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Abstract: We present the semilocal convergence of fourth order iterative method for solving nonlinear equation by using the recurrence
relation. In this paper we derived the recurrence relation for the method, and then we prove the an existence-uniquenesstheorem, along
with the priori error bounds which shows theR-order of convergence. Furthermore, with help of numericalexample, we are presented
the applicability and efficiency of the convergence results.
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1 Introduction

Let consider the nonlinear equation in Banach space is

F(x) = 0, (1)

whereF : D ⊆ X → Y is a nonlinear operator on an open
convex subset ofD of a Banach spaceX with the values
in Banach spaceY. Finding the solution of such a
operator equation is very interesting task which is widely
used in both theoretical and applied areas of mathematics.
Newton’s method is well known method for solving
nonlinear equation with quadratic convergence.

xk+1 = xk−F ′(xk)
−1F(xk), k= 0,1,2, . . . (2)

One of the most important results on Newton’s method is
the well known Newton-Kantorovich theorem [13].
Recently many progress in Newton’s method is referred
to [4,5,6]. Also Rall [14], has proposed a different
approach for the semilocal convergence of same scheme
with the help of recurrence relations. In literature, many
researcher have developed a number of higher order of
convergence method based on Newton’s method [1,2,3,4,
7,10,17]. In this paper, we consider the semilocal
convergence for the fourth order method presented in [9].
We first extend this method in Banach spaces and write it
as

yk =xk−ΓkF(xk)

xk+1 =yk− (2[yk,xk ;F ]−1−Γk)F(yk), (3)

where Γk = F ′(xk)
−1. The approach of recurrence

relations has been popularly and successfully used in
establishing the convergence of Newton’s method [2,3,7,
8] and various high order method, for example, [1,11,15].
We will use the recurrence relations to establish the
semilocal convergence for this method. we construct the
system of recurrence relations and prove the convergence
of method, along with the error estimates. Finally, some
numerical results are presented to demonstrate our
approach.

2 Preliminary results

Let x0 ∈ D and the nonlinear operatorF : D ⊂ X → Y be
continuously third-order Fréchet differentiable whereD is
an open set andX andY are Banach spaces. We assume
that

(A1) ‖Γ0F(x0)‖ ≤ η ,
(A2) ‖Γ0‖ ≤ β ,
(A3) ‖F ′′(x0)‖ ≤ M, x∈ D,

(A4) ‖F ′′′(x0)‖ ≤ N, x∈ D,

(A5) there exist a positive real numberL such that

‖F ′′′(xk)−F ′′′(yk)‖ ≤ L‖x− y‖, ∀ x,y∈ D. (4)

Now, we first give some approximation of the operatorF
in the following lemma and which will be used in later
results.
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Lemma 2.1 [10] Assume that the nonlinear operator
F : D ⊂ X → Y is continuously third-order Fŕechet
differentiable where D is an open set and X and Y are
Banach spaces. then we have

F(xn+1) =
1
2

F ′′(xk)(yk− xk)(xk+1)− zk)

+
1
2

∫ 1

0

(

F ′′(xk+
t
2
(yk− xk))−F ′′(xk)

)

dt(yk− xk)

× (x(k+1)− zk)

−
∫ 1

0

(

F ′(xk+ th)−F′(yk+ t(zk− yk))
)

Γ F(zk)

+

∫ 1

0

(

F ′(zk+ t(xk+1− zk))−F ′(yk)
)

dt

× (x(k+1)− zk). (5)

We now define the following some scalars functions
that will be used in the later developments. Let

p(t) =
t(3− t)
2(1− t)

, (6)

g(t) = 1+ p(t)

= 1+
t(3− t)
2(1− t)

, (7)

h(t) =
1

1− tg(t)
, (8)

ϕ(t,u,v) =
(t −3)2t3

8(t −1)2
+

(t −3)(t2− t −2)2

48(t −1)3
u

+
(t2− t −2)2(20−4t − t2−6t3+3t4)

1152(t −1)4
v. (9)

Let q(t) = g(t)t −1, thenq(t) has at least one zero in
(0, 1

2) since q(0) = −1 and q(1/2) = 1
8 > 0. Some

properties of the functions defined above are given in the
following lemma.
Lemma 2.2 Suppose the real functions g, h andϕ be given
in (7), (8) and (9) and s be smallest positive zero of the
scalar function g(t)t −1. Then

(1)g(t) and h(t) are the increasing and g(t)> 1, h(t)> 1
for t ∈ (0,s),

(2)ϕ(t,u,v) is increasing for t∈ (0,s),u> 0,v> 0.

Assume that the conditions (A1)-(A5) hold. We now
denoteη0 = η , β0 = β , a= Mβ η , b= Mβ η2, c= Mβ η3

andd0 = h(a0)p(a0,b0,c0). Let a0 < s andh(a0)d0 < 1
wheres is the smallest positive zero of the scalar function
g(t)t −1.

Furthermore, we can define the following sequences for
n≥ 0

ηn+1 = dnηn, (10)

βn+1 = h(an)βn, (11)

an+1 = Mβnηn+1, (12)

bn+1 = Nβnη2
n+1, (13)

cn+1 = Lβnη3
n+1, (14)

dn+1 = h(an+1p(an+1,bn+1,cn+1). (15)

From the definitions ofan+1,bn+1,cn+1 and (12)–(14), we
also have

an+1 = h(an)dnan, (16)

bn+1 = h(an)d
2
nan, (17)

cn+1 = h(an)d
3
nan. (18)

Next, we shall study the some more properties of the
previous scalars sequences. Later developments will
require the following lemma.
Lemma 2.3 Let the real functions g, h andϕ be given in
(7)–(9) and s be the smallest zero of the scalar
functiong(t)t−1. If

a0 < s and h(a0)d0 < 1, (19)

then we have

(1) h(an)> 1 and dn < 1 for n≥ 0,
(2) the sequences{ηn}, {an}, {bn}, {cn} and {dn} are

decreasing,
(3) g(an)an < 1 and h(an)dn < 1 for n≥ 0.

Proof. By Lemma (2.2) and (19), h(a0) > 1 and
d0 < 1 hold. It follows from the definitions thatη1 < η0,
a1 < a0, b1 < b0, c1 < c0. Moreover, by Lemma (2.2), we
haveh(a1) < h(a0) and p(a1,b1,c1) < p(a0,b0,c0). This
yields d1 < d0 and item (2). Based on these results we
obtaing(a1)a1 < g(a0)a0 < 1 andh(a1)d1 < h(a0)d0 < 1
and item (3) holds. By induction we can derive that items
(1), (2) and (3) hold.
Lemma 2.4 Assume that the real functions g, h andϕ in
(7)–(9) . Let θ ∈ (0,1), then g(θ t) < g(t), h(θ t) < h(t)
and ϕ(θ t,θ 2u,θ 3v) < θ 4ϕ(t,u,v) for t ∈ (0,ρ), where s
is the smallest zero of the scalar function g(t)t−1.

Proof. For θ ∈ (0,1) andt ∈ (0,ρ), by using the (7)–
(9), the lemma can be easily proved.
Lemma 2.5 Let the assumptions of Lemma (2.3), letγ =
h(a0)d0, then

dn ≥ λ γ4n
, n≥ 0, (20)
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whereλ = 1
h(a0)

. Also for n≥ 0, we have

n

∏
i=0

di ≥ λ n+1γ
4n+1−1

3
. (21)

Proof Since a1 = γa0, b1 = h(a0)d2
0b0 < γ2b0,

c1 = h(a0)d3
0c0 < γ3c0, by Lemma we have

d1 = h(γa0)ϕ(γa0,γ2b0,γ3c0)< γ3d0 = γ41−1d0 = λ γ41
.

Supposedn ≤ λ γ4n
, n ≥ 1. Then by Lemma, we have

an+1 < an andh(an)dk < 1.
Thus

dn+1 < h(an)ϕ
(

h(an)dnan,h(an)d
2
nbn,h(an)d

3
ncn
)

< h(an)ϕ
(

h(an)dnan,h(an)
2d2

nbn,h(an)
3d3

ncn
)

< h(an)
3d4

n

< λ γ4n+1
. (22)

Therefore it holds thatdn ≤ λ γ4n
, n≥ 0.

By (20), we get

n

∏
i=0

di ≤
n

∏
i=0

λ γ4i
= λ n+1γΣn

i=04i
= λ n+1γ

4n+1−1
3 , n≥ 0.

This shows (21) holds. The proof is completed.
�

Lemma 2.6 Under the suppositions of Lemma2.5. Letγ =
h(a0)d0 andγ = 1

h(a0)
. The sequence{ηn} satisfies

ηn ≤ ηλ γ
4n−1

3 , n≥ 0. (23)

Hence the sequence{ηn} converges to zero. Moreover, for
any n≥ 0, m≥ 1, it holds

n+m

∑
i=n

≤ ηλ nγ
4n−1

3
1−λ m+1γ

4n(4m+2)
3

1−λ γ5n . (24)

Proof.From (10) and (20), we have

ηn =dn−1ηn−1 = dn−1dn−2ηn−2 = · · ·= η
(n−1

∏
i=0

di

)

≤ ηλ nγ
4n−1

3 , n≥ 0.

Becauseλ < 1 andγ < 1, it follows thatηn → 0 asn→ ∞.
Let

ρ =
n+m

∑
i=n

λ iγ
4i
3 ,

wheren≥ 0, m≥ 1. Since

ρ ≤ λ nγ
4n
3 + γ4n

(n+m

∑
i=n

λ iγ
4i−1

3 ,
)

= λ nγ
4n
3 +λ γ4n

(n+m−1

∑
i=n

λ iγ
4i
3 ,
)

= λ nγ
4n
3 +λ γ4n

(

ρ −λ n+mγ
4n+m

3

)

,

we can obtain

ρ ≤ λ nγ
4n
3

1−λ m+1γ
4n(4n+2)

3

1−λ γ4n .

Furthermore, we have

n+m

∑
i=n

ηi ≤ η
(n+m

∑
i=n

λ iγ
4i−1

3

)

= ηγ−
1
3 ρ

≤ ηλ nγ
4n−1

3
1−λ m+1γ

4n(4m+2)
3

1−λ γ4n .

.
Therefore∑∞

n=0ηn exists. �

3 Recurrence relations for the method

Here we denoteB(x, r) = {y ∈ X : ‖y− x‖ < r} and
B(x, r) = {y∈ X : ‖y−x‖< r}. Now we will derive in the
following the recurrence relations for the method
mentioned in (3) under the assumptions considered in the
previous section.

Forn= 0, the existence ofΓ0 implies the existencey0,
x0 andx1. And we have

‖y0− x0‖= ‖Γ0F(x0)‖ ≤ η0.

and

‖F(y0)‖ ≤
1
2

Mη2
0

Thusy0 ∈ B(x0,Rη), whereR= g(a0)
1−h(a0)ϕ(a0,b0,c0)

. Let

us supposeH(x0) = Γ0([yn,xn ;F ]−F ′(x0)), then

‖H(x0)‖ ≤ a0.

Sincea0 < 1, hence by Banach Lemma it shows that
H(x0)

−1 exists and satisfies

‖[I +H(x0)]
−1‖ ≤

1
1−a0

.

Consequently, we derive

[yn,xn ;F ]−1 ≤
β0

1−a0
.

Similarly

‖x1− y0‖ ≤
a0(3−a0)

2(1−a0)
η0 = p(a0)η0
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and

‖x1− x0‖ ≤ ‖x1− y0‖+ ‖y0− x0‖,

≤
(a0(3−a0)

2(1−a0)
+1
)

η0,

≤ g(a0)η0.

From the assumptiond0 < 1
h(a0)

< 1, it follows that

x1 ∈ B(x0,Rη).
By a0 < sandg(a0)< g(s), we have

‖I −Γ0F ′(x1)‖ ≤ ‖Γ0‖‖F ′(x0)−F ′(x1)‖

≤ Mβ0‖x1− x0‖

≤ a0g(a0)< 1.

It follows by Banach Lemma thatΓ1 = [F ′(x1)]
−1

exists and

‖Γ1‖ ≤
β0

1−a0g(a0)
= h(a0)β0 = β1.

Using the required relations which are obtained above,
we can derived that

‖F(y0)‖ ≤
1
2

Mη2
0 ,

‖F(x1)‖ ≤
1
2

M‖x1− y0‖
2+

1
6

N‖x1− y0‖‖x1− x0‖
2

+
1
36

L‖y0− x0‖‖x1− x0‖
2+

1
24

L‖x1− x0‖
4,

‖F(x1)‖ ≤

(

p(a0)
2

2
Mη0+

p(a0)g2(a0)

6
Nη2

+
g2(a0)(2+3g2(a0))

72
Lη3

)

η0.

In addition, we have

M‖Γ1‖‖Γ1F(x1)‖ ≤ h(a0)d0a0 = a1,

N‖Γ1‖‖Γ1F(x1)‖
2 ≤ h(a0)d

2
0b0 = b1,

M‖Γ1‖‖Γ1F(x1)‖ ≤ h2(a0)d
3
0c0 = c1.

Repeating the above derivation, we can obtain the
system of recurrence relations given in next lemma.
Lemma 2.7 Let the assumptions of Lemma and the
conditions (A1)-(A5) hold. Then the following items are
true for all n≥ 0:

(I) There existΓn = [F ′(xn)]
−1 and‖Γn‖ ≤ βn,

(II) ‖ΓnF(xn)‖ ≤ ηn,
(III) M ‖Γn‖Γ F(xn)‖ ≤ an and‖KF(xn)‖ ≤ an,
(IV) N‖Γn‖Γ F(xn)‖

2 ≤ bn,
(V) L‖Γn‖Γ F(xn)‖

3 ≤ cn,
(VI) ‖xn+1− xn‖ ≤ g(an)ηn,

(VII) ‖xn+1− xn‖ ≤ Rη , Where R= g(a0)
1−d0

.

Proof The proof of (I)-(VI) follows by using the
above-mentioned way and invoking the induction
hypothesis. We only consider (VI). By (VI) and Lemma
(2.6) we obtain

‖xn+1− x0‖ ≤
n

∑
i=0

‖xi+1− xi‖

≤
n

∑
i=0

g(ai)ηi

≤ g(a0)
n

∑
i=0

ηi

≤ g(a0)η
1−λ n+1γ

4n+2
3

1−d0
< Rη ,

sinceγ < 1, λ < 1 andλ γ = d0. The lemma is proved.

4 Semilocal convergence

Lemma 2.8 Let R= g(a0)
1−d0

. If h(a0)d0 < 1, then R< 1.
Proof The proof is immediate by the definitions.
Now we give a theorem to establish the semilocal

convergence of (3), the existence and uniqueness of the
solution and the domain in which it is located, along with
a priori error bounds, which lead to theR-order of
convergence at least four of iteration (3).
Theorem 1 Let X and Y be two Banach spaces and
F : D ⊆ X →Y be a three times Fréchet differentiable on
a non-empty open convex subset D. Assume that x0 ∈ D
and all the conditions (A1)-(A5) hold.Let a0 = Mβ η ,
b0 = Nβ η2, c0 = Lβ η3 and d0 = h(a0)ϕ(a0,b0,c0)
satisfy a0 < s and g, h,ϕ are defined by (7)– (9). Let
B(x0,Rη) ⊆ D where R= g(a0)

1−d0
, then starting from x0, the

sequence{xn} generated by the method (3) converges to a
solution x∗ of F(x) with xn, x∗ belong toB(x0,Rη) and x∗

is the unique solution of F(x) in B(x0,
2

Mβ −Rη)
⋂

D.
Moreover, a priori error estimate is given by

‖xn− x∗‖ ≤ g(a0)ηλ nγ
4n−1

3
1

1−λ γ4n , (25)

whereγ = h(a0)d0 andλ = 1
h(a0)

.

Proof. By Lemma (2.7), the sequence{xn} is well
defined inB(x0,Rη). Next we prove that{xn} is a cauchy
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sequence. Since

‖xn+m− xn‖ ≤
n+m−1

∑
i=n

‖xi+1− xi‖

≤
n+m−1

∑
i=n

g(ai)ηi

≤ g(a0)
n+m−1

∑
i=n

ηi

≤ g(a0)ηλ nγ
4n−1

3
1−λ mγ

4n(4m−1+2)
3

1−λ γ4n . (26)

It follows that{xn} is a cauchy sequence. So there exist a
x∗ such that limn→∞ xn = x∗.

By lettingn= 0, m→ ∞ in (26), we obtain

‖x∗− x0‖ ≤ Rη . (27)

This showsx∗ ∈ B(x0,Rη).
Now we prove thatx∗ is a solution ofF(x) = 0. Since

‖Γ0‖‖F(xn)‖ ≤ ‖Γn‖‖F(xn)‖ ≤ ηn. (28)

By letting n → ∞ in (28), we obtain‖F(xn)‖ → 0 since
g(an) < g(a0) andηn → 0. Hence, by the continuity of F
in D, we obtainF(x∗) = 0.

We prove the uniqueness ofx∗ in B(x0,
2

Mβ −Rη)
⋂

D,
since it follows by Lemma

2
Mβ

−Rη =
( 2

a0
−R
)

η >
1
a0

η > Rη , (29)

and thenB(x0,Rη)⊆ B(x0,
2

Mβ −Rη)
⋂

D.

Let x∗∗ be another zero ofF(x) in B(x0,
2

Mβ −Rη)
⋂

D.
By Taylor theorem, we have

0= F(x∗∗)−F(x∗) =
∫ 1

0
F ′((1− t)x∗+ tx∗∗)dt(x∗∗−x∗).

(30)
Since

‖Γ0‖‖

∫ 1

0
[F ′((1− t)x∗+ tx∗∗)−F ′(x0)]dt‖ (31)

≤ Mβ
∫ 1

0
[(1− t)‖x∗− x0‖+ t‖x∗∗− x0‖dt (32)

<
Mβ
2

[

Rη +
2

Mβ
−Rη

]

= 1, (33)

it follows by Banach lemma that
∫ 1

0 F ′((1− t)x∗+ tx∗∗)dt is invertible and hencex∗∗ = x∗.
Finally, by lettingm→ ∞ in (26), we obtain (25) and

furthermore

‖xn− x∗‖ ≤
g(a0)η

γ
1
3 (1−d0)

(

γ
1
3

)4n

. (34)

This means that the method given by (3) is of R-order
of convergence at least four.

5 Numerical results

We consider the nonlinear integral equationF(x) = 0,
where

F(x)(s) = x(s)−1+
1
2

∫ 1

0
scos(x(t))dt, (35)

wheres∈ [0,1] andx ∈ D = B(0,2) ⊂ X. Here,X =
C[0,1] is the space of continuous functions on[0,1] with
the max-norm,

‖x‖= maxs∈[0,1]|x(s)|.

We can obtain the derivatives of given by

F ′(x)y(s) = y(s)−
1
2

∫ 1

0
ssin(x(t))y(t)dt, y∈ D,

F ′′(x)yz(s) =−
1
2

∫ 1

0
scos(x(t))y(t)z(t)dt, y,z∈ D.

Furthermore, we have

‖F ′′(x)‖ ≤
1
2
≡ M, x∈ D,

‖F ′′′(x)‖ ≤
1
2
≡ N, x∈ D

and the Lipschitz condition withL = 1
2

‖F ′′′(x)−F ′′′(y)‖ ≤
1
2
‖x− y‖, x,y∈ D.

A constant function, i.e.x0(t) =
4
3, is chosen as the

initial approximate solution. It follows that

F(x0)‖ ≤
1
2

cos
4
3
.

In this case, we have

‖I −F(x0)‖ ≤
1
2

sin
4
3

and then by Banach lemma we include thatΓ0 exists
and satisfies

‖Γ0‖ ≤
2

2− sin4
3

≡ β .

It follows that

‖Γ0F(x0)‖ ≤
cos4

3

2− sin4
3

≡ η .

Therefore, we obtain

a0 = Mβ η =
cos4

3

(2− sin4
3)

2
,
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b0 = Nβ η2 =
cos4

3

(2− sin4
3)

3
,

c0 = Lβ η3 =
cos4

3

(2− sin4
3)

4
.

As a result, we compute

q(a0) = a0g(a0)−1≃−0.689073< 0

Table 1: Results of recurrence relations

n η β an bn cn dn

0 0.2288 1.9454 0.2225 0.0509 0.0116 0.0348

1 2.66e-3 2.82083 3.75e-3 1.00e-5 2.67e-8 7.173e-8

2 7.12e-11 2.83155 1.00e-10 7.17e-21 5.10e-31 1.36e-30

3 3.63e-41 2.83155 5.14e-41 1.87e-81 6.80e-122 1.82e-121

4 2.47e-162 2.83155 3.50e-162 8.65e-324 2.14e-485 5.73e-485

5 5.29e-647 2.83155 7.49e-647 3.96e-1293 2.10e-1939 5.62e-1939

and
d0h(a0)≃ 0.0505026< 1.

This means that the hypotheses of Theorem 1 is
satisfied. Hence the recurrence relations for the method
given by (3) is demonstrated in Table 1. Besides, the
solution x∗ belongs to
B(x0,Rη) = B(4/3,0.331255· · ·) ⊂ D and it is unique in
B(4/3,1.72408· · ·)

⋂

D.

6 Conclusion

A system of recurrence relations is developed to establish
the semilocal convergence of a modified Newton’s method
(3) used to solvingF(x) = 0 in Banach spaces. Based on
the recurrence relations, an existence uniqueness theorem
is also established to show theR-order convergence of the
method to be four. A numerical example is worked out to
demonstrate our approach and show that our method can
be of practical interest.
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