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Abstract: In this paper, rapidly convergent approximation method (RCAM) is applied for seek of exact solutions of chiral nonlinear
Schrodinger’s equation (NLSE) in (1+2)-dimensions. Application of this method gives series solution which convergesto the exact
analytic solution of NLSE from which several kinds of exact solutions are constructed. The solutions comprise bright, dark, kink,
soliton, singular solution and periodic solutions. The parametric conditions for existence of chiral solutions are also presented.
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1 Introduction

Nowadays, the research of finding solutions of nonlinear
evolution equations (NLEEs) which model several
physical phenomena are challenging and fascinating task.
NLEEs arises in various fields of science and engineering,
especially in mathematical physics. Their closed form
solutions provide us a complete concept of the physical
phenomena, which help to analyze and understand the
physical processes that are modeled by NLEEs. So
finding their solution have great importance in mentioned
fields. There are several solutions like, shock wave,
solitons, plane wave, cuspons, peakons, rogons that can
be constructed from this equations. All this various types
solutions cannot be obtained by one method. Hence
developing a new method which able to provide various
types of solutions of NLEEs have drowned a lot of
interests of researchers. The nonlinear Schrodinger
equation (NLSE) is the generic model in nonlinear
physics governing wave evolution in optics [1, 2],
Bose-Einstein condensates [3–5], plasma physics [6, 7],
fluid dynamics and nuclear physics [11]. Recently, it is
observed that chiral NLSE plays important role in Hall
effect and optical fiber. Many result [12–18] have been
reported for this model in past those are on soliton
perturbation theory, application of semi inverse
variational principle and Lie symmetry analysis.

Many powerful methods have been developed to
construct exact solutions of nonlinear evolution equations,
such as the Jacobi elliptic function expansion [8], the
tanh-function expansion [9], ansatz method [10], and so
on. One of the most effective simple flexible methods to
develop the solitary wave solutions of nonlinear evolution
equations is the Adomian decomposition method [20,21].
Which is a simple and effective iterative method for the
computation of series solutions, was first proposed by
Adomian [20]. This method was further developed by
many authors among them one is P. K. Das and M. M.
Panja [22]. Recently, same authors [23] have proposed a
rapidly convergent approximation method (RCAM) as a
modification of previous work and applying this scheme
they obtained 1-soliton solution of many important well
known nonlinear mathematical physics models. And they
have shown that this scheme is very useful and efficient
tool for constructing soliton solution of single as well as
system of nonlinear differential equations. In this paper,
RCAM is applied to chiral NlSE in (1+2)-dimensions to
look for exact solution.

The objective of this paper is to investigate the chiral
NLSE in (1+2)-dimensions by RCAM. Using this method
derived several kinds of exact travelling wave solution of
NLSE. Furthermore, the condition on parameters for
existence of this solutions presented. Here, for the first
time to my knowledge, chiral NLSE in (1+2)-dimensions
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is solved by RCAM and this method can construct eight
types of solution is shown.

The present paper is organized as follows. After this
introduction Section 2 contains a brief review of RCAM.
In Section 3 we presented conversion of chiral NLSE to
two different ODEs. Section 4 and 5 contains solution
obtaining technique of these two ODEs by RCAM and
finally using these solutions we obtained eight different
solutions of chiral NLSE. Last Section 6 is devoted to
research perspective.

2 The Rapidly Convergent Approximation
Method

First consider a second order differential equation of the
form

u′′(ξ )−λ 2u(ξ ) = N [u](ξ )+ g(ξ ), ξ ∈ (−∞,∞), (1)

whereN [u] is an nonlinear term inu, and g(ξ ) is the
inhomogeneous or source term, continuous over the
infinite domain of independent variable. Now (1) can now
be recast into the form

Ô[u](ξ ) = N [u]+ g(ξ ), (2)

where the linear operator̂O[·] given by

Ô[·](ξ ) = eλ ξ d
dξ (e

−2λ ξ d
dξ (e

λ ξ [·]). (3)

One may reinterpret the inverse operatorˆO−1 as a twofold
integral operator given by

Ô−1[·](ξ ) = e−λ ξ ∫ e2λ ξ ∫ e−λ ξ [·](ξ ) dξ dξ . (4)

In this case operation of̂O−1 onu
′′
(ξ )−λ 2u(ξ ) gives

Ô−1(u
′′
(ξ )−λ 2u(ξ ))

= e−λ ξ
∫

e2λ ξ
∫

e−λ ξ (u′′(ξ )−λ 2u(ξ )) dξ dξ

= e−λ ξ
∫

e2λ ξ (e−λ ξ u′(ξ )+λ e−λ ξ u(ξ )+ c)dξ

= u(ξ )− c+ eλ ξ − c− e−λ ξ
, (5)

wherec, c+ andc− integration constants. OperatinĝO−1

on both sides of (2) and use of (5), leads to

u(ξ )= c+ e+λ ξ +c− e−λ ξ +Ô
−1[N [u]](ξ )+Ô

−1[g](ξ ).
(6)

Assuming λ > 0 and using the vanishing boundary
condition u(∞) = 0 for localized solution of (1) within
[0,∞) we can obtainc+ = 0, thus

u(ξ )= c− e−λ ξ +Ô
−1[N [u]](ξ )+Ô

−1[g](ξ ), ξ ∈ [0,∞).
(7)

To evaluate terms involving the unknownu(ξ ) in R.H.S of
(7), one writes

u(ξ ) =
∞

∑
n=0

un(ξ ) (8)

and recasts the nonlinear term into

N [u]](ξ ) =
∞

∑
m=0

Am(u0(ξ ),u1(ξ ), · · · ,um(ξ )), (9)

whereAn(ξ ), n ≥ 0 are Adomian polynomials [20,21] for
nonlinear term can be obtained by using the formula

Am(ξ ) =
1

m!
[

dm

dεm N (
∞

∑
k=0

ukεk)]ε=0, m ≥ 0. (10)

The correction to the leading order due to presence of
nonlinearities are obtained by executing the following
steps

u0(ξ ) = c− e−λ ξ + Ô−1[g](ξ ) (11)

with

un+1(ξ ) = Ô
−1[An](ξ ), n ≥ 0. (12)

It is important to note that whenever the domain
becomes(−∞,0], instead of using vanishing boundary
conditionu(∞) = 0, for localized solution of (16) we use
u(−∞) = 0 in (6) and get

u(ξ ) = c+ e+λ ξ + Ô
−1[N [u]](ξ )+ Ô

−1[g](ξ ), ξ ∈ (−∞,0].
(13)

similarly following the previous steps, higher order
corrections over leading order approximation can be
obtained recursively from

u0(ξ ) = c+ e+λ ξ + Ô−1[g](ξ ) (14)

and

un+1(ξ ) = Ô−1[A ]n(ξ ), n ≥ 0. (15)

In case ofλ < 0, one has to proceed in the same way
by retaining the term involvinge+λ ξ .

3 Application of the RCAM to chiral NLSE

In [19], M. Eslami studied the chiral NLSE in
(1+2)-dimensions

iqt + a(qxx + qyy)+ i{b1(qq∗x − q∗qx)

+b2(qq∗y − q∗qy)}q = 0,
(16)

where the first term is the evolution term, whilea
represents the coefficient of dispersion term. Also,b1 and
b2 are the coefficients of nonlinear coupling terms. In
order to solve Eq.(16)we apply the transformation

q(x,y, t) = {A+ u(ξ )}eiφ(x,y,t)
, (17)

whereu(ξ ) is the amplitude portion of the solution, while
phase portionφ(x,y, t) andξ are given below

ξ = B1x+B2y−2a(k1B1+ k2B2)t,

φ(x,y, t) = k1x+ k2y+ωt +θ .
(18)
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Under this transformation NLSE (16) reduces to the
travelling wave equation

a(B2
1+B2

2)u
′′+ {6A2(b1k1+ b2k2)− a(k2

1+ k2
2)−ω}u

+6A(b1k1+ b2k2)u
2+2(b1k1+ b2k2)u

3

+A{2A2(b1k1+ b2k2)− a(k2
1+ k2

2)−ω}= 0.

(19)

For localised solution equating constant term with zero we
get

A{2A2(b1k1+ b2k2)− a(k2
1+ k2

2)−ω}= 0. (20)

Solving for A we get

A = 0,±±±
√

−λ 2

δ
, (21)

whereλ , δ are given by

λ =

√

a(k2
1+ k2

2)+ω
a(B2

1+B2
2)

, δ =−2(k1b1+ k2b2)

a(B2
1+B2

2)
. (22)

4 Case-I ( When A = 0 )

Using A = 0 in Eq (19) we get the following differential
equation

u′′(ξ )−λ 2u(ξ ) = δ u(ξ )3
. (23)

Application of RCAM, to (19)gives following iteration
formulae

u0(ξ ) = c± e±λ ξ
,

un+1(ξ ) = Ô
−1[An](ξ ), n ≥ 0,

(24)

whereAn(ξ ), n ≥ 0 are calculated using formulae (10).
Hence from (25) the successive terms are given by

u0(ξ ) = c± e±λ ξ
,

u1(ξ ) =
δ
(

c±e±λ ξ
)3

8λ 2 ,

u2(ξ ) =
δ 2
(

c±e±λ ξ
)5

64λ 4 ,

· · · · · ·

un(ξ ) = c±8−ne±λ ξ

(

δc2
±e±2λ ξ

λ 2

)n

,

· · · · · ·

(25)

The closed form of series solution of (23) is given by:

u(ξ ) =
∞

∑
n=0

un(ξ )

=
8c±λ 2e∓λ ξ

8λ 2e∓2λ ξ − δc2
±
.

(26)

Now using (26) with (21) in (17) we can find solution of
NLSE (16) in the following form

q =
8c±λ 2e∓λ ξ

8λ 2e∓2λ ξ − δc2
±

eiφ(x,y,t)
, (27)

whereφ(x,y, t), ξ (x,y, t), λ andδ are given in (18) in (22)
respectively. Depending on values ofλ andδ this solution
can be recast in the following forms

q1(ξ ) =
√

−2λ 2

δ

× sech

[

±λ ξ +
1
2

log

(

−δc2
±

8λ 2

)]

eiφ(x,y,t)
,

(28)

q2(ξ ) =
√

2λ 2

δ

× csch

[

±λ ξ +
1
2

log

(

δc2
±

8λ 2

)]

eiφ(x,y,t)
,

(29)

these solutions exists whenλ is real and 2λ 2δ > 0.

q3(ξ ) =

√

2λ 2
1

δ

× sec

[

±λ1ξ − i
2

log

(

δc2
±

8λ 2
1

)]

eiφ(x,y,t)
,

(30)

q4(ξ ) =

√

2λ 2
1

δ

× csc

[

±λ1ξ − i
2

log

(

−δc2
±

8λ 2
1

)]

eiφ(x,y,t)
,

(31)

these solutions exists whenλ is pure imaginary (ie,
λ = i λ1), 2λ 2δ > 0 and values ofc± are so chosen that
trigonometric functions becomes real.

5 Case-II (When A =±±±
√

−λ 2

δ )

For A = ±±±
√

− λ 2

δ Eq (19) reduces to the following
differential equation

u′′(ξ )+2λ 2u(ξ ) =∓∓∓3
√

−λ 2δu(ξ )2+ δ u(ξ )3
. (32)

Application of RCAM, to (19)gives following iteration
formulae

u0(ξ ) = c± e±λ ξ
,

un+1(ξ ) = Ô
−1[An](ξ ), n ≥ 0,

(33)

whereAn(ξ ), n ≥ 0 are calculated using formula (10).
Hence from (33) the successive terms are given by

u0(ξ ) = c±e±
√

2
√
−λ 2ξ

,

u1(ξ ) =−
c2
±e±3

√
2
√
−λ 2ξ

(

c±δ ∓∓∓8
√
−δλ 2e±

√
2
√
−λ 2ξ

)

16λ 2 ,

· · · · · ·

(34)
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un(ξ ) =
c±2−5n−1λ−2ne∓

√
2
√

−λ 2(−2n−1)ξ
√

c3
±δ
(

c±δ ∓∓∓16
√
−δλ 2e∓

√
2
√

−λ 2ξ
)

×







(

±±±8c±
√

−δλ 2e∓
√

2
√

−λ 2ξ +

√

c3
±δ
(

c±δ ∓∓∓16
√

−δλ 2e∓
√

2
√

−λ 2ξ
)

+ c2
±(−δ )

)n+1

−
(

±±±8c±
√

−δλ 2e∓
√

2
√

−λ 2ξ −
√

c3
±δ
(

c±δ ∓∓∓16
√

−δλ 2e∓
√

2
√

−λ 2ξ
)

+ c2
±(−δ )

)n+1






,

· · · · · ·

(35)

The closed form of series solution of (32) is given by:

u(ξ ) =
∞

∑
n=0

un(ξ )

=
2c±λ 2

2λ 2e±
√

2
√

−λ 2ξ ∓∓∓ c±
√
−δλ 2

.

(36)

Now using (36) with (21) in (17) we can find solution of
NLSE (16) in the following form

q =

[

2c±λ 2

2λ 2e±
√

2
√
−λ 2ξ ∓∓∓ c±

√
−δλ 2

±±±
√

−λ 2

δ

]

eiφ(x,y,t)
, (37)

whereφ(x,y, t), ξ (x,y, t), λ andδ are given in (18) in (22)
respectively. Again depending on the values ofλ and δ
this solution can be recast in the following forms

q5(ξ ) =∓∓∓
√

−λ 2

δ

× tanh

[

±
√

−λ 2

2
ξ ∓∓∓ 1

2
log

(

±±±c±
2

√

− δ
λ 2

)]

× eiφ(x,y,t)
,

(38)

q6(ξ ) =±±±
√

−λ 2

δ

× coth

[

±
√

−λ 2

2
ξ ±±± 1

2
log

(

±±±c±
2

√

− δ
λ 2

)]

× eiφ(x,y,t)
,

(39)

these solutions exists whenλ is pure imaginary and
−λ 2δ > 0.

q7(ξ ) =
√

λ 2

δ

× tan

[

±
√

λ 2

2
ξ +

i
2

log

(

c±
2

√

− δ
λ 2

)]

× eiφ(x,y,t)
,

(40)

q8(ξ ) =−
√

λ 2

δ

× cot

[

±
√

λ 2

2
ξ +

i
2

log

(

−c±
2

√

− δ
λ 2

)]

× eiφ(x,y,t)
,

(41)

these solutions exists whenλ 2 is real,λ 2δ > 0 and value
of c± is so chosen that trigonometric functions becomes
real.

6 Conclusion

In summary, applying RCAM, we have found closed form
solution of chiral NLSE, from which eight types solutions
constructed. The main strength of this method is that it
does not need any guessing of forms of solutions as other
methods like tanh, Jacobi elliptic function method, ansatz
method etc. requires. It should be noted here that the
RCAM not only can generate regular solutions, but also
singular ones involving csch, coth functions. The
obtained solutions establish that method is an effective
and powerful tool for solving nonlinear differential
equations arising in mathematical physics. It remains an
open problem as how to generalize this method in order to
deal with nonlinear differential equations with variable
coefficients.

Acknowledgement

The author is grateful to Associate Professor M. M. Panja
of Department of Mathematics, Visva-Bharati (a central
University) for valuable discussions.

References

[1] Wen-Jun Liu,Bo Tian, Hai-Qiang Zhang, Tao Xu, He Li,
Solitary wave pulses in optical fibers with normal dispersion
and higher-ordere ffects, Phys.Rev.A79, 063810 (2009).

c© 2018 NSP
Natural Sciences Publishing Cor.



Sohag J. Math.5, No. 1, 29-33 (2018) /www.naturalspublishing.com/Journals.asp 33

[2] R. Yang, R. Hao, L. Li, Z. Li, G. Zhou, Dark soliton solution
for higher-order nonlinear Schrdinger equation with variable
coefficients, Opt.Commun.242, 285-293 (2004).

[3] S. Burger, K. Bongs, S. Dettmer, W. Ertmer, K. Sengstock,
A.Sanpera, G. V. Shlyapnikov, M. Lewenstein, Dark solitons
in Bose?Einstein condensates, Phys.Rev.Lett.83, 5198-5201
(1999).

[4] L. Khaykovich, F.Schreck, G. Ferrari, T. Bourdel, J.
Cubizolles, L. D. Carr, Y. Castin, C. Salomon, Formation of
a matter-wave bright soliton,Science296, 1290-1293 (2002).

[5] K.E. Strecker, G. B. Partridge, A. G. Truscott, R. G. Hulet,
Formation and propa- gation of matter-wave soliton trains,
Nature417, 150-153 (2002).

[6] E.Infeld, Nonlinear Waves, Solitons and Chaos, 2nd ed.,
Cambridge University Press, Cambridge, UK, 2000.

[7] P. K. Shukla, A. A. Mamun, Solitons shocks and vortices in
dusty plasmas, New J. Phys.5 (2003)17.

[8] E. J. Parkes, B. R. Duffy, P. C. Abbott, The Jacobi elliptic-
function method for finding periodic-wave solutions to
nonlinear evolution equations, Phys. Lett. A295 280 (2002).

[9] S. A. Elwakil, S. K. El-labany, M. A. Zaharan, R.
Sabry, Modified extended tanh-function method for solving
nonlinear partial differential equations, Phys. Lett. A299
(2002) 179.

[10] H. Triki, A. Biswas, Dark solitons for a generalized
nonlinear Schrdinger equation with parabolic law and dual-
power law nonlinearities, Math.Methods Appl. Sci.34 (2011)
958-962.

[11] E. R. Arriola, W. Broniowski, B. Golli, Chiral solitonsin the
spectral quark model, Phys. Rev. D76 014008 (2007).

[12] Biswas, A.: Perturbation of chiral solitons. Nuclear Phys. B
806, 457-461 (2009)

[13] Biswas, A.: Chiral solitons with time-dependent
coefficients. Int. J. Theor. Phys.49, 79-83 (2010)

[14] Biswas, A.,Milovic,D.: Chiral solitons with Bohm potential
by He?s variational principle. Phys. Atomic Nuclei74, 781-
783 (2011)

[15] Biswas, A., Kara, A.H., Zerrad, E.: Dynamics and
conservation lawsof generalized chiral solitons. Open
Nuclear ParticlePhys.J.4, 21-24 (2011)

[16] Johnpillai, A.G., Yildirim, A., Anjan, B.: Chiral solitons
with Bohm potential by lie group analysis and traveling wave
hypothesis. Rom. J. Phys.57, 545-554 (2012)

[17] Ebadi, G. Yildirim, A. and Biswas, A.: Chiral solitons with
bohm potential using g/g method and exp-function method.
Rom. Rep. Phys.64, 357-366 (2012)

[18] Mirzazadeh, M., Arnous, A.H., Mahmood, M.F., Zerrad,E.,
Biswas, A. Soliton solutions to resonant nonlinear
Schrodinger’s equation withtime-dependent coefficients
by trial solution approach. Nonlinear Dyn.81, 277-282
(2015)

[19] M. Eslami, Trial solution technique to chiral nonlinear
schrodingers equation in (1+ 2)-dimensions, Nonlinear
Dynamics85, 813-816 (2016).

[20] G. Adomian, Solving frontier problems of physics: The
Decomposition Method, Kluwer, 1994.

[21] J.S. Duan and R. Rach, ”A new modification of the adomian
decomposition method for solving boundary value problems
for higher order nonlinear differential equations”, Appl.
Math. Comput.,218, 4090 - 4118 (2011).

[22] Prakash Kumar Das and M.M. Panja, An Improved
Adomian Decomposition Method for Nonlinear ODEs,
Applied Mathematics, Springer Proceedings in Mathematics
and Statistics146, 193-201 (2015).

[23] Prakash Kumar Das and M.M. Panja, A Rapidly Convergent
Approximation Method for Nonlinear Ordinary Differential
Equations, IJSEAS,2, 334-348 (2016).

Prakash Kumar
Das is Assistant Professor of
Mathematics at Raniganj T.
D. B. College, affiliated to the
University of Burdwan. His
research interests are in the
areas of applied mathematics
and mathematical
physics including the lie
symmetry analysis, numerical

approximation solution and analytical solution obtaining
techniques. He has published many research articles in
reputed international journals of mathematical and
engineering sciences. He is also registered research
scholar of Visva-Bharati(a central university).

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	The Rapidly Convergent Approximation Method
	Application of the RCAM to chiral NLSE
	Case-I ( When A=0 )

