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Abstract: Newton published his dynamical theory of Gravitation in the year 1686. According to Newton’s famous 
dynamical theory, all interactions in nature are as a result of force. This theory was successful in explaining the 
gravitational phenomena on earth and the experimental fact of the solar system. It is well known that Newton’s dynamical 
laws of motion and gravitation are founded in terms of invariant rest masses of particles and bodies and cannot be applied 
to a photon which has no measurable rest mass. There were several attempts at the end of the 19th century to generalize or 
extend Newton’s dynamical theory of gravitation in order to provide better agreement with the experimental data or better 
consistency to all physical theories and most of these theories are based on the spherical nature of the Earth. In this 
research work we constructed the laplacian operator for circular cylindrical coordinate using the covariant and the 
contravariant metric tensors for this field. The constructed laplacian operator was later used in the derivation of dynamical 
gravitational field equation for circular-cylindrical bodies. The field equation obtained contains  and a density 
term contribution  which are not found in the existing well-known Newton’s dynamical field equations. This field 
equation differs from the well-known field equation for spherical bodies. 
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1 Introduction 
 

The investigations of cylindrically symmetric space-times 
can be traced back as far as to 1919 when Levi-Civita (LC) 
discovered a class of solutions of Einstein’s vacuum field 
equations, corresponding to static cylindrical space-times 
[1]. The extension of the LC space-times to stationary ones 
was obtained independently by Lanczos in 1924 and Lewis 
in 1932. In 1925, Beck studied a class of exact solutions 
and interpreted them as representing the propagation of 
cylindrical gravitational waves (GWs) [2].  

This class of solutions was later rediscovered by Einstein 
and Rosen in their seminal work on the studies of the 
nonlinearity of GWs in 1937 and in the same year van 
Stockum solved the problem of a rigidly rotating infinitely 

long cylinder of dust and found explicitly the corresponding 
metric. In 1957, Bonnor, Weber and Wheeler studied the 
Einstein-Rosen waves in great details, and since then, 
cylindrically symmetric space-times have been extensively 
investigated with various motivations. In particular, to 
understand some fundamental issues in general relativity 
(GR), such as the structure of the theory, the nature and 
formation of space-time singularities, the cosmic 
censorship and hoop conjectures, one often assumes certain 
symmetries of space-times, because Einstein’s field 
equations are in general so complicated that it is extremely 
difficult to study them in their most general form, especially 
in the times when computers had not been available. In fact, 
even now it is still very difficult to study space time with 
only one Killing vector (both analytically and numerically). 
Therefore, the next step is naturally to consider space-time 
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with two Killing vectors, which include cylindrically 
symmetric space-time [3, 4].Researchers have been able to 
construct a generalized dynamical gravitational field 
equation for spherical coordinates. These were successful in 
explaining Newton’s and Einstein’s theory of relativity. 
Diverting from studies for spherical coordinates many 
scientists and researchers were able to work on cylindrical 
coordinates. These include Einstein-Maxwell waves, 
rotating cylindrical GWs and more recently, cylindrical 
gravitational soliton waves [5, 6]. 

Despite these studies, they were not being able to derive the 
field equations for circular cylindrical coordinates. Hence, 
in this work, we show the way to obtain field equation for 
circular cylindrical and dynamical gravitational scalar 
potential exterior and interior to the body by applying the 
conditions of continuity across all boundaries and normal 
derivation. 
 

2 Methodologies 

Derivation of the Great Metric Tensor for Circular-
Cylindrical Bodies 

The Cartesian coordinates  are related to the 
circular cylindrical coordinates  as [7, 8] 

   (2.1) 

 

   (2.2) 

    (2.3)  

where, 

 ,   
     

The scale factors for cylindrical coordinate is given 
explicitly as [6,7,8,9,10] 

    (2.4) 

    (2.5) 

    (2.6) 

   (2.7) 

To express the covariant great metric tensor in circular-
cylindrical coordinate, we need to transform the coordinates 
from Cartesian to circular-cylindrical coordinate as 
follows  

 (2.8) 

   (2.9) 

   (2.10) 

 (2.11) 

 otherwise.  (2.12) 

Equations (2.8) – (2.12) are the covariant great metric 
tensor for circular-cylindrical bodies.  

The contarvariant great metric tensors for circular-
cylindrical bodies were obtained applying the quotient rule 
as 

   (2.13) 

   (2.14) 

 

    (2.15) 

  (2.16) 

            , otherwise   (2.17) 

Derivation of Dynamical Gravitational Field Equation 
for Circular-Cylindrical Bodies 

The well-known Riemannian’s Laplacian operator , is 
given by [5,6,7,8] 

  

(2.18)  

Explicitly in this coordinate system, the laplacian operator 
is given as 

 
  (2.19)

 
By simplification, equation (2.19) becomes 

	
  (2.20) 

The dynamical field equation for circular cylindrical bodies 
is given by  

	
   

     (2.21)

 



Sohag J. Math. Tec. 10, No. 1, 1-4 (2023) / http://www.naturalspublishing.com/Journals.asp  3 

 
        © 2023 NSP 
         Natural Sciences Publishing Cor. 

 

By the symmetry of the distribution of density it follows 
that, the gravitational field will depend only on the 
coordinate , then  

Equation (2.21) reduces to 

     (2.22)
 Or explicitly as 

 

                (2.23) 

3 Conclusions 

In this research work we are able to define the covariant as 
well as the contravariant great metric tensors for circular 
cylindrical systems. The great metric tensors obtained can 
be used to determine the affine connections which can 
further be used to construct geometrical field equations.   

Equation (2.20) is the Laplacian operator for circular 
cylindrical which satisfies the priori of natural laws i.e., 
independency of the coordinate system used and reduces to 
second order partial differential equation [11,12,13,14].  

The Riemannian Laplacian operator equation (2.20) 
obtained in this work could be used in the generalization of 
Maxwell Theory of Electromagnetism in this field based 
upon Riemannian geometry as well as used in the study of 
gravito-electric and gravito-magnetic coupling. 
The Laplacian operator was applied to obtain the dynamical 
gravitational field equation for circular-cylindrical bodies. 
This field equation is open for application to massive 
bodies of circular-cylindrical coordinates and it 
contains and density term contribution  which 
are not found in the existing well-known Newton’s 
dynamical field equations. This field equation differs from 
the well-known field equation for spherical bodies. This is 
as a result of difference in geometry. 

It could be observed that our obtained result in equation 
(2.23) contains unknown Post Newton correction terms of 
the orders  which are for theoretical development, 
applications and experimental verification. 

Acknowledgement 

We thank the anonymous reviewers for their positive 
comments which improve the content of the manuscript. 

References 

[1] Levi-Civita, T. ds2 Einsteiniani in campinewtoniani. IX: 
L’analogo del potenzialelogaritmico. Rend. Accad. 
Lincei, 28, 101-109. (1919). 

[2] Abbott, B. P. The LIGO Scientific and Virgo 
Collaborations. Gravitational-wave Transient 

Catalogue of Compact Binary Mergers Observed by 
LIGO and Virgo During the First and Second 
Observing Runs. arXiv:, 181, 129-137. (2018). 

[3] Stephani, H., Kramer, D., MacCallum M. A. H., 
Hoenselaers, C. and Herlt, E. Exact Solutions of 
Einstein’s Field Equations. Cambridge Monographs on 
Mathematical Physics. Cambridge University Press, 
53-60. (2019).  

[4] Tomizawa, S. and Mishima, T. New Cylindrical 
Gravitational Soliton Waves and Gravitational Faraday 
Rotation. Phys. Rev. 90, 40-46. (2014) 

[5] A. U. Maisalatee, U. Rilwan and E.I. Ugwu. Einstein’s 
Equation of Motion for Exterior Test Particles with 
Spherical Mass Distribution Having Varied Field, 
Time and Radial Distance; Golden Metric Tensors 
approach. International Journal of Theoretical & 
Computational Physics. 2, 1-6. (2021). 

[6] Howusu, S. X. K. The Metric Tensor for Gravitational 
Field and the Mathematical. Principles of Riemannian 
Theoretical Physics. Jos University Press Ltd., 25-26. 
(2009) 

[7] U. Rilwan, A. U. Maisalatee and E.I. Ugwu. 
Modification of the Exterior and Interior Solution of 
Einstein’s G22 Field Equation for a Homogeneous 
Spherical Massive Bodies Whose Fields Differ in 
Radial Size, Polar Angle, and Time. International 
Journal of Theoretical & Computational Physics. 2, 1-
6. (2021). 

[8] Norse T. Foundations of Quantum Mechanics, 
Undergraduate Lecture note. Springer, Heidelberg 
Dordrecht London, New York. 33-36. (2017). 

[9] Emmanuel Ifeanyi Ugwu, Usman Rilwan and Bello 
Rasaq. Analytical Study of the Behavioural Trend of 
charged particles interacting with Electromagnetic 
Field: Klein-Gordon/Dirac Equation. Greener Journal 
of Physical Sciences. 8, 1-4. (2022). 

[10] A.U. Maisalatee,W. L. Lumbi, I. I. Ewa, M. 
Mohammed and Y. K. Kaika. Generalization of 
quantum mechanical wave equation in spherical 
coordinate using great metric tensor and a variable 
gravitational scalar potential. International Astronomy 
and Astrophysics Research Journal. IAARJ, 2, 1-9. 
(2020). 

[11] Sarki, M. U.,Lumbi, W.L., Ewa, I. I. Solution of 
Einstein’s field equation exterior to a homogeneous 
spherical distribution of mass whose tensor field varies 
with radial and azimuthal angle. Journal of Nigerian 
Association of Mathematical Physics, 41, 12-16. 
(2017). 

( , , ) ( )f z fr f r=



4                                                                                                 A. U. Maaisalatee: Construction of Dynamical Field … 
 

 
 
© 2023 NSP 
Natural Sciences Publishing Cor. 
 

[12] Chifu, E. N. and Howusu, S.X. K. Solution of 
Einstein’s Geometrical Gravitational Field Equations 
Exterior to Astrophysically Real or Hypothetical Time 
Varying Distribution Within the Regions of Spherical 
Geometry. Progress in Physics, 3, 45-48. (2009). 

[13] Howusu, S.X.K,. Riemannian Revolution in Physics 
and Mathematics. Jos University press. 23-24. (2013). 

[14] Howusu, S.X.K. Discourse on General Relativity. Jos 
University Press Ltd, Jos, Nigeria, 1-25. (2003). 

 

 


