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conditions for univalence of these integral operators and present the generalized versions of the well-known Ahlfors’and Becker’s
univalence criteria. Finally, we derive several inequalities for the normalized Mittag-Leffler functions.

Keywords: Analytic functions; Univalent functions; Integral operators; Mittag-Leffler functions; Univalent criteria; Fractional
differential and fractional integro-differential equations.

1 Introduction, Definitions and Preliminaries

The familiar Mittag-Leffler functionEα(z) introduced by
Mittag-Leffler [20] and its generalizationEα ,β (z)
introduced by Wiman (see [29] and [30]) are defined by

Eα(z) :=
∞

∑
n=0

zn

Γ (αn+1)
=: Eα ,1(z)

and

Eα ,β (z) :=
∞

∑
n=0

zn

Γ (αn+β )
(1)

(

z,α,β ∈ C; ℜ(α) > 0
)

.

The above-defined functionsEα(z) and Eα ,β (z), as
well as their various further generalizations, arise
naturally in the solution of fractional differential
equations and fractional integro-differential equations
which are associated with (for example) the kinetic

equation, random walks, Lévy flights, super-diffusive
transport problems and in the study of complex systems.
Several properties of the Mittag-Leffler functionsEα(z)
and Eα ,β (z), together with their generalizations, can be
found in a number of recent works [1], [13] to [19] and
[25] to [27].

Let A denote the class of the normalized functions of
the form:

f (z) = z+
∞

∑
n=2

an zn, (2)

which are analytic in the open unit disk

D= {z : z∈ C and |z|< 1}.

We also denote byS the subclass of the normalized
analytic function classA which are univalent (or
schlicht) inD.

Since the Mittag-Leffler functionEα ,β in (1) does not
belong to the classA , we choose to consider here the
following normalization of the Mittag-Leffler function:
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Eα ,β (z) := Γ (β )zEα ,β (z)

= z+
∞

∑
n=2

Γ (β )
Γ
(

α(n−1)+β
) zn (3)

(

z,α,β ∈C; ℜ(α)> 0; β 6= 0,−1,−2, · · ·
)

.

Whilst the definition (3) holds true for
complex-valued parametersα andβ andz∈ C, yet (for
the purpose of this paper) we shall restrict our attention to
the case of real-valued parametersα andβ andz∈ D. We
observe that the normalized Mittag-Leffler functionEα ,β
in (3) contains such well-known functions as its special
cases as given below:

E2,1 = zcosh(
√

z), E2,2 =
√

zsinh(
√

z),

E2,3 = 2
[

cosh(
√

z)−1
]

and

E2,4 =
6[sinh(

√
z)−√

z]√
z

.

Geometric properties including starlikeness, convexity
and close-to-convexity for the Mittag-Leffler function
Eα ,β were recently investigated by Bansal and Prajapat
[2]. Răducanu [24], on the other hand, investigated the
ratio of the normalized Mittag-Leffler functionEα ,β
defined by (3) to its sequence of partial sums given by

(Eα ,β )m(z) = z+
m

∑
n=2

Γ (β )
Γ
(

α(n−1)+β
) zn (4)

(α > 0; β > 0; m∈ N),

whereN denotes the set ofpositiveintegers.
Recently, many authors derived the univalence criteria

of several integral operators which preserve the
normalized univalent function classS (see, for example,
[3] to [12]). In particular, Breaz and Güney [5] obtained
various sufficient conditions for the univalence of the
following families of integral operators:

Fλ1,··· ,λn,ζ (z) =

[

ζ
∫ z

0
tζ−1

n

∏
j=1

(

f j (t)

t

)1/λ j

dt

]1/ζ

(5)

and

Fγ(z) =

[

γ
∫ z

0
tγ−1

(

ef (t)
)γ

dt

]1/γ
, (6)

where the functionsf1, · · · , fn and f belong to the
normalized analytic function classA and the parameters
λ1, · · · ,λn, ζ and γ are complex numbers such that the
integrals in (5) and (6) exist. Here, and throughout in this
paper, every many-valued function is taken with the
principal branch.

In this paper, we are mainly interested in some
integral operators of the type (5) and (6) which involve
the normalized Mittag-Leffler functionEα ,β . More
precisely, we propose to show that, by using some
inequalities for the normalized Mittag-Leffler function,
the univalence of some integral operators involving
Mittag-Leffler functions can be derived easily via some
well-known univalence criteria. By appropriately
specializing our results, we obtain simple sufficient
conditions for some integral operators which involve the
hyperbolic sine and the hyperbolic cosine functions.

In the proofs of our main results, we need each of the
following univalence criteria.

Lemma 1. (see Pescar [22]) Let ζ and c be complex
numbers such that

ℜ(ζ )> 0 and |c|≦ 1 (c 6=−1).

If the function h∈ A satisfies the following inequality:
∣

∣

∣

∣

c|z|2ζ +
(

1−|z|2ζ
) zh′′(z)

ζh′(z)

∣

∣

∣

∣

≦ 1

for all z∈D, then the function Fζ ∈ A defined by

Fζ (z) :=

[

ζ
∫ z

0
tζ−1 h′(t) dt

]1/ζ
(7)

is in the normalized univalent function classS in D.

Lemma 2. (see Pascu [21]) Let λ ∈ C such that

ℜ(λ )> 0.

Also let h∈ A satisfy the following inequality:

1−|z|2ℜ(λ )

ℜ(λ )

∣

∣

∣

∣

zh′′(z)
h′(z)

∣

∣

∣

∣

≦ 1

for all z∈ D. Then, for all ζ ∈ C such thatℜ(ζ )≧ ℜ(λ ),
the function Fζ (z) defined by(7) is in the normalized
univalent function classS in D.

Lemma 3. (see Pescar [23]) Let γ ∈ C and λ ∈ R such
that

ℜ(γ)≧ 1, λ > 1 and 2λ |γ|≦ 3
√

3.

If h ∈ A satisfies the the following inequality:
∣

∣zh′(z)
∣

∣≦ λ

for all z∈D, then the function Fγ : D→ C, defined by

Fγ(z) =

[

γ
∫ z

0
tγ−1

(

eh(t)
)γ

dt

]1/γ

is in the normalized univalent function classS in D.

In our present investigation, we also need the following
result which is based mainly upon the recent work [2].
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Lemma 4. Let α ≧ 1 and β ≧ 1. Then the following
inequalities hold true for all z∈ D :

∣

∣

∣

∣

∣

zE′
α ,β (z)

Eα ,β (z)
−1

∣

∣

∣

∣

∣

≦
2β +1

β 2−β −1
(8)

and

∣

∣

∣
zE′

α ,β (z)
∣

∣

∣
≦

β 2+3β +2
β 2 . (9)

Proof. It is known from [2] that, for allα ≧ 1, β ≧ 1 and
z∈D, we have

∣

∣

∣

∣

E
′
α ,β (z)−

Eα ,β (z)

z

∣

∣

∣

∣

≦
2β +1

β 2

and

∣

∣

∣

∣

Eα ,β (z)

z

∣

∣

∣

∣

≧
β 2−β −1

β 2 .

Combining these last inequalities, we immediately find
that (8) holds true.

Next, it is known from [24] that, for all α ≧ 1, β ≧ 1
andz∈ D, we have

∣

∣

∣
E
′
α ,β (z)

∣

∣

∣
≦

β 2+3β +2
β 2 ,

which obviously implies the inequality (9).

2 Univalence of Integral Operators Involving
Mittag-Leffler Functions

Our first main result (Theorem2 below) is an application
of Lemma 1 and contains sufficient conditions for an
integral operator of the type (5) when the functionsf j are
the normalized Mittag-Leffler functions with various
parameters.

Theorem 1. Let

α1, · · · ,αn ≧ 1 and β1, · · · ,βn ≧
1
2
(1+

√
5)

and consider the normalized Mittag-Leffler functions
Eα j ,β j

defined by

Eα j ,β j
(z) = Γ (β j)zEα j ,β j

(z). (10)

Let
β = min{β1, · · · ,βn} and ζ ∈C

with
ℜ(ζ ) > 0 and c∈ C (c 6=−1).

Suppose also thatλ1, · · · ,λn are nonzero complex numbers
and that all these and the aforementioned numbers satisfy
the following inequality:

|c|+ 2β +1
β 2−β −1

n

∑
j=1

n
∣

∣ζλ j
∣

∣

≦ 1.

Then the functionFα j ,β j ,λ j ,ζ defined by

Fα j ,β j ,λ j ,ζ (z) :=



ζ
∫ z

0
tζ−1

n

∏
j=1

(

Eα j ,β j
(t)

t

)1/λ j

dt





1/ζ

is in the normalized univalent functionS in D.

Proof. Define the functionFα j ,β j ,λ j
by

Fα j ,β j ,λ j
(z) =

∫ z

0

n

∏
j=1

(

Eα j ,β j
(t)

t

)1/λ j

dt.

Since, for all j ∈ {1, · · · ,n}, we haveEα j ,β j
∈ A , that is,

Eα j ,β j
(0) = E

′
α j ,β j

(0)−1= 0,

it follows readily thatFα j ,β j ,λ j
∈ A , that is,

Fα j ,β j ,λ j
(0) = F

′
α j ,β j ,λ j

(0)−1= 0.

On the other hand, it is easy to see that

F
′
α j ,β j ,λ j

(z) =
n

∏
j=1

(

Eα j ,β j
(t)

t

)1/λ j

and

zF′′
α j ,β j ,λ j

(z)

F′
α j ,β j ,λ j

(z)
=

n

∑
j=1

1
λ j

(

zE′
α j ,β j

(z)

Eα j ,β j
(z)

−1

)

.

Now, by using the inequality (8) for each β j
( j ∈ {1, · · · ,n}), we obtain

∣

∣

∣

∣

∣

zF′′
α j ,β j ,λ j

(z)

F′
α j ,β j ,λ j

(z)

∣

∣

∣

∣

∣

=
n

∑
j=1

1
|λ j |

∣

∣

∣

∣

∣

zE′
α j ,β j

(z)

Eα j ,β j
(z)

−1

∣

∣

∣

∣

∣

≦
n

∑
j=1

1
|λ j |

2β j +1

β 2
j −β j −1

≦
n

∑
j=1

n
|λ j |

2β +1
β 2−β −1

for all z∈ D andβ1, · · · ,βn ≧ 1
2(1+

√
5). Here we have

used the easily verifiable fact that the function

ϕ :

(

1+
√

5
2

,∞

)

→ R,
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defined by

ϕ(x) =
2x+1

x2− x−1
,

is decreasing. Therefore, for allj ∈ {1, · · · ,n}, we have

2β j +1

β 2
j −β j −1

≦
2β +1

β 2−β −1
.

Thus, by using the triangle inequality and the hypothesis
of Theorem1, we obtain

∣

∣

∣

∣

∣

c|z|2ζ +(1−|z|2ζ )
zF′′

α j ,β j ,λ j
(z)

ζF′
α j ,β j ,λ j

(z)

∣

∣

∣

∣

∣

≦ |c|+ 2β +1
β 2−β −1

n

∑
j=1

n
∣

∣ζλ j
∣

∣

≦ 1,

which, in view of Lemma1, implies thatFα j ,β j ,λ j ,ζ ∈ S .

This evidently completes the proof of Theorem1.

By settingλ1 = · · ·= λn = λ in Theorem1, we deduce
the following result.

Corollary 1. Let the numbers

ζ , c, α1, · · · ,αn, β and β1, · · · ,βn

be as in Theorem1 and letλ be a nonzero complex number.
Suppose also that the functions

Eα j ,β j
∈ A ( j ∈ {1, · · · ,n})

are as in Theorem1 and that the following inequality:

|c|+ 1
|λ ζ |

(2β +1)n2

β 2−β −1
≦ 1

is valid. Then the functionFα j ,β j ,λ j ,ζ defined by

Fα j ,β j ,λ j ,ζ (z) =



ζ
∫ z

0
tζ−1

n

∏
j=1

(

Eα j ,β j
(t)

t

)1/λ

dt





1/ζ

is in the normalized univalent function classS in D.

If we put n = 1 in Theorem1 or in Corollary1, we
immediately obtain the following result.

Corollary 2. Let

α ≧ 1, β ≧
1
2
(1+

√
5) and ζ ∈ C

with

ℜ(ζ )> 0, c∈ C (c 6=−1) and λ ∈ C (λ 6= 0).

Suppose also that these numbers satisfy the following
inequality:

|c|+ 1
|λ ζ |

2β +1
β 2−β −1

≦ 1.

Then the functionFα ,β ,λ ,ζ defined by

Fα ,β ,λ ,ζ(z) =

[

ζ
∫ z

0
tζ−1

(

Eα ,β (t)

t

)1/λ

dt

]1/ζ

is in the normalized univalent function classS in D.

The following illustrative example provides several
univalent functions inD:

Example 1. (i) If

|c|+ 5
|λ ζ | ≦ 1,

then the functionF2,2,λ ,ζ defined by

F2,2,λ ,ζ (z) =

[

ζ
∫ z

0
tζ−1

(

sinh(
√

t)√
t

)1/λ

dt

]1/ζ

is univalent inD.

(ii) If

|c|+ 7
5|λ ζ | ≦ 1,

then the functionF2,3,λ ,ζ defined by

F2,3,λ ,ζ(z) =

[

ζ
∫ z

0
tζ−1

(

2[cosh(
√

t)−1]
t

)1/λ

dt

]1/ζ

is univalent inD.

(iii) If

|c|+ 9
11|λ ζ | ≦ 1,

then the functionF2,4,λ ,ζ defined by

F2,4,λ ,ζ (z) =

[

ζ
∫ z

0
tζ−1

(

6[sinh(
√

t)−
√

t]

t3/2

)1/λ

dt

]1/ζ

is univalent inD.

The following result contains another set of sufficient
conditions for integrals of the type (5) to be univalent in
the unit diskD. The key tools in the proof of Theorem2
are Lemma2 and the inequality (8).
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Theorem 2. Let

α1, · · · ,αn ≧ 1 and β1, · · · ,βn ≧
1
2
(1+

√
5).

Consider the normalized Mittag-Leffler functionsEαi ,βi
defined by(10). Let

β = min{β1, · · · ,βn} and λ ∈C
(

ℜ(λ )> 0
)

and suppose that these numbers satisfy the following
inequality:

|λ |≦ 1
n

(

β 2−β −1
2β +1

)

ℜ(λ ).

Then the functionFαi ,βi ,λ ,n defined by

Fαi ,βi ,λ ,n(z) =

[

(nλ +1)
∫ z

0

n

∏
i=1

(

Eαi ,βi
(t)
)λ dt

]1/(nλ+1)

is in the normalized univalent function classS in D.

Proof. Let us consider the auxiliary functionFαi ,βi ,λ
defined by

Fαi ,βi ,λ (z) =
∫ z

0

n

∏
i=1

(

Eαi ,βi
(t)

t

)λ

dt.

We then observe that

Fαi ,βi ,λ ∈ A ,

that is, that

Fαi ,βi ,λ (0) = F
′
αi ,βi ,λ (0)−1= 0.

On the other hand, by using (8) and the fact that, for all
i ∈ {1, · · · ,n},

2βi +1

β 2
i −βi −1

≦
2β +1

β 2−β −1
,

we find, for allz∈ D, that

1−|z|2ℜ(λ )

ℜ(λ )

∣

∣

∣

∣

∣

zF′′
αi ,βi ,λ (z)

F′
αi ,βi ,λ

(z)

∣

∣

∣

∣

∣

≦
|λ |

ℜ(λ )

n

∑
i=1

∣

∣

∣

∣

∣

zE′
αi ,βi

(z)

Eαi ,βi
(z)

−1

∣

∣

∣

∣

∣

≦
|nλ |

ℜ(λ )
· 2β +1

β 2−β −1
≦ 1.

Now, sinceℜ(nλ + 1) > ℜ(λ ) and since the function
Fαi ,βi ,λ ,n can be rewritten in the form:

Fαi ,βi ,λ ,n(z)=

[

(nλ +1)
∫ z

0
tnλ

n

∏
i=1

(

Eαi ,βi
(t)

t

)λ

dt

]1/(nλ+1)

,

by applying Lemma2, we haveFαi ,βi ,λ ,n(z) ∈ S , which
completes the proof of Theorem2.

By choosingn = 1 in Theorem2, we obtain the
following result.

Corollary 3. Let

α ≧ 1 and β ≧
1
2
(1+

√
5)

and consider the normalized Mittag-Leffler functions
Eαi ,βi

defined by(10). Also let the parameterλ ∈ C be so
constrained that

ℜ(λ )> 0 and |λ |≦
(

β 2−β −1
2β +1

)

ℜ(λ ).

Then the functionFα ,β ,λ defined by

Fα ,β ,λ (z) =

[

(λ +1)
∫ z

0

(

Eα ,β (t)
)λ

dt

]1/(λ+1)

is univalent inD.

In particular, we are led to the following univalent
functions inD.

Example 2. (i) If

|λ |≦ 1
5

ℜ(λ ),

then the functionF2,2,λ defined by

F2,2,λ (z) =

[

(λ +1)
∫ z

0

[√
t sinh(

√
t)
]λ

dt

]1/(λ+1)

is univalent inD.

(ii) If

|λ |≦ 5
7

ℜ(λ ),

then the functionF2,3,λ defined by

F2,3,λ (z) =

[

(λ +1)
∫ z

0

(

2[cosh(
√

t)−1]
)λ

dt

]1/(λ+1)

is univalent inD.

(iii) If

|λ |≦ 11
9

ℜ(λ ),

then the functionF2,4,λ defined by

F2,4,λ (z)=

[

(λ +1)
∫ z

0

(

6[sinh(
√

t)−
√

t]√
t

)λ

dt

]1/(λ+1)

is univalent inD.
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Finally, by applying Lemma3 and the inequality (9),
we can easily prove Theorem3 below.

Theorem 3. Let γ ∈ C, α ≧ 1 andβ ≧ 1. Consider the
normalized Mittag-Leffler functionEα ,β defined by(10). If

ℜ(γ)≧ 1 and |γ|≦ 3
√

3β 2

2β 2+6β +4
,

then the functionFα ,β ,γ defined by

Fα ,β ,γ(z) =

[

γ
∫ z

0
tγ−1

(

eEα,β (t)
)γ

dt

]1/γ

is univalent inD.

Example 3. (i) If the parameterγ ∈ C is such that

ℜ(γ)≧ 1 and |γ|≦
√

3
4

,

then the functionF2,1,γ defined by

F2,1,γ(z) =

[

γ
∫ z

0
tγ−1

(

et cosh(
√

t)
)γ

dt

]1/γ

is univalent inD.

(ii) If the parameterγ ∈C is such that

ℜ(γ)≧ 1 and |γ|≦
√

3
2

,

then the functionF2,2,γ defined by

F2,2,γ(z) =

[

γ
∫ z

0
tγ−1

(

e
√

t sinh(
√

t)
)γ

dt

]1/γ

is univalent inD.

(iii) If the parameterγ ∈C is such that

ℜ(γ)≧ 1 and |γ|≦ 27
√

3
40

,

then the functionF2,3,γ defined by

F2,3,γ(z) =

[

γ
∫ z

0
tγ−1

(

e2[cosh(
√

t)−1]
)γ

dt

]1/γ

is univalent inD.

(iv) If the parameterγ ∈C is such that

ℜ(γ)≧ 1 and |γ|≦ 4
√

3
5

,

then the functionF2,4,γ defined by

F2,4,γ(z) =

[

γ
∫ z

0
tγ−1

(

e
6[sinh(

√
t)−

√
t]√

t

)γ
dt

]1/γ

is univalent inD.
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