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Abstract: For fractional derivative order constrained systems, the Hamilton-Jacobi formulation in terms Riemann-Liouville 
fractional derivative was developed. The equations of motion are written as total differential fractional equations fractional 
in many variables using this formalism. We use the Hamilton-Jacobi formulation in terms of Riemann-Liouville fractional 
derivative to study Podolsky electrodynamics, comparing our results to those obtained using the Euler-Lagrange Riemann-
Liouville fractional derivative method. A fractional difference will be presented as a minor adjustment to a Hamilton-Jacobi 
derivation formula that is more compatible with the traditional similarity. After generalizing Podolsky electrodynamics for 
constrained systems with fractional second-order Lagrangians, a new formulation is used to help the reader understand the 
conclusions. 
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1 Introduction 
 

Several methods have been developed to generalize the concept of derivative and integral to a non-integer order, and several 
alternative definitions of fractional derivatives have appeared [1-3]. Fractional calculus has been successfully applied in 
various fields in recent years, including chemistry, biology, modeling and recognition, electronics, and wave propagation. 
Fractional calculus has been successfully applied in various fields in recent years, including chemistry, biology, modeling 
and recognition, electronics, and wave propagation. Technology, physics, pure and applied mathematics, have benefited from 
fractional calculus [4, 5]. Latest studies of scaling dynamics have used fractional derivatives [6, 7]. Fractional calculus has 
a wide range of applications in classical mechanics [8-11]. Ostrogradskii [12] was the first to establish a treatment for higher-
order derivatives theories, which leads to the Euler Lagrange equations and the Hamilton equations of motion. The Hamilton-
Jacobi formalism of systems with higher order derivatives was studied in ref.[12], where the action function was investigated 
for both constrained and unconstrained systems to find a solution to the appropriate set of Hamilton-Jacobi partial differential 
equations. They used it to obtain the solution of the equations of motion by the WKB approximation. By a different approach 
some authors studied the Hamiltonian formulation of higher order dynamical systems using Dirac’s approach to constrained 
dynamics [13, 14]. The path integral quantization of systems with higher order derivatives is investigated [15], where these 
systems are transformed into first order systems with constraints using the Hamilton–Jacobi [HJ] method [16-21]. Important 
applications of the [HJ] formalism, including systems of higher order derivatives, were also made in [22-24]. The action 
function is obtained for both constrained and unconstrained systems by solving the required series of Hamilton–Jacobi partial 
differential equations [HJPDEs] and used to determine the solution of the equations of motion by using the WK formalism 
[25]. The following are the main characteristics of the novel ideas presented in this manuscript. 
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The Lagrange characteristics approach is used to solve a class of nonlinear fractional partial differential equations. All 
of this knowledge is required to solve the Hamilton-Jacobi formulation for first order, specifically to uncover the 
properties of its fractional Hamilton-Jacobi equation, and thus to construct a unique formulation of the Hamilton-Jacobi 
formulation of the Podolsky electrodynamics. According to the findings of this study, because of the order of the 
fractional derivative and the fractional operator, fractional calculus allows for more flexible models than classical 
calculus. The fractional equation model It may be of interest to get further insight into the modeling of fractional 
equations using integrability requirements, which would allow us to generalize the formalism using equation motion of 
order n. First or second classes will be crucial in the current formalism for Lagrangians who order more than two. They 
now have a fractional calculus that is exactly identical to conventional calculus and is driven by a fractional Podolsky 
electrodynamics. To get this result, we had to return to the definition of fractional derivative, and we primarily suggested 
a concept based on fractional order difference, slightly modified the so-called Riemann-Liouville definition in terms 
(A"	,A%"	, A"	,	A%&)	.The Riemann-Liouville fractional derivative is a well-known extension of ordinary calculus, and 
practically all other fractional derivative formulations are subsets of the Riemann-Liouville fractional derivative. The 
Riemann-Liouville definition, on the other hand, satisfied all the mathematical principles within the scope of fractional 
calculus, and more importantly, when using Podolsky's generalized electrodynamics, we obtain initial conditions with 
Riemann-Liouville derivatives, which is both practical and mathematically realistic because we are within the scope of 
fractional calculus. The method is used to solve the Podolsky generalized electrodynamics problem. 

We extend the recently formed Hamilton-Jacobi formalism [17, 18] to include continuous second order Lagrangians. The 
following is the paper's main contribution: We now have a fractional calculus that is fully equivalent to normal calculus and 
is based on fractional Podolsky electrodynamics. To achieve this result, we had to return to the Hamilton-Jacobi formulation 
concept for first-order constrained systems, and we primarily proposed equations of motion of the system as total differential 
equations for the characteristics, and we rewrote the so-called Riemann-Liouville definition to generalize the problem caused 
by the nature of the constraints first or second class. It is structured as follows: 
l First and foremost, because we have introduced the derivative of Riemann Definitions and Properties, we will provide 

some background information on the Riemann Definitions (Section 2) so that the reader can relate our method to it. 

l This new fractional derivative concept will allow us to provide a solid foundation for the recent fractional Podolsky 
proposal while also allowing us to add some new results about (Section 3), specifically the Hamilton-Jacobi formulation 
for a general second order system. 

l We will then have all we need to generalize Lagrange's method of characteristics to solve a wide range of Lagrangian 
and Hamiltonian equation problems. This approach is applied to a continuous second-order system in Section 4. The 
approach entails solving a problem using both the Euler and Hamilton-Jacobi formalisms. As a result, we will have a 
considerably broader technique for solving Podolsky generalized electrodynamics than we do presently, which is 
limited to a few extreme examples [28, 29]. The conclusions are discussed in Section 6. 

2 Basic definitions 
 
Some basic concepts used in this work are briefly presented in this part of the study. The fractional derivatives of the left and 
right Riemann-Liouville are defined as follows: 
The fractional derivative left of Riemann-Liouville: 

𝐷* +
,𝑓(𝑥) =

1
Γ(𝑛 − 𝛼) 6

𝑑
𝑑𝑥8

9

: (𝑥
+

*
− 𝜏)9<,=>𝑓(𝜏)𝑑𝜏.																																																																																																																																																						(1) 

The right Riemann- Liouville fractional derivative 

𝐷+ ?
,𝑓(𝑥) =

1
Γ(𝑛 − 𝛼) 6−

𝑑
𝑑𝑥8

9

: (𝜏
+

*
− 𝑥)9<,=>𝑓(𝜏)𝑑𝜏.																																																																																																																																									(2) 

where Γ denotes the Gamma function, and 	𝛼		is the order of the derivative such that 𝑛 − 	1 < 	𝛼 < 	𝑛. If 𝛼 is an integer, 
these derivatives are defined in the usual sense, i.e. 
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𝐷* +
,𝑓(𝑥) = 6

𝑑
𝑑𝑥8

9

𝑓(𝑥)																																																																																																																																																															(3) 

𝐷* C
,𝑓(𝑥) = 6

𝑑
𝑑𝑥8

9

𝑓(𝑡)𝛼
= 1,2,.																																																																																																																																																														(4) 

3 The Lagrangian formulation of second order systems with fractional derivative 
 
The fractional Euler-Lagrange and Hamilton equations for variational problems were discovered in recent years [28]. He 
also offered some original thoughts and highlighted some of their potential applications. The method described in [29] is 
used in the present paper to obtain the Podolsky electrodynamic equations. In the Lagrangian, the dynamics of a physical 
system are encoded as a function of the positions and velocity of all the degrees of freedom comprising the system[28] . 
One considers paths in the configuration space to extract the dynamics. The position and velocity at each time and also the 
value of the Lagrangian is determined for a given direction. The continuous structure of Lagrangian density denoted by the 
dynamic field variables, generalized coordinate 𝝍𝝆 and its second-order derivatives, generalized 
velocities 𝐷+H ?

I 𝐷+J ?
I𝝍𝝆(𝑥, 𝑡)defined as 

ℒ = ℒ L
𝝍𝝆, 𝐷* +H

, 𝝍𝝆(𝑥, 𝑡), 𝐷+H ?
I𝝍𝝆(𝑥, 𝑡),

𝐷* +H
, 𝐷* +J

, 𝝍𝝆(𝑥, 𝑡), 𝐷+H ?
I 𝐷+J ?

I𝝍𝝆(𝑥, 𝑡)
M																																																																																																																					(5) 

For this Lagrangian density in fractional form, the Euler-Lagrange equation can be given as 

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝍𝝆

+
𝜕ℒ

𝜕 𝐷* +H
, 𝝍𝝆(𝑥, 𝑡)

+
𝜕ℒ

𝜕 𝐷+H ?
I𝝍𝝆(𝑥, 𝑡)

+
𝜕ℒ

𝜕 𝐷* +H
, 𝐷* +J

, 𝝍𝝆(𝑥, 𝑡)
+

𝜕ℒ
𝜕 𝐷+H ?

I 𝐷+J ?
I𝝍𝝆(𝑥, 𝑡)⎦

⎥
⎥
⎥
⎤

= 0																																																																																																																																																																																																									(6) 
Using the variational principle, we can write: 
𝛿𝑆 = ∫𝛿ℒ		𝑑\𝑥=0   
																																																																																																																																																																																																															(7) 
Using Eq. (5), the variation of ℒ is: 

𝛿ℒ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝍𝝆

𝛿𝝍𝝆

+
𝜕ℒ

𝜕 𝐷* +H
, 𝝍𝝆(𝑥, 𝑡)

𝛿 𝐷* +H
, 𝝍𝝆(𝑥, 𝑡) +

𝜕ℒ
𝜕 𝐷+H ?

I𝝍𝝆(𝑥, 𝑡)
𝛿 𝐷+H ?

I𝝍𝝆(𝑥, 𝑡)

+
𝜕ℒ

𝜕 𝐷* +H
, 𝐷* +J

, 𝝍𝝆(𝑥, 𝑡)
𝛿 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡) +

𝜕ℒ
𝜕 𝐷+H ?

I 𝐷+J ?
I𝝍𝝆(𝑥, 𝑡)

𝛿 𝐷+H ?
I 𝐷+J ?

I𝝍𝝆(𝑥, 𝑡)
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																														(8) 

Substituting Eq. (6) into Eq. (7), and using the following commutation relation 

_
𝛿 𝐷* +H

, 𝝍𝝆(𝑥, 𝑡) = 𝐷* +H
, 𝛿𝝍`(𝑥, 𝑡)

𝛿 𝐷+H ?
I𝝍𝝆(𝑥, 𝑡) = 𝐷+H ?

I𝛿𝝍`(𝑥, 𝑡)
a																																																																																																																																													(9) 

_
𝛿 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡) = 𝐷* +H

, 𝐷* +J
, 𝛿𝝍`(𝑥, 𝑡)

𝛿 𝐷+H ?
I 𝐷+J ?

I𝝍𝝆(𝑥, 𝑡) = 𝐷+H ?
I 𝐷+J ?

I𝛿𝝍`(𝑥, 𝑡)
a																																																																																																																					(10) 

we get, 
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:

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℒ
𝜕𝝍𝝆

𝛿𝝍𝝆 +
𝜕ℒ

𝜕 𝐷* +H
, 𝝍𝝆(𝑥, 𝑡)

𝛿 𝐷* +H
, 𝝍𝝆(𝑥, 𝑡)

+
𝜕ℒ

𝜕 𝐷+H ?
I𝝍𝝆(𝑥, 𝑡)

𝛿 𝐷+H ?
I𝝍𝝆(𝑥, 𝑡)

+
𝜕ℒ

𝜕 𝐷* +H
, 𝐷* +J

, 𝝍𝝆(𝑥, 𝑡)
𝛿 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡) +

𝜕ℒ
𝜕 𝐷+H ?

I 𝐷+J ?
I ∂d𝝍`(𝑥, 𝑡)

𝛿 𝐷+H ?
I 𝐷+J ?

I𝝍𝝆(𝑥, 𝑡)
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

𝑑\𝑥

= 0																																																																																																																																																																		(11) 
Integrating by parts the second and the third and the fourth and the fifth terms in Eq. (11) , This lead to Euler – Lagrange 
equations. 

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝍𝝆

− 𝐷* +H
, 𝜕ℒ
𝜕 𝐷* +H

, 𝝍𝝆(𝑥, 𝑡)
− 𝐷+H ?

I 𝜕ℒ
𝜕 𝐷+H ?

I𝝍𝝆(𝑥, 𝑡)

+ 𝐷* +H
, 𝐷* +J

, 𝜕ℒ
𝜕 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡)

+ 𝐷+H ?
I 𝐷+J ?

I 𝜕ℒ
𝜕 𝐷+H ?

I 𝐷+J ?
I𝝍𝝆(𝑥, 𝑡)⎦

⎥
⎥
⎥
⎤

= 0																																																																																																																																																																		(12) 
As a special case, taking σ,μ= 0,i. the Euler – Lagrange reduce to the original relations like: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝍𝝆

− 𝐷* C
, 𝜕ℒ
𝜕 𝐷* C

,𝝍𝝆(𝑥, 𝑡)
− 𝐷C ?

I 𝜕ℒ
𝜕 𝐷C ?

I𝝍𝝆(𝑥, 𝑡)

− 𝐷* +e
, 𝜕ℒ
𝜕 𝐷* +e

,𝝍𝝆(𝑥, 𝑡)
− 𝐷+e ?

I 𝜕ℒ
𝜕 𝐷+e ?

I𝝍𝝆(𝑥, 𝑡)

+ 𝐷* C
, 𝐷* C

, 𝜕ℒ
𝜕 𝐷* C

, 𝐷* C
,𝝍𝝆(𝑥, 𝑡)

+ 𝐷C ?
I 𝐷C ?

I 𝜕ℒ
𝜕 𝐷C ?

I 𝐷C ?
I𝝍𝝆(𝑥, 𝑡)

+ 𝐷* +e
, 𝐷* +e

, 𝜕ℒ
𝜕 𝐷* +e

, 𝐷* +e
,𝝍𝝆(𝑥, 𝑡)

+ 𝐷+e ?
I 𝐷+e ?

I 𝜕ℒ
𝜕 𝐷+e ?

I 𝐷+e ?
I𝝍𝝆(𝑥, 𝑡)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0																																																																																																																																																																					(13) 
Using the equation Euler-Lagrange, other motion equations are derived from the variables of the other fields (𝝓	and	𝑨𝒊	), 
as we get: 

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝓 − 𝐷* C

, 𝜕ℒ
𝜕 𝐷* C

,𝝓
− 𝐷* +e

, 𝜕ℒ
𝜕 𝐷+H ?

I𝝓

+ 𝐷* C
, 𝐷* C

, 𝜕ℒ
𝜕 𝐷* C

, 𝐷* C
,𝝓

+ 𝐷+e ?
I 𝐷+e ?

I 𝜕ℒ
𝜕 𝐷+e ?

I 𝐷+e ?
I𝝓⎦
⎥
⎥
⎥
⎤

= 0																																																																																																																																																																					(14) 

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝑨𝒊

− 𝐷* C
, 𝜕ℒ
𝜕 𝐷* C

,𝑨𝒊
− 𝐷* +e

, 𝜕ℒ
𝜕 𝐷* +e

,𝑨𝒊

+ 𝐷* C
, 𝐷* C

, 𝜕ℒ
𝜕 𝐷* C

, 𝐷* C
,𝑨𝒊

+ 𝐷+e ?
I 𝐷+e ?

I 𝜕ℒ
𝜕 𝐷+e ?

I 𝐷+e ?
I𝑨𝒊⎦

⎥
⎥
⎥
⎤

= 0																																																																																																																																																																					(15) 
If 𝛼 →1 is taken, we get the classical case equations for integer order[27]. 
The canonical variables (𝝍𝝆,	𝝅𝜶𝟏  ) and (𝝍%𝝆,	𝝅𝜶𝟐  ), where (𝝍%𝝆 = 𝐷* C

,𝝍𝝆), will then span the phase-space, and the Hamiltonian 
will be given by  
𝐻 = 𝝅𝜶𝟏𝝍%𝝆 +	𝝅𝜶𝟐 𝐷* C

r,𝝍𝝆 − 𝑳																																																																																																																																																					(16)  
This means that, the Hamiltonian is a function of the form 
𝐻 = 𝑯u𝝍𝝆, 𝝅𝜶𝟏,𝝍%𝝆, 𝝅𝜶𝟐, 𝒕w																																																																																																																																																													(17) 
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4  Fractional  Hamiltonian and Hamilton–Jacobi formulations 
 
Gfiler developed a new formalism for Connected first-order systems based on Caratheodory's equivalent Lagrangians 
approach for obtaining a series of Hamilton-Jacobi partial differential equations and writing the equations of motion as total 
differential equations. 
The Hamilton-Jacobi formalism will be developed to a general second-order  Lagrangian using Caratheodory's method in 
this section. Any second-order Lagrangian will derive from this formalism. Caratheodory's second-order equivalent 
Lagrangians approach According to Lagrangians, we can get acompletely equivalent Lagrangian L(𝝍𝝆,	 𝐷* C

,𝝍𝝆,	 𝐷* C
r,𝝍𝝆, 

t) by: 

𝐿y = 𝐿u𝝍𝝆, 𝐷* C
,𝝍𝝆, , 𝐷* C

r,𝝍𝝆, tw −
𝑑𝑠u𝝍𝝆, 𝐷* C

,𝝍𝝆, tw
𝑑𝑡 																																																																																														(18) 

Since their action integrals have simultaneous extremes, these Lagrangians are equivalent. As a result, we can choose 
S(𝝍𝝆, 𝐷* C

,𝝍𝝆, t) in such a way that L′ becomes an extreme, and we can then reduce the variational problem of finding an 
extreme for the Lagrangian L to a differential calculus problem. To do so, we must find a set of functions ϕ~(𝝍𝝆, 𝐷* C

,𝝍𝝆, t) 
𝛽~(𝝍𝝆, t) ,and S(𝝍𝝆, 𝐷* C

,𝝍𝝆, t) that satisfy the following conditions. 
𝐿yu𝝍𝝆, ϕ~, 𝛽~, 𝑡w = 0																																																																																																																																																											(19) 

and for all neighborhood of 𝐷* C
,𝝍𝝆 = 𝛽~(𝝍𝝆, t) and 𝐷* C

r,𝝍𝝆 = ϕ~(𝝍𝝆, 𝐷* C
,𝝍𝝆, t) 

𝐿yu𝝍𝝆, 𝐷* C
,𝝍𝝆, 𝐷* C

r,𝝍𝝆, 𝑡w > 0																																																																																																																																																								(20) 
With these conditions satisfied, the Lagrangian L′ would have a minimum in 𝐷* C

,𝝍𝝆 = 𝛽~(𝝍𝝆, t) and 𝐷* C
r,𝝍𝝆 =

ϕ~(𝝍𝝆, 𝐷* C
,𝝍𝝆, t), resulting in a minimum in the action integral. As a result, the solutions of the differential equations will 

correspond to the action integral's extreme. 
We can deduce the following from the definition of L′: 
 

𝐿y =

⎣
⎢
⎢
⎢
⎢ 𝐿u𝝍𝝆, 𝐷* C

,𝝍𝝆, , 𝐷* C
r,𝝍𝝆, tw −

𝑑𝑆u𝝍𝝆, 𝐷* C
,𝝍𝝆, tw

𝑑𝑡

−
𝑑𝑆(𝝍𝝆, 𝐷* C

,𝝍𝝆, t)		
𝑑𝝍𝝆

𝑑𝝍𝝆

𝑑𝑡 −
𝑑𝑆(𝝍𝝆, 𝐷* C

,𝝍𝝆, t)	
𝑑 𝐷* C

,𝝍𝝆

𝑑 𝐷* C
,𝝍𝝆

𝑑𝑡 ⎦
⎥
⎥
⎥
⎥
																																																																									(21) 

 
Using condition (19) we have 
 

⎣
⎢
⎢
⎢
⎡ 𝐿u𝝍𝝆, 𝐷* C

,𝝍𝝆, , 𝐷* C
r,𝝍𝝆, tw −

𝑑𝑆u𝝍𝝆, 𝐷* C
,𝝍𝝆, tw

𝑑𝑡

−
𝑑𝑆(𝝍𝝆, 𝐷* C

,𝝍𝝆, t)		
𝑑𝝍𝝆

𝐷* C
,𝝍𝝆 −

𝑑𝑆(𝝍𝝆, 𝐷* C
,𝝍𝝆, t)	

𝑑 𝐷* C
,𝝍𝝆

𝐷* C
r,𝝍𝝆

⎦
⎥
⎥
⎥
⎤

�
�

𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

= 0																																							(22)		 

  
 

𝑑𝑆		
𝑑𝝍𝝆

�� 𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

 

																																																							

=

⎣
⎢
⎢
⎢
⎡ 𝐿u𝝍𝝆, 𝐷* C

,𝝍𝝆, , 𝐷* C
r,𝝍𝝆, tw −

𝑑𝑆u𝝍𝝆, 𝐷* C
,𝝍𝝆, tw

𝑑𝑡

−
𝑑𝑆(𝝍𝝆, 𝐷* C

,𝝍𝝆, t)		
𝑑𝝍𝝆

𝐷* C
,𝝍𝝆 −

𝑑𝑆(𝝍𝝆, 𝐷* C
,𝝍𝝆, t)	

𝑑 𝐷* C
,𝝍𝝆

𝐷* C
r,𝝍𝝆

⎦
⎥
⎥
⎥
⎤

�� 𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

																																																														(23)	 
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Since		 𝐷* C
,𝝍𝝆 = 𝛽~and 𝐷* C

r,𝝍𝝆 = ϕ~are minimum points of  𝐿y we must have	

��y	
						�𝝍𝝆 �

� 𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

=

0																																																																																																																																																																						(24)   

 

As a result, 𝐿y = 𝐿u		𝝍𝝆	, 𝐷* C
,𝝍𝝆w and the equation L′ are represented as 

�
𝑑𝐿		

𝑑 𝐷* C
r,𝝍𝝆

−
𝑑𝑆(𝝍𝝆, 𝐷* C

,𝝍𝝆, t)	
𝑑 𝐷* C

,𝝍𝝆
� �� 𝐷* C

,𝝍𝝆 = 𝛽~
𝐷* C
r,𝝍𝝆 = ϕ~

				= 0																																																																																																													(25) 

 
Or 

𝑑𝑆		
𝑑 𝐷* C

,𝝍𝝆
�� 𝐷* C

,𝝍𝝆 = 𝛽~
𝐷* C
r,𝝍𝝆 = ϕ~

=
𝑑𝐿		

𝑑 𝐷* C
r,𝝍𝝆

�� 𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

																																																																																																																(26) 

Similarly, we would have 

𝑑L′	
𝑑𝝍𝝆

�� 𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

= 0			 

Using eq. (21), takes the form 

�
𝑑𝐿		

𝑑 𝐷* C
,𝝍𝝆

−
𝑑𝑆	

𝑑 𝐷* C
,𝝍𝝆

6
𝑑𝑆
𝑑𝑡8� �

� 𝐷* C
,𝝍𝝆 = 𝛽~

𝐷* C
r,𝝍𝝆 = ϕ~

= 0																																																																																																																										(27) 

In terms of Lagrangian density and Hamiltonian principal function, we can express Eq. (27) as follows: 

�
𝜕𝐿		

𝜕 𝐷* C
,𝝍𝝆

−
𝜕
𝜕𝑡

𝜕𝑆	
𝜕 𝐷* C

,𝝍𝝆
−

𝜕𝑆
𝜕𝝍𝝆

−
𝜕r𝑆

𝜕 𝐷* C
,𝝍𝝆𝜕𝝍𝝆

𝐷* C
,𝝍𝝆 −

𝜕r𝑆
𝜕 𝐷* C

,𝝍𝝆𝜕 𝐷* C
,𝝍𝝆𝝍𝝆

𝐷* C
r,𝝍𝝆� �� 𝐷* C

,𝝍𝝆 = 𝛽~
𝐷* C
r,𝝍𝝆 = ϕ~

	= 0							(28) 

 

�
𝜕𝐿		

𝜕 𝐷* C
,𝝍𝝆

−
𝜕𝑆
𝜕𝝍𝝆

−
𝑑
𝑑𝑡

𝜕𝑆
𝜕 𝐷* C

,𝝍𝝆
� �� 𝐷* C

,𝝍𝝆 = 𝛽~
𝐷* C
r,𝝍𝝆 = ϕ~

				= 0																																																																																																(29) 

 
Or 
 

𝑑𝑆		
𝑑𝝍𝝆

��

𝐷* C
,𝝍𝝆 = 𝛽~

= 	 �
𝜕𝐿		

𝜕 𝐷* C
,𝝍𝝆

−
𝑑
𝑑𝑡

𝜕𝑆
𝜕 𝐷* C

,𝝍𝝆
� �� 𝐷* C

,𝝍𝝆 = 𝛽~
𝐷* C
r,𝝍𝝆 = ϕ~

																																																															(30)	 

 
Using the definitions for conjugated momenta given in equations (13) and (16) and writing 𝐷* C

,𝝍𝝆=𝝍𝝆����, we can deduce from 
equation (24) that in action to obtain an extreme of the operation, we must obtain a function S(𝝍𝝆 , 𝐷* C

,𝝍𝝆, t) such that: 
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𝜕𝑆		
𝜕t = −𝐻&																																																																																																																																																																																(31) 

𝐻& = 𝒑𝒊𝝍%𝝆 + 𝝅𝒊 𝐷* C
,𝝍%𝝆 − 𝐿																																																																																																																																																																(32) 

𝒑𝒊 =
𝜕𝑆		
𝜕𝝍𝝆	

	; 𝝅𝒊 =
𝜕𝑆		
𝜕𝝍%𝝆	

																																																																																																																																																																									(33) 

The Hamilton-Jacobi partial differential equation, or simply the HJPDE, has become one of the fundamental equations of 
the equivalent Lagrangian method.  
 
5 Fractional electromagnetic lagrangian density 
  
In this section, we'll focus at a continuous system with Lagrangian density that is dependent on the dynamical field variables, 
as well as its second-order derivatives:	ℒ = ℒ(𝝍𝝆, 𝜕𝝍𝝆, 𝜕r𝝍𝝆). With Greek indices ranging from 0 to 3 and Latin indices 
ranging from 1 to 3, we use the metric 𝜂d�= diag(+1, -1, -1, -1). As previously mentioned, generalizing the formalism 
provided in Sections 5 is simple; all that is required is to consider that the Euler-Lagrange equations of motion are now given 
by 
 

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝍𝝆

− 𝐷* +H
, 𝜕ℒ
𝜕 𝐷* +H

, 𝝍𝝆(𝑥, 𝑡)
− 𝐷+H ?

I 𝜕ℒ
𝜕 𝐷+H ?

I𝝍𝝆(𝑥, 𝑡)
+

𝐷* +H
, 𝐷* +J

, 𝜕ℒ
𝜕 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡)

+ 𝐷+H ?
I 𝐷+J ?

I 𝜕ℒ
𝜕 𝐷+H ?

I 𝐷+J ?
I𝝍𝝆(𝑥, 𝑡)⎦

⎥
⎥
⎥
⎤

= 0																																																																																																																																																																														(34) 
and that the momenta, conjugated to 𝐷* C

,𝝍𝝆 and 𝐷* C
r,𝝍𝝆, are as follows: 

𝒑𝒂 =
𝜕ℒ

𝜕 𝐷* C
,𝝍𝝆

− 2 𝐷* +�
, �

𝜕ℒ
𝜕u 𝐷* +�

, 𝐷* C
,𝝍𝝆w

�

− 𝐷* C
, �

𝜕ℒ
𝜕u 𝐷* C

r,𝝍𝝆w
�																																																																																																																																													(35) 

𝝅𝒂
=

𝜕ℒ
𝜕u 𝐷* C

r,𝝍𝝆w
																																																																																																																																																																																												(36) 

The most general form of Lagrangian density for a four-vector field is given by the so-called Podolsky Lagrangian 
density[28].  

ℒ�� =	−	
1
4𝐹d�𝐹

d�

−	𝑎r𝜕�𝐹,�𝜕,𝐹 ,																																																																																																																																																						(37) 
Where 𝐹d� = 𝜕d𝐴� − 𝜕�𝐴d 
So, we can write the Lagrangian (24) as: 
ℒ

= −	
1
2𝐹&�𝐹

&�

−	𝑎r[(𝜕�𝐹&�)r − (𝜕&𝐹&�)r]																																																																																																																																																																				(38) 
To rewrite the Podolsky Lagrangian density in Riemann – Liouville fractional form we use these relations : 

�
𝐹d� = 𝐷* +H

, 𝑨𝒗 − 𝐷* +�
, 𝑨𝝁

𝐹d� = 𝐷* +H
, 𝑨𝒗 − 𝐷* +�

, 𝑨𝝁
�																																																																																																																																																																		(39) 

L
𝜕, = 𝐷* +H

, = u 𝐷* C
,, 𝐷* +e

, w

𝜕, = 𝐷* +H
, = u 𝐷* C

,, − 𝐷* +e
, w
M																																																																																																																																																												(40) 

𝐹d�𝐹d�

= 2 � 𝐷* +H
, 𝐴� 𝐷* +H

, 𝐴�

− 𝐷* +H
, 𝐴� 𝐷* +�

, 𝐴d�																																																																																																																																																																																	(41) 

�
𝐀𝛂 = uϕ, A��⃗ w
𝐀𝛂 = uϕ,−A��⃗ w

�																																																																																																																																																																																							(42) 
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using definition of left Riemann – Liouville fractional derivative, the fractional electromagnetic Lagrangian density 
formulation takes the form : 

ℒ = −	
1
2 L
u 𝐷* C

,𝑨𝒊w
r
− 2 𝐷* C

,𝑨𝒊 𝐷* +e
,𝜙

+u 𝐷* +e
,𝝓w

r M

− 𝑎r L
¢ 𝐷* +e

, 𝐷* C
,𝑨𝒊 − 𝐷* C

, 𝐷* +e
,𝝓£

r

−¢ 𝐷* C
, 𝐷* +e

,𝑨𝒊 − 𝐷* +e
, 𝐷* C

,𝝓£
rM																																																																																																										(43) 

Equations of motion, using Euler- Lagrange equation Eq.(14), by taking 
the derivative with respect to		𝜙 , we get: 
�1 + 2𝑎ru 𝐷* +e

, w
r
� 𝐷* +e

, ¢ 𝐷* +e
, 𝐷* C

,𝑨𝒊 − 𝐷* C
, 𝐷* +e

,𝝓£
= 0																																																																																																																																																																																(44) 

Now use the general formula (15) to obtain other equations of motion from the other field variable		𝑨𝒊. 
�1 + 2𝑎ru 𝐷* C

,w
r
� 𝐷* C

,¢ 𝐷* +e
, 𝐷* C

,𝑨𝒊 − 𝐷* C
, 𝐷* +e

,𝝓£
= 0																																																																																																																																																																																(45) 

Adding equations (35) and (36) to get 
�1 + 2𝑎r ¤u 𝐷* C

,w
r
− u 𝐷* +e

, w
r
¥� ¢ 𝐷* C

, + 𝐷* +e
, £¢ 𝐷* +e

,𝝓 − 𝐷* C
,𝑨𝒊£ = 0																																																																																							(46) 

This represents the second non- homogeneous equation in fractional form.  
If 𝛼	goes to 1,then Eq. (35) and (36) become: 
[1 + 2𝑎r(∂&r − ∂�r)][𝜕& + 𝜕�]𝐹�& = 0																																																																																																																																																							(47)	
The result obtained in (44,45) is the same as obtained in[29,30]. 
Using (34) ,the Euler-Lagrange equations of motion are now given by 

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝝍𝝆

− 𝐷* +H
, 𝜕ℒ
𝜕 𝐷* +H

, 𝝍𝝆(𝑥, 𝑡)
− 𝐷+H ?

I 𝜕ℒ
𝜕 𝐷+H ?

I𝝍𝝆(𝑥, 𝑡)

+ 𝐷* +H
, 𝐷* +J

, 𝜕ℒ
𝜕 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡)

+ 𝐷+H ?
I 𝐷+J ?

I 𝜕ℒ
𝜕 𝐷+H ?

I 𝐷+J ?
I𝝍𝝆(𝑥, 𝑡)⎦

⎥
⎥
⎥
⎤

= 0																																																																															(48)			 

and that the momenta, conjugated respectively to 𝐷* +H
, 𝝍𝝆(𝑥, 𝑡) and 𝐷* +H

, 𝐷* +J
, 𝝍𝝆(𝑥, 𝑡) are: 

𝒑𝝁 =
𝜕ℒ

𝜕 𝐷* C
,𝝍𝝆(𝑥, 𝑡)

− 2𝜕¦ �
𝜕ℒ

𝜕 𝐷* ¦
, 𝐷* C

,𝝍𝝆(𝑥, 𝑡)
� − 2𝜕& �

𝜕ℒ
𝜕 𝐷* C

r,𝝍𝝆(𝑥, 𝑡)
�																																																																																		(49) 

𝝅𝝁 = �
𝜕ℒ

𝜕 𝐷* C
r,𝝍𝝆(𝑥, 𝑡)

�																																																																																																																																																																														(50) 

The Hessian matrix is now: 

𝐻*? =
𝜕rℒ

𝐷* C
r,𝝍𝝆	

𝒂 𝐷* C
r,𝝍𝝆

𝒃 																																																																																																																																						(51) 

𝐀𝝁 and 𝑨%𝝁 = 𝐷* C
, 𝑨 are the dynamical variables we've chosen. Definitions (49) and (50) give the conjugated momenta as 

follows: 
𝐩𝛍 = −¤ 𝐷* C

,𝐀𝛍 − 𝐷* +H
, 𝐀𝟎¥ − 2𝑎ru 𝐷* +�

, 𝐷* �
,u 𝐷* C

,𝐀𝛌 − 𝐷* +¬
, 𝐀𝟎w𝛿d¦w − 𝐷* C

, 𝐷* +¬
, ¤ 𝐷* +H

, 𝐀𝛌 − 𝐷* +¬
, 𝐀𝛍¥	 

 
 

𝛑𝛍 = 2𝑎r 6 𝐷* +¬
, u 𝐷* C

,𝐀𝛌 − 𝐷* +¬
, 𝐀𝟎w𝛿d& − 𝐷* +¬

, ¤ 𝐷* +H
, 𝐀𝛌 − 𝐷* +¬

, 𝐀𝛍¥8																																																																															(53)	 
The below are the primary constraints: 
𝜆> = 𝜋& ≈ 0																																																																																																																																																																																																				(54)	 
𝜆r = 𝑝& − 𝐷* +�

, 𝝅𝒌 ≈ 0																																																																																																																																																																															(55)	 
We can write the accelerations 𝐷* C

, 𝑨% as: using the definition of 𝜋  
𝐷* C
, 𝑨% = >

r*³
(𝜋�) + 𝐷* +�

, u 𝐷* +e
,𝐀𝐤 − 𝐷* +�

, 𝐀𝐢w + 𝐷* +e
,𝐀%𝟎																																																																																																													(56)	 

The canonical Hamiltonian is defined as follows: 

𝐻¶ = :𝑑·𝑥u𝑷𝜶𝟏𝑨%𝝁 + 𝝅𝝁 𝐷* C
,𝑨%𝝁 − 𝓛w																																																																																																																														(57)	 

Using equation (56) as a basis, we can arrive at the following: 
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𝐻¶ = :

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑨%& 𝐷* +e

,𝛑" + 𝑷𝒊𝑨%� +
1
2𝑎r

(𝜋�)(𝜋�) + 𝜋� 𝐷* +�
, u 𝐷* +e

, 𝐀𝒌 − 𝐷* +�
, 𝐀𝒊w + 𝜋� 𝐷* +e

, 𝑨%&

+
1
4 ¤ 𝐷* +H

, 𝑨𝒗 − 𝐷* +�
, 𝑨𝝁¥ u 𝐷* +H

, 𝑨𝒗 − 𝐷* +�
, 𝑨𝝁w

+
1
2𝑎r u𝑨

%𝒊 − 𝐷* +e
,𝐀𝟎wu𝑨%� − 𝐷* +e

, 𝐀𝟎w

−𝑎ru 𝐷* +�
, 𝑨%¦ − 𝐷* +�

, 𝐷* +�
, 𝑨%&wu 𝐷* +e

,𝑨%� − 𝐷* +e
, 𝐷* +e

, 𝐀𝟎w⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

𝑑·𝑥																																														(58) 

 
The total Hamiltonian, according to Dirac's formalism, is: 

𝐻º = 𝐻¶ +:(𝐶>(𝑥)𝜆> + 𝐶r(𝑥)𝜆r)𝑑·𝑥 																																																																																																														(59) 

As a consequence of the consistency conditions, we get: 
D½ ¾
¿λ> = {λ>, HÃ} ≈ 0																																																																																																																																														(60) 
D½ ¾
¿λr = {λr, HÃ} = D½ ÅÆ

¿ PÈ ≈ 0																																																																																																																										(61) 
As a result, we have a second constraint given by 

λ· = D½ ÅÆ
¿ PÈ ≈ 0																																																																																																																																																								(62) 

As a consequence of the consistency condition,  D½ ¾
¿λr = {λr, HÃ} ≈ 0 is obtained. Since all constraints are of the first order, 

the expanded Hamiltonian is: 

HÃ = HÉ +:(C>(x)λ> + Cr(x)λr + C·(x)λ·)d·x																																																																																													(63) 

The dynamical variables' equations of motion, given by D½ ¾
¿A¿ = {A¿, HÌ}, are as follows: 

D½ ¾
¿A& = A%& + Cr	; D½ ¾

¿A" = A%" − D½ ÅÍ
¿ C·																																																																																																															(64) 

Simply put, A%¿ equals D½ ¾
¿A¿ plus additive arbitrary functions. In addition, D½ ¾

¿A& = {A¿, HÌ} gives 

D½ ¾
¿A%&;	 D½ ¾

¿A%" =
1
2ar

(π") + D½ ÅÆ
¿ u D½ ÅÍ

¿ AÈ − D½ ÅÆ
¿ A"w + D½ ÅÍ

¿ A%&																																																												(65) 
As a result, both A%& and A& are arbitrary, while we have again obtained equation (56). 
In the case of the momenta variables D½ ¾

¿π" = {π", HÌ} and D½ ¾
¿P¿ = {P¿, HÌ}, the following results are obtained : 

D½ ¾
¿π" = −u D½ ¾

¿A" − D½ ÅÍ
¿ A&w − 2ar D½ ÅÍ

¿ D½ ÅÆ
¿ u D½ ¾

¿AÈ − D½ ÅÆ
¿ A&w − P"																																															(66) 

D½ ¾
¿p& = −u D½ ¾

¿A" − D½ ÅÍ
¿ A&w − 2ar D½ ÅÍ

¿ D½ ÅÍ
¿ D½ ÅÆ

¿ u D½ ¾
¿AÈ − D½ ÅÆ

¿ A&w																																														(67) 
D½ ¾
¿p" = − D½ ÅÍ

¿ D½ ÅÆ
¿ πÈ + D½ ÅÆ

¿ D½ ÅÆ
¿ π" − D½ ÅÆ

¿ u D½ ÅÍ
¿ AÈ − D½ ÅÆ

¿ A"w																																																										(68) 
Equation (66) is the concept of p" given by equation (67), which when combined with (68) yields constraint λ·. 
Using Hamilton-Jacobi formalism, we can derive the following: 

H&y = HÐ + P&	; 	P& =
∂S		
∂t	 																																																																																																																																										

(69) 

H>y = π&; Hry = P& − D½ ÅÆ
¿ 	πÈ																																																																																																																																						(70) 

In the case of A", the total differential equation is: 

dA" =
∂H&y

∂p"
dt +

∂H>y

∂p"
dA%& +

∂Hry

∂p"
dA&																																																																																																																						(71) 

dA" =
∂H&y

∂p"
dt =

∂HÉy

∂p"
dt							Then	the	Eq. (71)will	take	the	form						dA" = A%"dt																																									(72) 

	 
Since C3 is arbitrary, it is completely equivalent to equation (64). With respect to A%", the total differential equation is: 

dA%" =
∂H&y

∂p"
dt +

∂H>y

∂p"
dA%& +

∂Hry

∂p"
dA&																																																																																																																				(73) 

dA%" = 6
1
2ar

(π") + D½ ÅÆ
¿ u D½ ÅÍ

¿ AÈ − D½ ÅÆ
¿ A"w + D½ ÅÍ

¿ A%&8 dt																																																																					(74) 
The fractional form of the above equation is the same as the fractional form of the equation obtained from Euler  
 method (Eq. (55)).  p" and p& can be determined as follows: 

dp" = −
∂H&y

∂A"
dt −

∂H>y

∂A"
dA%& −

∂Hry

∂A"
dA& = −

∂H&y

∂A"
dt = −

∂HÉ
∂A"

dt																																																																		(75) 
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dp" = −:d·x

⎣
⎢
⎢
⎢
⎢
⎡ πÞ D½ ÅÆ

¿ ß
∂u D½ ÅÍ

¿ AÈ − D½ ÅÆ
¿ A"w

∂A"
à

−
1
2 ¤ D½ Åá

¿ Aâ − D½ Åã
¿ AÞ¥ß

∂u D½ Åá
¿ Aâ − D½ Åã

¿ AÞw
∂A"

à
⎦
⎥
⎥
⎥
⎥
⎤

dt																																																									(76) 

dp" = ¢− D½ ÅÍ
¿ D½ ÅÆ

¿ πÈ + D½ ÅÆ
¿ D½ ÅÆ

¿ π" − D½ ÅÆ
¿ u D½ ÅÍ

¿ AÈ − D½ ÅÆ
¿ A"w£																																																														(77) 

And  

dp& = −
∂H&y

∂A&
dt −

∂H>y

∂A&
dA%& −

∂Hry

∂A&
dA& = −

∂H&y

∂A&
dt = −

∂HÉ
∂A&

dt																																																																									(78) 

𝑑𝑝& = −:𝑑·𝑥

⎣
⎢
⎢
⎢
⎡ u𝐀%𝒊 − 𝐷* +e

, 𝐀𝟎w ä
𝜕u𝐀å��� − 𝐷* +e

,𝐀𝟎w
𝜕𝐀𝟎

æ

−2𝑎r ¤ 𝐷* +e
,𝐀%𝒊 − 𝐷* +e

, 𝐷* +e
, 𝐀𝟎¥ ä

𝜕u 𝐷* +�
, 𝐀%𝒌 − 𝐷* +e

, 𝐷* +e
, 𝐀𝟎w

𝜕𝐀𝟎
æ
⎦
⎥
⎥
⎥
⎤

𝑑𝑡																																																		(79) 

𝑑𝑝& = �− 𝐷* +e
, u𝐀%𝒊 − 𝐷* +e

, 𝐀𝟎w − 2𝑎r 𝐷* +�
, 𝐷* +�

, ¤ 𝐷* +e
,𝐀%𝒊 − 𝐷* +e

, 𝐷* +e
, 𝐀𝟎¥� 𝑑𝑡																																																												(80) 

Finally for 𝜋� we have: 

𝑑𝜋� 	= −
𝝏𝐻&y

𝝏𝐀%𝐢
𝑑𝑡 −

𝝏𝐻>y

𝝏𝐀%𝐢
𝑑𝐀%𝟎 −

𝝏𝐻ry

𝝏𝐀%𝐢
𝑑𝐀𝟎 = −

𝝏𝐻&y

𝝏𝐀%𝐢
𝑑𝑡 = −

𝝏𝐻¶
𝝏𝐀%𝐢

𝑑𝑡																																																																								(81) 

𝑑𝜋� = −:𝑑·𝑥

⎣
⎢
⎢
⎢
⎢
⎡

𝑝è
𝜕𝐀%𝒋
𝜕𝐀𝒊

+ u𝐀%𝒋 − 𝐷* +ê
, 𝐀𝟎wë

𝜕 ¤𝐀%𝒋 − 𝐷* +ê
, 𝐀𝟎¥

𝜕𝐀𝟎
ì

−2𝑎r ¤ 𝐷* +ê
, 𝐀%𝒋 − 𝐷* +ê

, 𝐷* +ê
, 𝐀𝟎¥ ä

𝜕u 𝐷* +�
, 𝐀%𝒌 − 𝐷* +�

, 𝐷* +�
, 𝐀𝟎w

𝜕𝐀𝟎
æ
⎦
⎥
⎥
⎥
⎥
⎤

𝑑𝑡																																																(82) 

𝑑𝜋�
= ¢−𝑝è − u 𝐷* C

,𝐀𝒊 − 𝐷* +e
, 𝐀𝟎w

− 2𝑎r 𝐷* +e
, 𝐷* +�

, u 𝐷* C
,𝐀𝒌

− 𝐷* +�
, 𝐀𝟎w£𝑑𝑡																																																																																																																																																																																(83) 

Equations (77), (80), and (83) are completely equivalent to equations (66), (67), and (68); as a result, equations (80) and (83) 
have the secondary limit that is absent from the total differential equations. 
 
7 Conclusion 
 
We obtained a set of Hamilton-Jacobi partial differential equations in terms of these variables, and we used this set to obtain 
the system's equations of motion as total differential equations for the characteristics. The presence of constraints (first class 
or second class) will play a crucial role in ensuring that these conditions are satisfied, since these total differential equations 
must satisfy integrability conditions. These integrability conditions are also being investigated, as is the generalization of the 
existing formalism to Lagrangians of order greater than two. We found that a generalization of Hamilton-Jacobi fractional 
formalism yields findings that are consistent with Euler fractional formalism. Our findings would match those obtained in 
[29, 30] for the case n ⟶ 1. 
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