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Abstract: For fractional derivative order constrained systems, the Hamilton-Jacobi formulation in terms Riemann-Liouville
fractional derivative was developed. The equations of motion are written as total differential fractional equations fractional
in many variables using this formalism. We use the Hamilton-Jacobi formulation in terms of Riemann-Liouville fractional
derivative to study Podolsky electrodynamics, comparing our results to those obtained using the Euler-Lagrange Riemann-
Liouville fractional derivative method. A fractional difference will be presented as a minor adjustment to a Hamilton-Jacobi
derivation formula that is more compatible with the traditional similarity. After generalizing Podolsky electrodynamics for
constrained systems with fractional second-order Lagrangians, a new formulation is used to help the reader understand the
conclusions.

Keywords: Fractional Hamilton-Jacobi formulation, second order Lagrangian, fractional electromagnetic Lagrangian,
Podolsky electrodynamics.

1 Introduction

Several methods have been developed to generalize the concept of derivative and integral to a non-integer order, and several
alternative definitions of fractional derivatives have appeared [1-3]. Fractional calculus has been successfully applied in

various fields in recent years, including chemistry, biology, modeling and recognition, electronics, and wave propagation.
Fractional calculus has been successfully applied in various fields in recent years, including chemistry, biology, modeling
and recognition, electronics, and wave propagation. Technology, physics, pure and applied mathematics, have benefited from

fractional calculus [4, 5]. Latest studies of scaling dynamics have used fractional derivatives [6, 7]. Fractional calculus has

a wide range of applications in classical mechanics [8-11]. Ostrogradskii [ 12] was the first to establish a treatment for higher-
order derivatives theories, which leads to the Euler Lagrange equations and the Hamilton equations of motion. The Hamilton-
Jacobi formalism of systems with higher order derivatives was studied in ref.[12], where the action function was investigated

for both constrained and unconstrained systems to find a solution to the appropriate set of Hamilton-Jacobi partial differential
equations. They used it to obtain the solution of the equations of motion by the WKB approximation. By a different approach
some authors studied the Hamiltonian formulation of higher order dynamical systems using Dirac’s approach to constrained

dynamics [13, 14]. The path integral quantization of systems with higher order derivatives is investigated [15], where these
systems are transformed into first order systems with constraints using the Hamilton—Jacobi [HJ] method [16-21]. Important

applications of the [HJ] formalism, including systems of higher order derivatives, were also made in [22-24]. The action

function is obtained for both constrained and unconstrained systems by solving the required series of Hamilton—Jacobi partial
differential equations [HJPDEs] and used to determine the solution of the equations of motion by using the WK formalism

[25]. The following are the main characteristics of the novel ideas presented in this manuscript.
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The Lagrange characteristics approach is used to solve a class of nonlinear fractional partial differential equations. All
of this knowledge is required to solve the Hamilton-Jacobi formulation for first order, specifically to uncover the
properties of its fractional Hamilton-Jacobi equation, and thus to construct a unique formulation of the Hamilton-Jacobi
formulation of the Podolsky electrodynamics. According to the findings of this study, because of the order of the
fractional derivative and the fractional operator, fractional calculus allows for more flexible models than classical
calculus. The fractional equation model It may be of interest to get further insight into the modeling of fractional
equations using integrability requirements, which would allow us to generalize the formalism using equation motion of
order n. First or second classes will be crucial in the current formalism for Lagrangians who order more than two. They
now have a fractional calculus that is exactly identical to conventional calculus and is driven by a fractional Podolsky
electrodynamics. To get this result, we had to return to the definition of fractional derivative, and we primarily suggested
a concept based on fractional order difference, slightly modified the so-called Riemann-Liouville definition in terms
(A; Aj,A; A,) The Riemann-Liouville fractional derivative is a well-known extension of ordinary calculus, and
practically all other fractional derivative formulations are subsets of the Riemann-Liouville fractional derivative. The
Riemann-Liouville definition, on the other hand, satisfied all the mathematical principles within the scope of fractional
calculus, and more importantly, when using Podolsky's generalized electrodynamics, we obtain initial conditions with
Riemann-Liouville derivatives, which is both practical and mathematically realistic because we are within the scope of
fractional calculus. The method is used to solve the Podolsky generalized electrodynamics problem.

We extend the recently formed Hamilton-Jacobi formalism [17, 18] to include continuous second order Lagrangians. The

following is the paper's main contribution: We now have a fractional calculus that is fully equivalent to normal calculus and
is based on fractional Podolsky electrodynamics. To achieve this result, we had to return to the Hamilton-Jacobi formulation
concept for first-order constrained systems, and we primarily proposed equations of motion of the system as total differential
equations for the characteristics, and we rewrote the so-called Riemann-Liouville definition to generalize the problem caused
by the nature of the constraints first or second class. It is structured as follows:

First and foremost, because we have introduced the derivative of Riemann Definitions and Properties, we will provide
some background information on the Riemann Definitions (Section 2) so that the reader can relate our method to it.

This new fractional derivative concept will allow us to provide a solid foundation for the recent fractional Podolsky
proposal while also allowing us to add some new results about (Section 3), specifically the Hamilton-Jacobi formulation
for a general second order system.

We will then have all we need to generalize Lagrange's method of characteristics to solve a wide range of Lagrangian
and Hamiltonian equation problems. This approach is applied to a continuous second-order system in Section 4. The
approach entails solving a problem using both the Euler and Hamilton-Jacobi formalisms. As a result, we will have a
considerably broader technique for solving Podolsky generalized electrodynamics than we do presently, which is

limited to a few extreme examples [28, 29]. The conclusions are discussed in Section 6.

2 Basic definitions

Some basic concepts used in this work are briefly presented in this part of the study. The fractional derivatives of the left and
right Riemann-Liouville are defined as follows:

The

fractional derivative left of Riemann-Liouville:

D) = s (&) [ "

The

— )L (1)dr. ey

right Riemann- Liouville fractional derivative

DEFG) = s - 4y [ e

— X)L (1) d. (2)

where I' denotes the Gamma function, and « is the order of the derivative such that n — 1 < a < n. If a is an integer,
these derivatives are defined in the usual sense, i.e.
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d n

DEFC) = () £ 3
d n

DEF) = () F©a

=12, (4)
3 The Lagrangian formulation of second order systems with fractional derivative

The fractional Euler-Lagrange and Hamilton equations for variational problems were discovered in recent years [28]. He
also offered some original thoughts and highlighted some of their potential applications. The method described in [29] is
used in the present paper to obtain the Podolsky electrodynamic equations. In the Lagrangian, the dynamics of a physical
system are encoded as a function of the positions and velocity of all the degrees of freedom comprising the system[28] .

One considers paths in the configuration space to extract the dynamics. The position and velocity at each time and also the
value of the Lagrangian is determined for a given direction. The continuous structure of Lagrangian density denoted by the
dynamic field variables, generalized coordinate ¥, and its second-order derivatives, generalized

Velocitiesquf def Y, (x, t)defined as

Wy DLW, (1), 2, DEP, (3, 1),

L=L 5 B
aDJ‘cxp_ aD)(chlpp (x' t), qub anb 1I’p (x' t)

)

For this Lagrangian density in fractional form, the Euler-Lagrange equation can be given as
oL oL oL

+ +
0y 9 aDZPp(x,) 0, DI, (x,1)
0L 0L
t 5 pe Do Yt F F
0 an# andll)p(X, t) 9,D D Illp(x, t)

Xu~b X~ b
=0 (6)
Using the variational principle, we can write:
8S = [ 6L d*x=0

(7)
Using Eq. (5), the variation of £ is:

oL
8 DEP, (0, ) + ————— 8, DL, (x, )
3 o Dg WPy(x,t) TP 05Dl () TP

oL ®
+ 6 DF DF x,t) +
905, D, Vi aliotbe )
aL
_ 0,08 <, Dh,(x, 1)
Substituting Eq. (6) into Eq. (7), and using the following commutation relation

8 DS P, (x, 1) = oDE, 5P, (x, t)}
85, D5, (x,t) = D 6, (x, )
§ DS, uDEW,(x,t) = oDE, uDE 5, (x, t)}

82,08 x, Dy, (x,t) = 1, Df x D 6, (x, )
we get,

6L =

8,08 <, Dy W,(x, )

)

(10)
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0L
Y,

59 8 DL Pp(x,0) |

. L
P 0.DEP,(x0)
oL

t
05D, (x, )

oL

+ [24 [24
d an# anglpp (x' t)
0L 8, DF . DPy (x,t)

I x, Vb x57p PplX,

| 0Dy x,Dp 0,9, (x,t) " ]
=0 (11)

Integrating by parts the second and the third and the fourth and the fifth terms in Eq. (11), This lead to Euler — Lagrange
equations.

8, DE,(x, )

d*x

8 D2, DS P, (x, 1) +

oL 0L F; aL
Fo- P e w e wPp 2 DB (v 1)
Y, 0 oDZ, P, (x, 1) 0,0 Wy (x, 1)
+ oDE, DS oL +,.Df. DF oc
|0 WDE, DEW, () T g DE L DB, (x,0)
=0 (12)
As a special case, taking o,u= 0,i. the Euler — Lagrange reduce to the original relations like:
i oL oL 0L 1
EY aDEZ a - th B
alpp 0 oDy lpp(x' t) 0 tDb 1[)p(x, t)
oL F; oL
B a4 o nBah v
7 ani‘Pp(X. t) axl.Db Il)p(x, t)
+ DF oD oL + D} D} o
0 DE WDEY,(t) T TP T g DF DBy (x, )
+ D% DS o +,,DF.Df o
| OO Dg DEP, (e t) TP g DE L DE Y, (x, )]
=0 (13)
Using the equation Euler-Lagrange, other motion equations are derived from the variables of the other fields (¢ and 4; ),
as we get:
i 0L e 0L pa 0L
— — Df——— R
0p " a.Di¢ “a, Die
oDEDE—2E 4 pp pp O
| DEDEG T TP g DF DE
=0 (14)
oL oL oL
S~ D = DS
0A; " 9 ,DFA; 10 DL A;
v oDe DE—2E 4 pp pp 0%
| T e g DE DEA; TP 5 DB g,

xi”b 27y

=0 (15)

If @ —1 is taken, we get the classical case equations for integer order[27].

The canonical variables (¥, ml)and (17),,, w2 ), where (¥ » = oDi'P,), will then span the phase-space, and the Hamiltonian
will be given by

H=myp, + m2 DY, — L (16)
This means that, the Hamiltonian is a function of the form
H=H(, nl P, ns,t) 17)
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4 Fractional Hamiltonian and Hamilton—Jacobi formulations

Gfiler developed a new formalism for Connected first-order systems based on Caratheodory's equivalent Lagrangians
approach for obtaining a series of Hamilton-Jacobi partial differential equations and writing the equations of motion as total
differential equations.
The Hamilton-Jacobi formalism will be developed to a general second-order Lagrangian using Caratheodory's method in
this section. Any second-order Lagrangian will derive from this formalism. Caratheodory's second-order equivalent
Lagrangians approach According to Lagrangians, we can get acompletely equivalent Lagrangian L(¥,, Dy, aDtZ“IIJp,
t) by:

a
L' =L(Y, oDEW,, DEYP,t) - ds(¥ th Vo) (18)
Since their action integrals have simultaneous extremes, these Lagrangians are equivalent. As a result, we can choose
Sy, oD,y t) in such a way that L" becomes an extreme, and we can then reduce the variational problem of finding an

extreme for the Lagrangian L to a differential calculus problem. To do so, we must find a set of functions ¢, (¥, DfP,, )
By(Wp, ) ,and S(¥,, D, t) that satisfy the following conditions.

L'(, ¢y Byt) =0 (19)
and for all neighborhood of Dy, = (), t) and ath"‘t[)p =&, (W, DEY) D
L'($p oDEYp, aDE*Ppt) > 0 (20)

With these conditions satisfied, the Lagrangian L' would have a minimum in ,Dfvp, = B,(P,, t) and ath"‘tpp =
&y (Wp, oD Py, 1), resulting in a minimum in the action integral. As a result, the solutions of the differential equations will

correspond to the action integral's extreme.
We can deduce the following from the definition of L":

dS(¥,, oDfYP,,t)

L(IIJP’ anlll)p, ’ athaII’p' t) -

L= dt 1)
_dS(Wp, oDEYp ) dYp, Sy, DY, D) d DEY,
v, dt d Df, dt

Using condition (19) we have

dS(P,, oDFYP,,t)
dt

L(II)P’ anlI[)p, ’ athalpp' t) -

a a =0 (22)
_ dS(IIJp' oDt ll)p, t) aDélll)p _ dS(II)p, aDrf II}p' t) atha‘pp aDglpp = ﬁp
a
dlpp d oD¢ ‘pp athalpp = ¢p
as
d]l)p aDéxlpp = ﬁp
athalpp = (I)p
dS(,, DEYP,,t)
L(‘I’p' DY, DE“P), t) - - ;t —
= _ 23
_dS(, DEY, ) dS(,, oDFP,, 1) DiW, =By (23)

Dy

DY, —
@zt IIJP d aDélll)p @ p athalpp = q)p

dy,
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Since DY, = Bpand aDtZ“lI)p = ¢pare minimum points of L' we must have

dLr

ay, Dt ¢p ﬁp

athaIIJp - d)p
0 (24)

Asaresult, L' = L( Y,, D IIJP) and the equation L' are represented as

dL AS(Wp, DY, 1)
zag by, =p, =0 (25)
d DX, dDfy, LW, = By
atha‘pp = (I)p
Or
ds dL 26
d Dip,| L% =Fy T a Dz, | LIV =5 (26)
athalpp = q)p thalpp = q)p
Similarly, we would have
dr’ _o
d]l)p aDéxlpp = ﬁp -
athalpp = (I)p
Using eq. (21), takes the form
dL das (dS) —0 @7
d D%, d Dip,\dt)|| Lo =5y ~
DYy =y
In terms of Lagrangian density and Hamiltonian principal function, we can express Eq. (27) as follows:
oL a s as 9%S d%S D2y —0 (28
5 .DfW, 069 DFW, 0%, 0 .Dfw,aw, SO DEP,0 DY, TP LV =By T
athall}p = q)p
oL as d 0§ _o 29)
0 D&, 0%, dto Dip,|| Li¥e=F
athalpp - ¢p
Or
as _ JL d as (30)
ay, ~ |0 D, dta pEp,|| LiWe=Fp
iy = By DY, =,

Using the definitions for conjugated momenta given in equations (13) and (16) and writing D¢ pZIIJ_p, we can deduce from
equation (24) that in action to obtain an extreme of the operation, we must obtain a function S(¥,, , DY), t) such that:
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as

E = _HO (31)
HO = pi@p + m; aDéxq"p —-L (32)
as as 33)
i M =—
P, T oy,

The Hamilton-Jacobi partial differential equation, or simply the HIPDE, has become one of the fundamental equations of
the equivalent Lagrangian method.

5 Fractional electromagnetic lagrangian density

In this section, we'll focus at a continuous system with Lagrangian density that is dependent on the dynamical field variables,
as well as its second-order derivatives: L = L(,, 09, 0°y,). With Greek indices ranging from 0 to 3 and Latin indices
ranging from 1 to 3, we use the metric 7,,= diag(+1, -1, -1, -1). As previously mentioned, generalizing the formalism

provided in Sections 5 is simple; all that is required is to consider that the Euler-Lagrange equations of motion are now given
by

oL oL F; oL
3o PuT e g o Do b By o
P, 0 oDz, Wp(x, ) 9, D W, (x, 1)
W 0o g Dg, DE W, Gt | X D Dy o)
=0 (34)
and that the momenta, conjugated to D¢, and athaIIJp, are as follows:
oL 5 pa 0L
Pe =5 0iw, 7 |o( D5, DFW,)
- 35
a [a( Dzall)p)] ( )
na
oL
= 2a (36)
9(aDE“W,)

The most general form of Lagrangian density for a four-vector field is given by the so-called Podolsky Lagrangian
density[28].

1
Liw=— ZEWF w
— a?0,F**0“F,, (37)
Where F,,, = 9,4, — 9,4,
So, we can write the Lagrangian (24) as:
L

1 )
= - EFoiFm
— a*[(9;F°)* = (9,F°)?] (38)

To rewrite the Podolsky Lagrangian density in Riemann — Liouville fractional form we use these relations :

[Ew = aDJ‘cluAv - aDJ?,,Au] (39)
F* = a ;luAli_ a ;:vAu

aa = DD{ = ( Déx, aDgi) (40)
0% = oDyu = (Df — D)
Fqu‘”
=2[ DZ A, DA

D2 A, D% AH ] (41)

[ A® = (¢,4) 42)

o« = ($,—A)
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using definition of left Riemann — Liouville fractional derivative, the fractional electromagnetic Lagrangian density
formulation takes the form :

2
_ 1|(aDfA)" -2 oDFA; Dip

= 2
2 +( aDE¢p)
2
[aDgi aDgAi - aDéz aD;‘cli‘I’]

2
~[aDf oDFAi = oD D7 @]
Equations of motion, using Euler- Lagrange equation Eq.(14), by taking
the derivative with respect to ¢ , we get:

2
[1+202(uD8)"| DE[ DS uDFA; — DF DED]
=0 (44)
Now use the general formula (15) to obtain other equations of motion from the other field variable A‘.
2
14202 (uDF)’] aDE[ DS uDEA — oDF DS D)
=0 (45)
Adding equations (35) and (36) to get
2 2
[1+202 ((aDF)" = (D2)")| [aDE + DL Db — oDEA] =0 (46)
This represents the second non- homogeneous equation in fractional form.
If a goes to 1,then Eq. (35) and (36) become:
[1+2a?(05 — 97)][9 + 0;]F;p = 0 (47)
The result obtained in (44,45) is the same as obtained in[29,30].
Using (34) ,the Euler-Lagrange equations of motion are now given by

2

—a (43)

oL pe oL s aL
.. aYxu A Na a1 . N X b - 5. . <
0P, “0 DEPplx,t) aXquzpp(x, t) ~
oL oL =0 (48)
+aDJ[cl aD)(cxd +x Dfngf B B
e 0 oDg, oDZPp(x, 1) ¥ 9x,Dy) x,Dp Wp(x,1)
and that the momenta, conjugated respectively to ,Dy ¥, (x,t) and aDx, aDx, W) (x, t) are:
oL 5 [ oL 23 [ oL ] (49)
Pu=F———<— —_ e —
F0Df () (0 aDF oDIW,(n )] T (0 D W, (x, )

0L (50)
n,=|—

#10 DEYp(x )
The Hessian matrix is now:

%L 1)

DI DI PP
and A* = ,Df A are the dynamical variables we've chosen. Definitions (49) and (50) give the conjugated momenta as A*
follows:

Pu=—(DfA. — oDf,Ag) — 20%( (DS,

Kk a

Hab =

Df(aDfAL — aDEA0)SK) = oDF D (oDEAL — oDEA,)

m, = 2a? ( D& (DEAy — oDEAG)SY — DE ( DE AL — aD,‘}lAu)) (53)
The below are the primary constraints:
A=my,=0 (54)
Ay =Ppo — aD;:knk ~ 0 (55)
We can write the accelerations ,D& 4 as: using the definition of 7
—_— 1 —_—

aDéz A= ﬁ(ﬂi) + aDJ(clk( aD;cliAk - aDJ(kaAi) + aD)(cxiAO (56)
The canonical Hamiltonian is defined as follows:

H, = f d*x(PLA* + m, ,DfA* — L) (57)

Using equation (56) as a basis, we can arrive at the following:
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A° Dim; + PA'+
o ) (1) 4 7, oD, (DA — (DA + 7, (DY,
H. = f +%(aD,‘f#A,,— DEA )( D%AY — ,D%AY) d3x (58)
o (A~ DEAG)(A — (DA,)

2 2
__aZ( aDJ?kAk - aD)[clk ankAO)( aniAL - aDchli aD;iAO)_

The total Hamiltonian, according to Dirac's formalism, is:

Hy = e+ [ (G + G Ex (59)
As a consequence of the consistency conditions, we get:
aDiA; = {A, H} =~ 0 (60)
aDiA; = {A;, Hr} = kPk ~ 0 (61)
As aresult, we have a second constralnt given by
Ay = aD:kPk ~0 62)

As a consequence of the consistency condition, ,DfA, = {A,, Hr} = 0 is obtained. Since all constraints are of the first order,
the expanded Hamiltonian is:

Hp =H.+ f(C1 (A + C, (A, + C3(X)A3)d3x (63)
The dynamical variables' equations of motion, given by ,DfA* = {A%, Hg}, are as follows:
ADFAY = A° + Cy; DA = Al — D%C, (64)
Simply put, A* equals ,DA* plus additive arbitrary functions. In addition, ,DFA® = {A% Hg} gives
— — 1
DA% DYAl = (nl) + DE (DEAL — DL A+ DEA, (65)

As a result, both A° and AO are arbltrary, while we have again obtained equation (56).
In the case of the momenta variables ,Dfm; = {m;, Hg} and ,D{P, = {P,, Hg}, the following results are obtained :

Dfm = —(.DFA; — JDFA,) — 2a% .D§; .D§, (DAL — D§Ag) — P, (66)
aD?pO = _( aD::xAi - aD)O(‘iAO) - 2a? Dzl aDai aD)O((k( aDgAk - angAO) (67)
aDtapi =- aD)O((i angT[k + ang a )(:k i~ a Xk( aD)O((iAk - angAi) (68)

Equation (66) is the concept of p; given by equation (67), which when combined with (68) yields constraint A;.
Using Hamilton-Jacobi formalism, we can derive the following:

as
H) =Hc+P,; Py = v (69)
Hi = mg; Hy = Py — Dk i (70)
In the case of Al the total differential equation is:
Al = 0Hg OH; _ aHz M2 4a (71)
apl ap, 40 T g,
. OHg OH( i I
dA! = wdt = p dt  Then the Eq. (71)will take the form dA' = A'dt (72)
i i
Since C3 is arbitrary, it is completely equivalent to equation (64). With respect to Al, the total differential equation is:
A B AL Wy AL Y (73)
api ap; api °
A = ( (m) + D& (WDEAL — D%A) + aDgiKO) dt (74)

The fractional forrn of the above equatlon is the same as the fractional form of the equation obtained from Euler
method (Eq. (55)). p; and p, can be determined as follows:

dpi = 6H0d O0H; i 0H, dA. = 0Hg dt = O0H,

P =T oa, T oA, Y0 T A, 4 T T oA, T T a4,

dt (75)
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pe (00aD5A — oDfiA)
™ P oA,
1 D% A oA a( aD)O:J'An - aDgnAj)
_E(a Xt in — alxn ]) aAl
dpi - [_ aDzi a ng[k + ang aD:kT[i - ang( aD)O((iAk - aD:kAi)] (77)
And
oo — _OHo OMi o oM OHy OH o8
P 9A, A,  ° 9A, ° T 0A,  0A,
. a(A, — DA
(AP — ,D%A,) <_( : a,: % o))
dp” = _f dx o . dt (79)
2 a Ai a pa a( aDx A* — D5 anl'AO)
—2a? (DAL — (D DA T
dp® = [~ D (B — WDSA) ~ 202 (D% D% (DEA — (DS DA, )| dt 0
Finally for ' we have:
dmt =~ 20 gy O g Ol gy o Moy, ey, (81)
" 0A; 0A; " 9A; ° @A, ~ 0A
p/ =+ (A = DjA,) ( S — )
. J0A.: x aAO
dm’ = _f & l de (82)
AJ a( aD;kaKk B aD)[clk a akAo)
—2a (DEA — oD, aDj,-Ao)< e )
dmt
= [_pj - (aDgAi - aD;:iAO)
—2a? DS ,DE ( DEA*
— oDJA”)]dt 83)

Equations (77), (80), and (83) are completely equivalent to equations (66), (67), and (68); as a result, equations (80) and (83)
have the secondary limit that is absent from the total differential equations.

7 Conclusion

We obtained a set of Hamilton-Jacobi partial differential equations in terms of these variables, and we used this set to obtain
the system's equations of motion as total differential equations for the characteristics. The presence of constraints (first class
or second class) will play a crucial role in ensuring that these conditions are satisfied, since these total differential equations
must satisfy integrability conditions. These integrability conditions are also being investigated, as is the generalization of the
existing formalism to Lagrangians of order greater than two. We found that a generalization of Hamilton-Jacobi fractional
formalism yields findings that are consistent with Euler fractional formalism. Our findings would match those obtained in
[29, 30] for the case n — 1.
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