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Abstract: In this paper, we first introduce a new family of integral ggers involving Mittag-Leffler functions. We then find suféat
conditions for univalence of these integral operators amedqnt the generalized versions of the well-known Ahlfeisd Becker's
univalence criteria. Finally, we derive several inequditfor the normalized Mittag-Leffler functions.
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1 Introduction, Definitions and Preliminaries equation, random walks, Lévy flights, super-diffusive
transport problems and in the study of complex systems.
The familiar Mittag-Leffler functiorE, () introduced by ~ Several properties of the Mittag-Leffler functioksg (z)
Mittag-Leffler [20] and its generalizationE, g(2) and E, g(2), together with their generalizations, can be
introduced by Wiman (se&§)] and [30]) are defined by found in a number of recent workg][ [13] to [19] and
[25] to [27).

Let &7 denote the class of the normalized functions of
Eq(2) = — C —E.4(zZ the form:

and

f(z) =z+ ian 2 ()

- " which are analytic in the open unit disk
Bap(d =) =75 1
o nZOF(an+B) D={z:zeC and |7<1}.

(za,BeC;0(a)>0). We also denote by# the subclass of the normalized

The above-defined functionB,(2) and E, 5(2), as anal'ytic .function classe/ which are univalent (or
well as their various further generalizations, arise Schlicht)inD.
naturally in the solution of fractional differential Since the Mittag-Leffler functioi, g in (1) does not
equations and fractional integro-differential equationsbelong to the class?, we choose to consider here the
which are associated with (for example) the kinetic following normalization of the Mittag-Leffler function:
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In this paper, we are mainly interested in some
integral operators of the typé)(and @) which involve

Eqp(2) :=T (B)zEy p(2) the normalized Mittag-Leffler functionE, g. More
® r(p) precisely, we propose to show that, by using some
=z+ z Flan—1)+p) z (3)  inequalities for the normalized Mittag-Leffler function,
n=2 ( ( ) ) the univalence of some integral operators involving
] ) Mittag-Leffler functions can be derived easily via some
(za.peCO(@)>0;p#0,-1,-2,-). well-known univalence criteria. By appropriately

Whilst the definition 8) holds true for specializing our results, we obtain simple sufficient
complex-valued parameters and 8 andz ¢ C, yet (for ~ conditions for some integral operators which involve the
the purpose of this paper) we shall restrict our attention tohyperbolic sine and the hyperbolic cosine functions.
the case of real-valued parametarand andz c D. We In the proofs of our main results, we need each of the
observe that the normalized Mittag-Leffler functiy ; ~ following univalence criteria.
in (3) contains such well-known functions as its special

cases as given below: Lemma 1. (see Pescar2p]) Let  and ¢ be complex

numbers such that

]E2,1 = ZCOS['(\/E), ]E2,2 = \/Zsinh(\/i), D(Z) >0 and |C| <1 (075 _1)'
Ez3=2[cosH(y/2) - 1] If the function he o7 satisfies the following inequality
and
L elsinhy2) 7 el 1 (1 1) 2112 <
2,4 = \/2 . Zh/( ) =

Geometric properties including starlikeness, convexityfor all z € D, then the function Fe < defined by
and close-to-convexity for the Mittag-Leffler function
Eq g Were recently investigated by Bansal and Prajapat 2, 1/¢
[2]. Raducanu 24], on the other hand, investigated the : [ / et } (7)
ratio of the normalized Mittag-Leffler functiori, g

defined by 8) to its sequence of partial sums given by s in the normalized univalent function claséin D.
Lemma 2. (see PascWl]) LetA € C such that

_n
(Ea,ﬁ)m(z) = Z+n;m " (4) D()\) > 0.

(@>0:B>0 meN), Also let he o satisfy the following inequality

L 1—[2%M | zH(2)
whereN denotes the set glositiveintegers.
Recently, many authors derived the univalence criteria O@R) | (2

of several integral operators which preserve the
normalized univalent function clas®’ (see, for example, for all z E.D' Then for ‘T"” (eC sugh FhalD(Z) = D().‘)’
the function F(2) defined by(7) is in the normalized

[3] to [12)). In particular, Breaz and Guneg] obtained alent f . lass” in D
various sufficient conditions for the univalence of the UNV@ ent function class” in D.

following families of integral operators: Lemma3. (see Pescarf) Letyc C andA € R such
that

<1

RRELL: O(y)=1, A>1 and 2A|y|<3V3.
Fap o n (2 [ / {1 1( > dt} (5) If h € o7 satisfies the the following inequality
=

|zZH(z)| <A
and Y
y — .
B [y/zty‘l Y dt] | ©) for all z <€ D, then the function - D — C, defined by
V4 y 1/y
where the functionsfy,---,f, and f belong to the F(z) = [V/O vt (eh(U) dt]

normalized analytic function clasg’ and the parameters

A1,--+,An, {_andy are complex numbers such that the s iy the normalized univalent function claséin D.
integrals in b) and @) exist. Here, and throughout in this

paper, every many-valued function is taken with the Inourpresentinvestigation, we also need the following
principal branch. result which is based mainly upon the recent wdk [
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Lemma4. Leta = 1 and B = 1. Then the following Suppose alsothat,--- ,A, are nonzero complex numbers
inequalities hold true forall 2 D : and that all these and the aforementioned numbers satisfy
the following inequality

B7_B_1 (8) 2;3+1 n

ZEixp() 1‘< 28+1

Eqp(2)
and . ,
Then the functloﬂ’n?aj BiAjd defined by
B2+3B+2
Fc{' ﬁ)\ : /tz 1 aJ ﬁJ() dt
Proof. Itis known from P] that, foralla =1, 3 = 1 and PR t
ze D, we have
is in the normalized univalent functio# in D.
/ Eap@| _2B+1 Proof. Define the functiorf, g by
G,ﬁ(z) 7 = B2 P
1/Aj
and 2L (Eapp (t)
FO’LBJJ\] (Z)—/O B(f dt.
2
’E“vﬁ(z) > B _Bg _ 1' Since, for allj € {1,--- ,n}, we havelEo,j B € o, thatis,
5 Z

it follows readily thaﬂFai’BJ A €A, that is,

Combining these last inequalities, we immediately find
that @) holds true.
Next, it is known from 4] that, foralla =1, 3 =1

andze D, we have
Fo; p;2;(0) = F&j,ﬁj Aj (0)—1=0.

2
+3B+2
o (z)‘ %, On the other hand, it is easy to see that
: . Lo . . /4]
which obviously implies the inequalityy. n aJ,BJ (t)
"J BiA I:l
2 Univalence of Integral Operators Involving  and
Mittag-Leffler Functions SR N 2)
0’17517 Z i 0’1751 1
Our first main result (Theore® below) is an application aJ BiA ( %A\ Eq (2 '

of Lemmal and contains sufficient conditions for an

integral operator of the typ&( when the functiondj are  Now, by using the inequality 8 for each p;
the normalized Mittag-Leffler functions with various (j < {1,---,n}), we obtain

parameters.
jF// n / (Z)
Theorem 1. Let ’ %5 A ’ Z 1 GJ’BJ -1
1 IE“”JvBJv)‘J( E il Eay g (2
a1, ,0n =1 and B, §§(1+\/_) <i 1 2[3,+1
= A B-p -1
and consider the normalized Mittag-Leffler functions ; T
Eq, p; defined by < Z L ZB+ 1
T & pE-B-1
]EC{J‘ ,Bj (Z) = F(BJ)ZECIJ ,Bj (Z) (10)
forall ze D and By, -- z $(1++/5). Here we have
Let ) used the easily ver|f|abl act that the function
B=min{B,---,Bn} and (eC
with o (1150 LR
0()>0 and ceC (c#-1). 2 ’
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defined by Suppose also that these numbers satisfy the following
o 2x+1 inequality
¢(X) - XZ—X—]_’

is d ing. Therefore, for gl {L,---,n}, we h o+ L 2B+
is decreasing. Therefore, for .-+ ,N}, we have =

d ? A BE-p-1

2231' +1 < 223 +1 ) Then the functiof¥, 5 5 ; defined by
BZ-B-1-p?-B-1

Thus, by using the triangle inequality and the hypothesis

of Theoreml, we obtain

ZFy 55 (2)
i»Bj:Aj
cld* + 12 77 =
a;j,BjAj
2+1 2
<lc|+
Slelt g1 2 o <

which, in view of Lemmal, implies thatFy, g, 5, 7 € -7
This evidently completes the proof of Theorém

By settingA; = --- = Ay = A in Theorenil, we deduce

the following result.

Let the numbers

7an73 and Bla"'aﬁn

Corollary 1.

Za C, ag,---

be asin Theorerhand letA be a nonzero complex number.

Suppose also that the functions
Eaj,ﬁje”(z{ (jE{l,---,n})
are as in Theorermi and that the following inequality

1 (2B+1)
A B2-B-17

is valid. Then the functiolﬁai’,;j Al defined by

() 1/A
Bj
Faj-ﬁj,)\j [ /tZ 1 < aj,pj ) dt

is in the normalized univalent function clas§in D.

el + =7

1/¢

If we putn=1in Theoreml or in Corollaryl, we
immediately obtain the following resuilt.

Corollary 2. Let

azl B= (1+\/—) and (eC

NI -

with

0()>0, ceC (c#£-1) and AcC (A#£0).

/¢
z E. ~(t)\ Y2

FC’-,BJ\-,Z(Z): [Z/O tzfl (%()) dt]

is in the normalized univalent function clagsin D.

The following illustrative example provides several
univalent functions if:

Example 1. (i)
o+— <1
o+ iy S

then the functiorf, , 5 . defined by

P21 ¢(2) = lz [ (ﬂx/fﬁ))m dt]

is univalent inD.

(ii) If

1/

7
c+——= =<1,
It Epg =

then the functiorf, 3 ) . defined by

z PN 12,
Fo3rz(2) = [Z/O ¢t (M) dt]

is univalent inD.

(i)

/¢

9
<
g =

then the functiorif, 4 5 . defined by

Foap¢(2)= [Z/o tz_l(

is univalent inD.

6[sinh(v/t) — Vi v

1/A
o/ ﬂ) dt]

The following result contains another set of sufficient
conditions for integrals of the typé)to be univalent in
the unit diskD. The key tools in the proof of Theoregh
are Lemma and the inequalityg).
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Theorem 2. Let

ay,---,an 21 and Bi,---

7Bn

Consider the normalized Mittag-Leffler functiofis, g
defined by(10). Let

B = min{Blv e 7Bn}

1
> é(1+\/§).

and AeC (OA)>0)

By choosingn = 1 in Theorem2, we obtain the
following result.

Corollary 3. Let
az1l and B== (1+\/§)

and consider the normalized Mittag-Leffler functions

and suppose that these numbers satisfy the followingi,, ; defined by(10). Also let the parametek € C be so

inequality.

05 (O o

Then the functiofiry, g  n defined by

n)\+1/ H(Eaiﬁi(t))A

is in the normalized univalent function clag$in D.

] 1/(nA+1)

]Fal BiA, n

Proof. Let us consider the auxiliary functiofiy, g »

defined by
_ /Zﬁ(Ewm)A
0= t

We then observe that

Fahﬁi A (Z)

Faiﬁh/\ S ﬂ,
that is, that
Fai,Bi A (0) = Fi:{i,Bi A (0) -
On the other hand, by usin@)(and the fact that, for all
ie{l,---.,n},
2Bi+1 2+1
BP-B—-1-p2-p-1
we find, for allze D, that
o502
Fru 5@
Al Q| %as@
0 & Fap @
M| 2B+1 <1
O(A) BZ-p-1-
Now, since(nA + 1) > O(A) and since the function
Fg, g.2,n CAN be rewritten in the form:

(M +1) /Ozt'M ﬁ (M)A o

by applying Lemme2, we haveF o, g 3 n(2) € -7, which
completes the proof of Theoren

1=0.

|Z|2D
D(/\)

-1

A

)

1/(nA+1)
Fai,Bi A ,n(z) = ‘|

Constramed that

BZ

O@A)>0 and |/\|<< zﬁﬁ11>D()\).

Then the functioff, g 5 defined by
. NERELUESY
Fapa@= |3+ [ (Bag(0)"
is univalent inD.

In particular, we are led to the following univalent
functions inD.

Example 2. (i) If
1
<z
AISZ00),

then the functiori, , , defined by

1/(A+1)

Faoa®= (A +1) [ [Visih(vE)" o

is univalent inD.

(ii)
5
<>
AIZ200),
then the functiori, 5 , defined by
. A 1YA+D
Faaa@ = (A +1) [ (2leost(vE) - 1) a
is univalent inD.
(iii)
MES 00,
then the functiori, 4 » deflned by
) A 1/(A+1)
Z /6[sinh(y/t) —+/t
F2747/\(Z): ()\ _|_]_)/ (M) dt]
0 Vi

is univalent inD.
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Finally, by applying Lemma& and the inequality9),

we can easily prove Theore®below.

Theorem3. Letye C, a = 1andf = 1. Consider the
normalized Mittag-Leffler functioB, g defined by(10). If

3v/3p2

> <
Oky)=z1 and |y|:2B2+GB+4’

then the functiorf, g , defined by

z 1/y
Fa,By(Z) = {V/O ty-1 (GE"’B(U)V dt]

is univalent inD.

Example 3. (i) If the parametey € C is such that

Oz and Y=Y

then the functior¥, 1 , defined by

z 1/y
Fa1,(2) [y [ (@)’ dt]

0
is univalent inD.
(i) If the parametew € C is such that

Oz and Y=Y
then the functiori, , , defined by
1y

z )
FZ,Z,V(Z) — [y/o ty-1 (e\/fsmh(\/f))y dt]

is univalent inD.

(ii) If the parametely € C is such that

yz1 amd <20

then the functiori, 3, defined by

z
IF2737y(2) = |:V/ tV*l (eZ[Cosﬁ\/f),l])y dt:|
0

is univalent inD.

1)y

(iv) If the parametey € C is such that

O(y) =1 and |V|§?a

then the functiorf, 4 , defined by

z ssinnyH-vE\ Y 1YY
F2,4,y(z):{y / -1 (e v ) dt]
o 0

is univalent inD.
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