g(r,0)||v / @5 (r,0 ) A to prove that the systeii(r)) is uniformly exponentially
IWOIT < [ Pe(rO)lvo+ 0 [1@6(r, 8(m))lllle(n)llAn stable. To show thatG(r)) is uniformly exponentially

' stable, suppose on contrarG(r)) is not uniformly
<eq(r0) +C/o 1®c(r,6(m)l|An exponentially stable. Then by using the proof of converse
< e ,(r,0)+CB. part of Theorem4, we can show that the solution of

(G(r), w,vo) is unbounded, which is a contradiction. Thus
Hence, the unique solution 66(r), w, Vo) is bounded. (G(r)) must be uniformly exponentially stable.

Sufficiency: Suppose on contrary the syste@(r)) is Sufficiency: Let the system (G(r)) is uniformly
not uniformly  exponentially stable and set exponentially stable and: T — C™ be a right—dense

w(r) = %. Obviously w(r) is bounded continuous function, with w||. < €, then by Theorer2

function. Now consider the solution ¢&(r), w, Vo), ||®(r,ro)|| < €e_p(r,ro), Y1 >ro, withr, ro € T

W() = @6(r.0vo+ [ @o(r.0(m)(nan Consider

. Ps(n,0)
= B6(r0N+ [ @ o (B(M).N) AN r
o +v(n) oG (n) oo W(r) = CDG(V,O)Vo-i-/ @ (r,0(n))w(n)An
— Be(r 0w+ | @ o (0.1)(L+V(N) 6 (7)) Ty L Gy o
P S W < 11@6(r.0)[vo-+ | [1@a(r,B(m)l|eo(m)l1An
r
= 9S(EOM -0 < ceq(10)+¢ [l @a(r.6(n)]l4n
0
If we takevp = 0, then we have a contradiction because the < gen(r0)+ep.
map S (e—f] (r70) +B)8
r— @g(r,0)r

The desired assertion follows by chooskug-e_j (r,0) +
is unbounded. But sinag # 0, then as the syste@(r)is  CB.
not uniformly exponentially stable, so by using Theor2m
we can find-n,y > 0 with n € REG(T) " such that

4 Conclusion

||(DG(r7 O)” 2 Yen (r70)7

In this paper, we establish a connection between
i.e. in this case again the solution will be unbounded al’ldJlam_Hyers Stability and Uniform Exponential Stability
thus we arrived at a contradiction. So the syst@fr)) is  of Time Varying Linear Dynamic Systems Over Time
uniformly exponentially stable. Scales. Moreover, this connection is proved in terms of
boundedness of the Cauchy problé&B{r), w, Vo).

3 Main Results

Acknowledgement
We can see arg-approximate solution of the system
(G(r)) as an exact solution of the Cauchy problem The authors are grateful to the anonymous referee for a
(G(r), w,Vvo) corresponding taw(-) bounded bye. Thus,  careful checking of the details and for helpful comments
we state the definition of Ulam-Hyers stability as: that improved this paper.

Definition 4.Lete € R". The systeriG(r)) is Ulam-Hyers
stable if and only if there exists a non-negative constant K
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