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Abstract: In this manuscript, we explore the presence and uniqueness of common fixed point for four self maps in the context of
Gy-metric space via CLRg,s, property. Also, several existing results within the frame of b-metric space can easily be deduced from our

main results.
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1 Introduction

The approach of fixed point is a powerful tool in the field
of analysis. Sims and Mustafa [15] suggested an
enhanced version of the generalized metric structure and
called it G-metric space. Ding et al. [6] investigated the
concept of b-metric space and proved some useful fixed
point results for a pair of maps. By combining the
perception of G-metric space and b-metric space, [2] gave
a new category of metric space known as Gg-metric space
which is mathematically equivalent to b-metric space. In
2011, Gopal et al.[7] established common fixed point
theorems for weakly compatible generalized fuzzy
contractive pair of functions with the aid of E.A property.
Subsequently, Tanveer et al.[18] established the
uniqueness of common fixed point via E.A. property in
the context of modified intuitionistic fuzzy metric spaces.
In 2012, Binayak et al.[5] introduced E.A property in the
edge of G-metric space and hence developed some results
for common fixed point of two functions. Several
researchers proved fixed point results on G5 metric space
with  the assistance of different contractions
(see[10],[16],[17],[13]). In 2018, Meitei et al.[l14]
established fixed point results for weakly compatible map
of type (A) in Gs-metric space. In 2019, Kumar et al.[12]
established common fixed point theorems in symmetrical
G-metric space. In 2020, Arora et al.[3] conferred
common fixed point results for modified -admissible
contraction in the edge of metric space. Recently, Arora et
al. [4] explore the presence and uniqueness of common

fixed point for two pair of functions by utilizing the
perception of CLR property in the framework of b-metric
spaces.

2 Preliminaries

Definition 1./2] Let X be a nonempty set and s > 1 be a
real number. Suppose the function G : X x X x X — R™T
satisfies the following properties:

()G(x,y,z) =0 ifand only if x =y =z,

(ii)0 < G(x, x, y) whenever x # y;

(iii)G(x, x,y) < G(x,y,2), y#z

(v)G(x,y,2) < s[Gx.t,6) + G(l,y,z)], for all
X, y,z,acX;

(v)G(x,y,2) = G(p(x,y,z)), where p is the permutation
of x,y and z.

Then, G is known as Gg-metric and the pair (X,G) is
called a Gg-metric space.

In 1996, Jungck [9] suggest the perception of weakly
compatible maps as follows.

Definition 2./9] Two functions S1,S, : Y — Y are known
as weakly compatible if there exists p € X such that S1p =
Sop implies that S1S2p = S8 p.

In 2002, Moutawakil et al. gave the idea of E.A. property
and in 2011, Sintunavarat and Kumam observed that there
is no need of closedness in common limit range property.
They guarantee the existence of fixed point Theorem with
the help of (CLRy) property.
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Definition 3./1] Let (X,G) be Gg-metric space and P,Q
be self maps on X. The pair (P,Q) are said to satisfy the
E.A. property if there exists a sequence {y,} in X such that
limy, oo Py, = limy oo Qyy = v

for somev e X.

Definition 4./11] Let (X,G) be Gs-metric space and P,Q
be self maps on X. The pair (P,Q) are said to satisfy the
common limit in the range of mappings (CLRy) property if
there exists a sequence {y,} in X such that lim,,_,. Py, =
limy, e Qyn = Qv

for somev e X.

Example 1.Let (X,G) be Gy-metric space. We define self
mappings P and Q on X as Py =y+ 5 and Qy = 6y for each
y € X. Let sequence {y, } be defined as {y,} = {1+ L1} for
each m € N. Now,

lim Py, = lim Qy, =6 =0Q(1).
M—soco M—soo
Therefore, P and Q fulfils (CLR) property.

Definition 5./8] Ler (X,G) be Gs-metric space and {P;},
{Om} be self maps on X. Then, they are pairwise
commuting if the following conditions hold.:

(i) PrBy = PPy;

(ii) Q¢Qm = OmQy;

(i) Py Qm = QmPy.

foreach ¢ € {1,2.3,....p},me {1,2,3,...,q}.

Throughout this paper, we use following notations.
Yy = {0/o : R — R is upper semi continuous,
0(0) =0and o(s) < s for each s > 0},
@ ={¢/¢:R — R is comparison function which is left
continuous non decreasing }.

3 Main result

In this section firstly we prove point of coincidence for
two pair of functions by utilizing common limit range
property. Afterwards we establish uniqueness of common
fixed point with the aid of weakly compatibility of two
pair of functions. Before starting our main sequel, we
need lemma which have a significant role in the proof of
our result.

Lemma 1.Ler (X, G) be a Gg-metric space and Sy, Sa, Sa,
Sy be four self maps such that

(0)S1X CS4X and SHX C S3X ;
(ii)(S1,S3) and (S»,S4) share CLRs,
properties;

(1ii)If {Sawy } converges, then {S,wy,} converges for every
sequence {wy} in X;

(iv)§3X and S4X are closed in X ;

(v)for all x,y € X and s > 1, there exists ¢ € @ and
o €Y such that

0 (s*G(81x,52y,52y) < 6(8(x,y,y)) — @(6(x,y,y)),

where

and CLRsg,

S(Xayay) = max{G(S}X,S4y,S4y),G(S:;X,Szy,SQy),
G(84y,52y,82y), G(S1x,S3x, S3x) }.

Then, the pairs (S1,S3) and (S2,S4) satisfies the property
CLRs,s,.

Proof-Since (S1,S53) satisfy CLRg, property, we can find a
sequence {z,} in X such that

lim SIZn = lim S3Zn =17,
n—oo n—eo

where r € S3X.
Due to given assumption S1.X C S3X, therefore we can find
a sequence {w,} in X such that S;z, = S4w,. But Sy is
closed. Therefore,

lim Sq4w,, = lim S1z, =r.

n—soo n—soo
Now, S1z, — r, S3z, — 1, S22, — r, when n — oo,
We claim that lim,, .. Sow,, = r.
Substituting x = z, and y = w), in the given assumption,
we obtain

< 6(s*G(S12n,S2Wn, S2Wn)
< 6(8(zn,wn, wn)) — @(6(zn, Wn,wn))
< o (8(zn,Wn,Wn))-

o (G(S12n,S2Wn, Sawn)

where

S(memwn) = max{G(S3Zn7S4WmS4Wn)7 G(S3Zn7S2Wn7S2Wn)7
G(S4W}’l ) SZWVH SZWn) ) G(S] Zl’ly S3Zl’l7 S3Zn )}
Making n — oo, we get
liﬂm 6(znswn,wy) = max{G(r,r,r),G(r,s,s),G(r,s,s),G(r,r,r)}
N—boo
= max{0,G(r,s,s),0}
=G(ns,s).

o(s>G(r,s,s)) < o(G(r,s,s).

Using definition of o, we obtain

52G(r,s5,5) < (G(1,s,5).

Therefore, G(r,s,s) = 0.

So, r = s, a contradiction,

which proves that lim; . S3w, = r.

Hence, the pairs (S},S3) and (S,,S4) satisfies the property
CLRs,s,.

Theorem 1.Let (X,G) be a Gs-metric space and Sy, Sy,
S3, S4 be four self maps such that

(i)S]X Q S4X and SQX Q S3X Py
(ii)(S1,S3) and (S»,S4) share CLRs,
properties;

(iii)If {Sawn} converges, then {S,wy } converges for every
sequence {wy} in X;

(iv)§3X and S4X are closed in X ;

(vifor all x,y € X and s > 1, there exists ¢ € @ and
o €Y such that

G(SZG(SIX;San SQy) < G(S()C,y,y)) - (P(S(xayay))y

where

O(x,y,y) = max{G(S3x,S4y,54y),G(S3x,52y,52y),

and CLRg,
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G(84y,82y,52y),G(S1x,83x,83x) }. If the pairs (S1,S53)
and (S,,84) have a point of coincidence. Further, if
(S1,83) and  (S2,S4) are weakly compatible, then
S1,82,83 and S4 have a unique common fixed point.

Proof.Using the Lemma 1, the pairs (S1,S53) and (S3,S54)
satisfies the property CLRg,s, . Then, there exists {z,} and
{wn}in X and r € §3X N S4X such that

lim Sz, = lim S3z, = r = lim S>ow, = lim Syw,.
n—soo n—soo n—soo n—yoo

Now, S3X C S4X. So there exists s € X such that S3s = r.
We assert that S5 = S3s.

Substituting x = s and y = w, in the given assumption, we
obtain

< G(SZG(S]S,Szwn,SQWn)
< (8(s,wn,wn)) — @(8(s,Wn, wn))
< o(6(s,wn,wp)).

G(G(S[S,Szwn,SQWn)

where

O (s, wn,ywn) = max{G(S3s,Sq4wn,Sawn),G(S35,S2wn, Sowy,),
G(Sqwn,Sown,Sawn), G(S1s,53s,535)

Making n — oo, we get
lim O (s, wy,wy) = max{G(r,r,r),G(r,r,r),

n—soo
G(r,r,r),G(S1s,1,7)}
= max{0,0,0,G(Ss,r,r)}
= G(Sys,s,5).

05°G(S1s,r,r) < 6(G(S1s,1,7)) — @(G(Sys,r,7)), which
shows that ¢(G(Sys,r,r)) = 0.

Therefore, S1s = r = S35,

which implies that s is coincident point of the pair(Sy,S3).
Now, we claim that Sym = Sym.

Since, r € S4X, therefore there exists m € X such that
Sam=r.

Substituting x = s and y = m in the given assumption, we
get

o (s2G(S15,Sym,Sam) < (8 (s,m,m)) — @(8(s,m,m)).
ey

where

O(s,m,m) = max{G(S3s,Sqm,Sam),G(S3s,Sm,S,m),
G(S4m,Szm,Szm),G(Sls,S3s,S3s)}
= max{G(r,r,r),G(r,S2m,Sym),
G(r,Som,Som),G(r,r,r)}
= G(r,Sym,Sym).

(1) implies that

o (s>G(r,Sym, Sam) < 6(G(r,Sym, Sym)) — @(G(r,Sym, Sym)).
2

Therefore, @(G(r,Sam,S,m)) = 0, which implies that
Som =r = S4m.

Hence, m is coincident point of the pair (S»,S4). Since
Sis = S3s and the pair(S;,S3) is weakly compatible.
Therefore, S1r = 51535 = 53515 = S37.

Now, we claim that r is common fixed point of (S3,S53).
Substituting x = s and y = m in the given assumption, we
obtain

(SZG(S]S,Szm,SQm)

(S(Samam)) - (P(S(Svmvm))v
3)

G(G(S[S,Szm,SQm) <o
<o

where

O (s,m,m) = max{G(S3s,Sqam,Sqm),G(S3s,Sym,Sym),
G(S4m,52m,52m),G(S[S,S3S,S3S)}
=max{G(Sir,r,r),G(S1r,1,r),
G(r,r,r),G(S\r,r,r)}
=G(Sinnr).

(3) implies that
Sir=r=38;3r.

So, r is common fixed point of the pair (S;,S3).
Analogously, we can prove that

Sor = r = S4r. So, r is common fixed point of
S1,82,53and Sy.

Now, we prove the uniqueness of fixed point of S;. Let us
assume that » and n be two common fixed points of
S1,82,83and S4. Substituting x = r and y = n in the given
assumption, we obtain

o(G(S1r,r,r)) = 0. Therefore,

o (G(S17,S2n,5on) (s>G(S17,82m,82n)

<o
<o(8(rn,n))—@(8(r,n,n)). @)
where

o(r,n,n) = max{G(Ssr,S4n,S4n),G(S3r,Son,S>n),
G(S4I1,Szn,52n),G(S]I’,Sg,}’, S3}’)}
= max{G(r,n,n),G(r,r,r),
G(n,n,n),G(r,r,r)}
= G(r,n,n).

(2.4) implies that ¢(G(r,n,n)) = 0. Therefore, r = n.
So, 7 is unique common fixed point of S1,S,,S3and Sy.

Corollary 1.Let (X,G) be a Gs-metric space and Sy , S»
be two self maps such that

()S1X C SuX and $1X C S3X ;
(ii)(S1,S83) and (S»,S4) share CLRg,
properties;

(tii)If {Sawy } converges, then {Sawy, } converges for every
sequence {wy} in X;

(iv)S3X and S4X are closed in X ;

(v)for all x,y € X and s > 1, there exists ¢ € ® and
o €Y such that

G(SQG(SIX,Sly,SIy)) < 6(6(xayay)) - (p(5(x,y,y)),

and CLRg,
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where

O(x,y,y) = max{G(S2x,52y,52y),G(S2x,51y,S1y),
G(82y,81y,81y),G(S1x,82x,8:x)}. If the pair (S1,5)
satisfies the property CLRs,, then, the pair (S,S2) have a
point of coincidence. Further if S; and Sy are weakly
compatible, then Syand S, have a unique common fixed
point.

Corollary 2.Let (X,G) be a Gs-metric space and Sy, S,
S3, S4 be four self maps such that

(i)S]X g S4X and SQX Q S3X Py
(ii)(S1,S3) and (S»,S4) share CLRs,
properties;

(1ii)If {Sawy } converges, then {S,wy,} converges for every
sequence {wy} in X;

(iv)§3X and S4X are closed in X ;

(v)for all x,y € X and s > 1, there exists ¢ € @ and
o €Y such that

SZG(SIX752Y752Y) < 6()C,y,y) - (P(S(xayay))y

where

S(Xayay) = max{G(S3x,S4y, S4y)a G(S3X;S2ya SQy)a

G(S4ya SQy,Szy),G(S]X,S}X,S}X)}.

If the pairs (S1,S3) and (S2,S4) have a point of
coincidence. Further, if (S1,S3) and (S2,S4) are weakly
compatible, then S1,S2,S3 and S4 have a unique common
fixed point.

and CLRg,

Corollary 3.Let (X,G) be a Gs-metric space and Sy , S»
be two self maps such that

())S1X CS4X and SHX C S3X ;

(ii)(S1,83) and (S»,S4) share (E.A) property;

(i)l {Sawy } converges, then {Sywy,} converges for every
sequence {w,} in X;

(iv)§3X and S4X are closed in X ;

(viforall x,y € X and s > 1, there exists 9 € P and 6 €Y,
such that

o (s*G(S1x,51,81y)) < 6(8(x,3,)) — (8 (x,,y)),
where

0(x,y,y) = max{G(52x,82y,52y), G(S2x, 51y, 1Y),
G(82y,51,51y),G(S1x,82x,52x) }.

If the pair (S1,52) satisfies the property CLRs,, then, the
pair (S1,S2) have a point of coincidence. Further if S1 and
Sy are weakly compatible, then S)and S, have a unique
common fixed point.

Corollary 4.Let (X,G) be a Gy-metric space and Sy, Sy,
S3, S4 be four self maps such that

(i)S1X C 84X and SHX C 53X ;

(ii)(S1,83) and (S»,S4) share (E.A) property;

(iii)If {Sawy } converges, then {S,wy,} converges for every
sequence {wy} in X;

(iv)§3X and S4X are closed in X ;

(v)for all x,y € X and s > 1, there exists ¢ € @ and
o €Y such that

SQG(SIX752Y752Y) < 6()C,y,y) - (P(S(xayay))y

where

S(Xayay) = max{G(S3x,S4y, S4y)a G(S3X;S2ya S2y)a

G(S4y, Szy,Szy),G(Slx,S3x,S3x)}.

If the pairs (S1,S3) and (S2,S4) have a point of

coincidence. Further, if (S1,S3) and (S»,S4) are weakly
compatible, then S1,S2,S3 and Sy have a unique common
fixed point.

4 Conclusion

In this paper, by merging the concept of b-metric and
G-metric space, we prove common fixed point theorems
for weakly compatible map via common limit range
property in the context of new type of metric space known
as Gs-metric space. The significance of CLR property is,
it guarantees that we dont need closedness of subspaces.
The presented results improve and enhance several
existing fixed point results in the literature.
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