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Abstract: We present the semilocal convergence of fourth order iteratethod for solving nonlinear equation by using the resnre
relation. In this paper we derived the recurrence relatoritfe method, and then we prove the an existence-uniquémsmem, along
with the priori error bounds which shows tReorder of convergence. Furthermore, with help of numegsaimple, we are presented
the applicability and efficiency of the convergence results

Keywords: Nonlinear equation, Semilocal convergence, Banach sjpaoegler of convergence, Hammerstein integral equation

1 Introduction where I, = F/(x)~1. The approach of recurrence
) ) o _ relations has been popularly and successfully used in
Let consider the nonlinear equation in Banach space is establishing the convergence of Newton's metha@,[7,
F(X) =0, (1) 8] and.various high order method, fqr examplg1[1, 1'5].

We will use the recurrence relations to establish the
whereF : D C X — Y is a nonlinear operator on an open semilocal convergence for this method. we construct the
convex subset oD of a Banach spack with the values  system of recurrence relations and prove the convergence
in Banach spaceY. Finding the solution of such a of method, along with the error estimates. Finally, some
operator equation is very interesting task which is widely numerical results are presented to demonstrate our
used in both theoretical and applied areas of mathematicsipproach.

Newton’s method is well known method for solving
nonlinear equation with quadratic convergence.

Xer1 =X — F (%) 'F (%), k=012.. (2)

One of the most important results on Newton’s method is

the well known Newton-Kantorovich theoremld].

Recently many progress in Newton’s method is referre

to [4,5,6]. Also Rall [14], has proposed a different

approach for the semilocal convergence of same scheme (A1) |IoF (%) <n,

with the help of recurrence relations. In literature, many (A2) Nl < B

researcher have developed a number of higher order of b ’

convergence method based on Newton’s metig 8,4, (A3) [[F"(x0)l <M, x€D,
(A4) [[F"(x0)[| <N, x€D,
(AS)

2 Preliminary results

Let xg € D and the nonlinear operatér: D C X — Y be
continuously third-order Fréchet differentiable wherés

(&N open set an¥ andY are Banach spaces. We assume
that

>

7,10,17]. In this paper, we consider the semilocal
convergence for the fourth order method presente@|in [ A5) there exist a positive real numhesuch that

We first extend this method in Banach spaces and write it

as IF” (%) = F" (i)l < LlIx=yll, ¥ x,yeD. (4)
Yie =X — NeF (%) Now, we first give some approximation of the operdtor
1 in the following lemma and which will be used in later
X1 =Yk — (2[Yio X F] 77 = M) F (V) () results.

* Corresponding author e-madeepak.babbi@gmail.com

(@© 2019 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amisl/070102
deepak.babbi@gmail.com

12 NS 2 D. Kumar, J.R. Sharma: Semilocal convergence of fourthratdeative. . .

Lemma 2.1 [10] Assume that the nonlinear operator Furthermore, we can define the following sequences for
F:D c X — Y is continuously third-order Feichet n>0

differentiable where D is an open set and X and Y are Nne1 = dnNn, (20)
Banach spaces. then we have

1 = h(an)Bn, 11
F(Xni1) = EFN(Xk) (Yk — %) (K1) — Z) P2 = @) b
1
—+§/ (F (-+ 5 (0~ %) — F" (%) d(i— %) Bnt1 = MPnfln1, (12)
0
x (X —Z
(e =2 Do 1= NBuIZ. 1. 13)
—/O (F' (% +th) = F'(yi+t(z — yi))) T F ()
1 Cne1 = LBl 1, (14)
| (@t ten —20) ~ Fiyo)
X (x(kJrl> —Z). (5) dnt1=h(an;1P(an+1,bn11,Cni1)- (15)
From the definitions o1, bn+1,Ch1 and 2—(14), we
) . . __also have
We now define the following some scalars functions — h(a)d (16)
that will be used in the later developments. Let an+1 = N(@n)Cnahn,
bn+1 = h(an)d3an, (17)
t(3—-t
PO = 57— © ;
Cn+1 = h(an)dnan. (18)
Next, we shall study the some more properties of the
g(t) =1+ p(t) previous scalars sequences. Later developments will
H3_t require the following lemma.
=1 (38-1) (7 Lemma 2.3 Let the real functions g, h andl be given in

2(1-1)’ (7)-© and s be the smallest zero of the scalar
functiongt)t — 1. If

1
_ <sand do < 1, 19
h(t) = g0’ (8) ao fao)do (19)
then we have
(t—3)%% (t—-3)(t?—t—2)? (1) h(ap) >1and d, < 1forn>0,
U= Bt-12 a8t-13 - (2) the sequence§n}, {an}, {bn}, {cn} and{dn} are
2_t_9)2(20—4f —t2 _ t3 1 3t4 decreasing,
+ =2 (1152(tt_1;4 SRS VNO) (3) 9g(@n)an < Land hay)dy < 1forn>0.

Proof. By Lemma (2.2) and 19), h(ap) > 1 and
Let q(t) = g(t)t — 1, thenq(t) has at least one zero in do < 1 hold. It follows from the definitions that; < no,
(0,3) since q(0) = —1 and q(1/2) = 3 > 0. Some @1 <o, b1 < by, ¢1 < Co. Moreover, by Lemma (2.2), we
properties of the functions defined above are given in théhaveh(a) < h(ao) andp(as,ba,c1) < p(ao,bo, o). This
following lemma. yields d; < dp and item (2). Based on these results we
Lemma 2.2 Suppose the real functions g, h afidbe given ~ Obtaing(ai)as < g(ap)ap < 1 andh(az)d; < h(ag)do < 1
in (7), (8) and @) and s be smallest positive zero of the and item (3) holds. By induction we can derive that items

scalar function gt)t — 1. Then (1), (2) and (3) hold. _
Lemma 2.4 Assume that the real functions g, h adn

(1)g(t) and W) are the increasing and(@) > 1, h(t) > 1 (7)—(9) . Let 6 € (0,1), then d6t) < g(t), h(6t) < h(t)
fort € (0,s), , and ¢ (6t, 0%u, 83v) < 8% (t,u,v) for t € (0,p), where s

(2)¢(t,u,v) is increasing for tc (0,s),u>0,v> 0. is the smallest zero of the scalar functioft )y — 1.
Assume that the conditions (A1)-(A5) hold. We now  Proof. For6 € (0,1) andt € (0,p), by using the 7)—

denoteno=n, o= B, a=MBn,b=MpBn2 c=MpBn3 (9), the lemma can be easny proved.

anddy = h(ag)p(ag,bo, o). Let ag < s andh(ag)dg < 1 Lemma 2.5 Let the assumptions of Lemma (2.3), yet

wheresis the smallest positive zero of the scalar function N(2)do, then )

g(tt—1. dr>Ay", n>0, (20)
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——. Also for n> 0, we have

whereA = h(ao

4n+1 -1

n
d > A"y (21)
[

Proof Since a; =
¢1 = h(ao)

di = h(yao)$ (vao, Y’bo, Y¥co) < y3do = y*' ~1do = AY*".

Supposed, < AV*, n > 1. Then by Lemma, we have

an1 < anp andh(an)dg < 1.
Thus

yao, b1 = h(ap)diby < y?bo,
d3co < y3co, by Lemma we have

)@ (h(an)dnan, h(an)d2bn, h(an)d3cn)
an) ¢ (h(an)dhan, h(an)?dabn, h(an)3d3cy)
< h( )%y
<Ay

Therefore it holds thad, < Ay*", n> 0.
By (20), we get

dn+1 <h(an

(22)

n n i n i ntl g
di < I—L)\Vt — AL :)\n+1y4—3—7 n>o0.
iDJ i=

This shows 21) holds. The proof is completed.
U

Lemma 2.6 Under the suppositions of Lemr@d. Lety =
h(ap)do andy_h 2" The sequencfny} satisfies

nnén/\y%_l,nzo. (23)

Hence the sequend@,} converges to zero. Moreover, for

n+m-1 4

—ATYE Ay ( z Alys, )

n n n+m
=AYT " (p-Ammy ),
we can obtain

(4 +2)
—A m+ly7

1Ay '

Furthermore, we have

p<A” v%“

n+m n+m 4

an<n(ZAVT)

. ymtl 4N(4My2)
- n)\”y4 1 1-A y i 3
= T

Thereforey ;_o Nn exists. O

3 Recurrence relations for the method

Here we denoteB(x,r) = {y e X : |ly—x|| < r} and
B(x,r) ={y€ X:|ly—x| < r}. Now we will derive in the
following the recurrence relations for the method
mentioned in 8) under the assumptions considered in the
previous section.

Forn = 0, the existence afy implies the existencg,
Xo andxz. And we have

[lYo —Xol| = [IFoF (o) || < no.

any n>0, m>1, it holds and
12
LI pme1, 2 .y IF(o)l < 5Mng
D =nAly 1Ay (24) Th B hereR = o 020l Let
= usyo € B(xo,RN), whereR = ot o ey L€
Proof.From (L0) and 0), we have us supposél (xo) = l'o([yn. Xn; F] — F'(x0)), then
X [H(0) | < @o.
n— . .
S L d Sinceap < 1, hence by Banach Lemma it shows that
fin =Cn—1In-1 = On-1Cn-2fn-2 ”(DJ ') H (x0) ! exists and satisfies
< n 4—ne,7—1 > 0.
SAATY'T, n2 0 0+ Hoo) ) < 7
Becaus&l < 1 andy < 1, it follows thatn, — 0 asn — co. .
Let Consequently, we derive
n+m _ i
p= z A%, e-1o _Po
[Ynaxn,F] S1ay
wheren > 0,m> 1. Since Similarly
an n 41 ap(3
PS)\"VTﬂLVl(z/\VT) [0 — YO||_ﬁﬂo—P( )Mo
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and (I) There existy = [F'(x,)] "t and ||| < Bn,
(I [[TnF (%a)[] < N,
%1 =Xoll < [[x1 = Yol + [[Yo—Xol, (I M [|Ta[|TF (xn) || < @ and||Kg (Xn)[| < @,

(V) N||I_n||I_F(Xn)H2 < by,
(V) LIl FF (%) |2 < cn,

a0(3—ao)
< (m + 1) No, (Vl) ||Xn+1—XnH < g(an)nn’
(VID) [[Xn41 —Xn|| < RN, Where R= gg_a%_
< 9(ao)No-

] N ) Proof The proof of (I)-(VI) follows by using the
From the assumptiody < g7 < 1, it follows that  apove-mentioned way and invoking the induction

X1 € B(xo,Rn). hypothesis. We only consider (VI). By (VI) and Lemma
By ap < sandg(ap) < g(s), we have (2.6) we obtain
n .
11— ) < Il (x0) )| a0l = g s =l
=
n
< MPBox1 —xol| < %g(a)m
=
< aog(ao) < 1. n
It follows by Banach Lemma thafy = [F/(x;)]~? Sg(aO)i;m
exists and B
N1, 42
Bo - 1-AMty 3 R
nl<-—"™___n — B <9g(a)n———5— <Rn,
[l < 1= a0g(a) (@0)Bo = B1 1—do

Using the required relations which are obtained above, Sincey < 1,A < 1andAy= do. The lemma is proved.
we can derived that

1 .
IF(yo)|| < EMng, 4 Semilocal convergence
1 1 Lemma 2.8 Let R= %&—agg. If h(ap)do < 1, then R< 1.
[IF(x1)] < EMHxl —yoll?+ 6NHX1 — yol| |1 — %o||? Proof The proof is immediate by the definitions.
1 1 Now we give a theorem to establish the semilocal
+ %LIIYO — Xol|[|X1 — X0H2+ ﬂL”Xl _ XoH4, convergence of3), the existence and uniqueness of the

solution and the domain in which it is located, along with
a priori error bounds, which lead to thR-order of
convergence at least four of iteratids) (

p(ao)? P(a0)g*(a0) \, 2 Theorem 1 Let X and Y be two Banach spaces and
IFCal < < 2 Mo+ 6 Nn F:D C X —Y be athree times Echet differentiable on
) 5 a non-empty open convex subset D. Assume thatD
L9 (a0)(2+39%(20)) | 3 o and all the conditions (A1)-(A5) hold.Letya= MBn,
72 bo = NBn? ¢ = LBn* and d = h(ao)¢(ao,bo,co)

N satisfy @ < s and g, h,¢ are defined by {)— (9). Let
In addition, we have B(xo,Rn) € D where R= gg—agg, then starting from ¥ the

sequencéx, } generated by the metho8)(converges to a
M| F < h(ap)doap = ) ) A vhadddid

IT2[lIF2F (xa)ll < h(20)dodo = &, solution X of F(x) with >, x* belong toB(xp,Rn) and X
is the unique solution of &) in B(xo, 75 — Rn)ND.

2 2 _
N[IF[[lIF2F (x0) ]| < h(ao)dgbo = by, Moreover, a priori error estimate is given by

M| F2l|IF2F (xa) ]| < h*(ao)dgco = c1.

Repeating the above derivation, we can obtain the
system of recurrence relations given in next lemma.
Lemma 2.7 Let the assumptions of Lemma and the Wherey = h(ao)do andA = g5
conditions (A1)-(A5) hold. Then the following items are ~ Proof. By Lemma (2.7), the sequenden} is well

true foralln> 0: defined inB(xp, Rn). Next we prove thafx,} is a cauchy

X0 — X[ < gag)n A"y = (25)

_
1_)\y4n7

1
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sequence. Since

n+m-1
Posm—all <Y 1=
i=n

n+m-1
< > 9@)ni
i=n
n+m—
Z N
N1y
n, s 11-AMy
<d(ag)nA"y 3 —1iaap (26)

5 Numerical results

We consider the nonlinear integral equatibiix) = O,
where

F(x)(s) = —1+% /0 “scosx(t)dt,  (35)

wheres € [0,1] andx € D = B(0,2) C X. Here,X =
CJ[0,1] is the space of continuous functions 1] with
the max-norm,

[IXI] = madsc(o,1y[X(S)]-
We can obtain the derivatives of given by

It follows that{x,} is a cauchy sequence. So there exist a

x* such that lim_c Xn = X*.
By lettingn = 0, m— o in (26), we obtain

X" = ol < Rn. (27)

This shows<* € B(xg,Rn).
Now we prove thak* is a solution of~ (x) = 0. Since
ITolHIF (%) | < [ITallIF (%) [l < Nn. (28)

By letting n — o in (28), we obtain||F(x,)|| — O since

9(an) < g(a
in D, we obtainF (x*) = 0.

We prove the uniquenessxfin B(xo
since it follows by Lemma

~Rn)ND,

__Rn (——R)n>—l7>Rl‘l, (29)

MB

and therB(xo, R) C B(o, i3 — R)ND.
Letx™* be another zero d¥ (x) in B(xo, yi5 — R1) ND
By Taylor theorem, we have

1
0=F( :/ F/((1— X" +tx)dt(x™ —x°).
i (30)
Since
1
Il [ IF(@—0x +109) - Fledtl (31

1
<mp | [(1—t>|\x*—xo||+t||x**—xO|\dt (32)

) andn, — 0. Hence, by the continuity of F

FI00y(s) =Y(3) ~ 3 [ SSIX(O)y(Uat y <D,

1 r1
F'(xyz(s) =~ | scosx(t)y(t)zlt)dt, .z .
Furthermore, we have
" 1
IF"(0ll < 5 =M, xeD,

1

[F”x)|| <==N,xeD

N

and the Lipschitz condition with = 5

1
IF" () =F"y)ll < 5lIx=yll, xy € D.

A constant function, i.exp(t) = %, is chosen as the

initial approximate solution. It follows that
1 4
F < -cos:.
(%) < 5 cosz
In this case, we have

1 4
I =F ) < 5sin

3

and then by Banach lemma we include thgtexists
and satisfies

MB
RN+ ——Rn|= (33) 2
[ MB [Mo|| < > sk EB.
it follows by Banach lemma that 3
JEF((1—t)x* +tx*)dt is invertible and hence™ = x*. It follows that
Finally, by lettingm — o in (26), we obtain 25) and co%
furthermore [[FoF (Xo) || < > el
— Sing
4n
%0 — X7 < % (y%) (34) Therefore, we obtain
y3(l—do
This means that the method given I8) {s of R-order a0 = MBI = cos;
of convergence at least four. (2— sing)z’
(@© 2019 NSP
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[71J.A. Ezquerro, M.A. Hernandez, Appl. Math. Optiml,
) cos} 227-236 (2000).
bo =NBn* = (2—sin4)3’ [8] J.M. Gutiérrez, M.A. Hernandez, Comput. Math. App6,
3 1-8(1998).
CO%4 [9] M. Grau-Snchez, . Grau, M. Noguera, Appl. Math. Comput.
co=Lpns= - 218, 2377-2385 (2011).

(2— S|n§)4 [10] Hernandez, M.A., Salanova, M.A., Southwest. J. PypplA

As a result, we compute

g(ap) = agg(ag) — 1~ —0.689073< 0

Table 1: Results of recurrence relations

n n B an bn Cn dn

0 0.2288 1.9454 0.2225  0.0509 0.0116 0.0348

1 2.66e-3 2.82083 3.75e-3 1.00e-5 2.67e-8 7.173e-8
2 7.12e-11 2.83155 1.00e-10 7.17e-21 5.10e-31 1.36e-30

3 3.63e-41 2.83155 5.14e-41 1.87e-81 6.80e-122 1.82e-121
4 2.47e-162 2.83155 3.50e-162 8.65e-324 2.14e-485 533e-4
5 5.29e-647 2.83155 7.49e-647 3.96e-1293 2.10e-1939-3%2®

and
doh(ap) ~ 0.0505026< 1.

This means that the hypotheses of Theorem 1 is
satisfied. Hence the recurrence relations for the method

given by @) is demonstrated in Table 1. Besides, the
solution x* belongs to
B(xo,Rn) = B(4/3,0.331255--) C D and it is unique in
B(4/3,1.72408 --)D.

6 Conclusion

A system of recurrence relations is developed to establish
the semilocal convergence of a modified Newton’s method

(3) used to solvindg-(x) = 0 in Banach spaces. Based on

the recurrence relations, an existence uniqueness theoren

is also established to show tReorder convergence of the
method to be four. A numerical example is worked out to

demonstrate our approach and show that our method cal

be of practical interest.
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