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Abstract: The object of the present paper is to show that Ramanujam@sréduction formulas [Entries 24 and 22 in chapter 13
of Ramanujan’s first notebook,see also Entries 18 and 16apteh 11 of Ramanujan’s second notebook] for the productsiof
hypergeometric functions, can be unified and generalizedyéoeral quadruple Gaussian hypergeometric functionsrivéSava,
Pathan and Saigo, using series rearrangement technigog.tie theory of bounded multiple sequences, further gaizations of
two product theorems of Srinivasa Ramanujan, are also given
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1 Introduction p=qg+1]7=1and0(w) >0, orp=q+1,7 =

. 1,z#41and 0> 0O -1),

In the usual notation, IR andC denote the sets of real wffefe and 0= 0(w) > )

and complex numbers respectively. Also let q p
No=NuU{0} , N=1{1,23,...} =No\{0}

and

Za:{O,—l,—Z,}:Z*U{O} 7Z7:{—1,—27—3,...}

(ajeC(j=12,...,p);Bj €C\Zg(j=1,2,...,0)).

In terms of Gamma function” (z), the widely-used

and Z—Z UN being the set of integers. Pochhammer symbo[A), (A,v € C) is defined, in

general, by
The generalized hypergeometric function pFq with p
numerator parametems;,dy, ..., dp and q denominator M), = ra+v)
parametergy, Bo,.. ., Bq, is defined by VU T(A)
1 ,(v=0;A € C\ {0})

p

a1, dz,...,0dp; © ]]l(aj)n .
B1, B2, -, Ba; n=

@ "

(pgaeNo; p<qg+1; p<qgand|z < w,0r p=
g+1and|z < 1,or

pFq

= (2)
AA+1)...A+n=-1) ,(v=neN;AeC),

it being understoodonventionally that (0), = 1 and
assumedacitly that thel" quotient exists

/°° e—ita—ldt — I_(a)
0

77 (3)
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For the sake of convenience, we write

(D(s)>0,0<D(a)<oo orl](s):0,0<D(a)<1). z > YAmnpag= 3% A(mnnp.aq)
0n=0p=0g=0 m,n,p,q=0

The following reduction formulas for the product of two z A(m,n) A(m,n)

generalized hypergeometric functions are attributed to mn=o m=0n=

Ramanujan (see, for example, Hardy[6,p.503,equations « m

(9.6) and (9.7)],Berndt[1]): = z z A(m—n,n). 9)
m=0n=0

First Product Theorem:

o) 1 o
Y(p) = Y(2p+i
pZO (p) iZOpZO (2p+1i)

: 2 ®
; N y
| Oy R | By =R | SG 5% @ =p=ov<2p>+ > viep+1) (10)
Second Product Theorem:
Y(2p+i,29+ j). (11)
p!q %%pqzo
[ - ] [ x} Dixon Theorem:[8,p.92(Theorem 33)]
N4

3F2{ A’B’D.; 1}

ABv+7— 1) _27X2 1+A-B,1+A-D;

:3F8[ A(2;v+{—1),A(2;v),A(2;0),v, }(5)  F(1+A-B)F (1+A-D)[(1+4)r(1+45-B-D)
1+ 5-BIr(1+45-D)(1+AF(1+A-B-D)’

where,for convenience(m; {) abbreviates the array (12)
of m parameters given b§/m, ({ +1)/m,...,({ + m—
1)/mandm=1.23,... whereJ(A—2B—2D) > -2 and I+A—-B,1+A-D¢
Formula (4) is the Entry 24 and formula (5) is the C\Z -

Entry 22, in chapter 13 of Ramanujan’s first note book [9, ~-€Mma 1: Using Dixon theorem, we get

pp.201-203].These formulas are also given as Entry 18 —2mil—-v—-2m1l—— 2m
and Entry 16 respectively, in chapter 11 of Ramanujan’s 3 : 1
second note book [10,pp. 132-133; see also

8,p.106(Q.No. 5&7)]. _ ()" (@HmEME ) () m(H a3
(Wm(m(Z5=)m( 5 )m
The notation(as) denotes the set of A number of
parameters given bgy, ay, .. ., aa. and
The notation A[N;(bg)] denote the array of BN —-2m—1,-v—-2m, —{ —2m; _0 14
parameters[21,p.47(equation 8),pp.193-194] given byB':2 v, ¢ = (14)
A(N;by),A(N;by),...,A(N;bg).
where m is non-negative integer and{ € C\Zj .
If j =0,1,23,...,(N—1) then the asterisk in Lemma 2: Using Dixon theorem, we get
A*(N; j +1) representgN — 1) denominator parameters ) 1—o—2p 1
in such a way that the denominator paraméés always 3F2{ pj?l—p—zgz 1} _ (Phe(o - 2, (z)p’15)
omitted[21,p.194(equation 12);see also 19,p.194]. ’ ' (0)p(5)p(P37)p
and
A
= i)n = (@1)n(a2)n. .. . 6 —2p—1,p,—0-2p; _
(@l = [(@)n = (@)n(@2)n-.- @)y (6) 35[ 07072 4]0 (16)
me (PHi-1 here p is non-negative integer; —p — 2p € C\Zg and
(B)m =™ (7) ’ (7)  where p is non-negative integer; —p — 2p € C\Z, an
Y m Ua (1—p)#£0,+£1,+2,+3, ...
(n=0,1,2,...; m=123,...). Kampé de Feriet's general double hypergeometric
function:
In 1921, Appell’s four double hypergeometric functions
((@)]m = m™MA {@} {(aA +1} [(aA)+m—1] . F1,F,F3,Fs and Humbert's seven confluent forms
m |, m |, m n @1,0,03,44,445,=1,=> were unified and generalized by

(8) Kampé de Fériet. We recall the definition of general
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double hypergeometric function of Kampé de Feériet in hypergeometric functiof ¥ [16, p. 70(equation 2.5); 17,
the slightly modified notation of Srivastava and p. 229(equation 1.1); 18, pp. 35-36(equation 1.2), pp. 39-
Panda[22,p.423(equation 26),p.424(equation 27); see alsA0(equations 2.3 ,2.4); 21, pp. 147-148(equations 36,37),

23,p.23(equations 1.2,1.3)] p. 232(equations 43, 44)]
@ [anb, c;de: f.cge ]
s (an): (bs) ; (db) ; Xy] F [h“rm'n p'q,m-s,p; %ot
(ee): (9a) ; (hn) ; _<ov |+J )i (c)i (&) Xy’
A B D . |%J% h)ij ()i (N)j (M)i (p);itj! 8
o []@)res [0 [ ()X ati+j:f, ctige+ij;
=3 '[l 'I;! 'El x Fi 22[h+|+1 QL M+iiS p+ Z’t]
e [](@)rss [](@)r [](h0sr's 22 @i (b)) (@)Xy
_ 5 [@a)ls[(be) [(do)] Xy oy M (e
- r;o [(ee)]i1s[(ga)]; [(hr)]sr!st’ a7 Xi i (@+i+P)ek(f)e(C+i)e(Qx(e+ Ztk
Ikl
it being understood thajix| and |y| are sufficiently —0k0 mh+°o|+1)” D (M+1)e (S(P+ Dtk
small to ensure the convergence of the concerned double_ A)ictj+e+k (Ci+e (€)j+k ()i (d)y
series. IZ;J /ZOZO )it jek (Miee (P)jk (N I
Srivastava’'s general triple hypergeometric  » (1)r(@XYZt¢
function: ( Yo (S)ki!jLotkt

Triple hypergeometric functionF® of Srivastava Now we .

: s o generalize above quadruple series by the
[15’9'428] Isthe unification an.d gen.erall)zatlc;n of introduction of an arbitrary number of numerator and
Lauricella’s fourteen hypergeometric functioRs’, Fy”,  denominator parameters. We recall the definition of
Fé3), Fé3) including Saran’s ten triple hypergeometric general quadruple hypergeometric functidﬁé‘”
functionsFg, Fg, Fs, Fx, Fm, Fn, Fp,Fr, Fs, Fr, three  Srivastava[18, pp. 35-36(equation 1.2); 17, p.
additional functionsHp,Hg,Hc of Srivastava, confluent 229(equation 1.1); 16, p. 70(equation 2.5)] which is the
triple hypergeometric functions of Jain and Exton, generalization and unification of Srivastava's function

Erdélyi's function®\”, Humbert's functior#®, Exton's ~ F®, Exton’s quadruple hypergeometric functiés, Ko,

function <D§3), Ef), Srivastava-Exton function®é3), Kio, K12, K13, Koo, K21, Chandel's fU”Ctiong;Eg)v
Exton’s functions Ek;E,(;}), Ek))Eff), Chandel's function Exton’s functlonsé ;E,g), %Eg‘), Lauricella’s functions
EgEg) etcetera. Triple serie6® of Srivastava is given FA”, Fs”, F*Y, F§Y its confluent forms given by Exton,
by: Erdélyi's function®§4), Humbert's functiorw2<4), Exton’s
functions <D§4), Ef), Srivastava-Exton functiorﬂaé4),
(@) =i (bg); (dp); () : (9a) etcetera. In our slightly modified notatior.” is given
E®3) by- s
(M) 2 (nn) 5 (PP) 5 (aQ) = (FR) ; o g )
(hH) : (éL); F<4) |:(aA) . ( B)'( D) ( ) (QG) ( H)
%Y, (nn) = (pp) 5 (aQ) 5 (FR) 5 (S) & (t7)
(ss); (tr);
0 (dD) ’ ( ) ’ (gG) ,
_ [(@a)]i4jk [(08)]ij [(dD)] i [(€E)]isi y W, X, Y,z
i.j%o0 (W) i [N [(PP)] - [(AQ) i (GQ); (W )(; (Ss); (ol (gl (o) (e
iy e [(an)] kee [(0D) i1k [(96)] s [(bB)]; [(€E )]
i [(00)]ix 1 i)kt + i+ j
[([?G)]' [[(< >)]] [[((t L))]]kn ﬁw , 18 o (e (9] (55) o PRI )
; i [Tl K
o . (P () Wil Lo
it being understood thad,|ly| and |z are sufficiently > ) Tug)], ke (19)
small to ensure the convergence of the concerned triple
series. it being understood thatw|,|x|,ly] and |z are
sufficiently small to ensure the convergence of the
Srivastava'’s quadruple hypergeometric function: concerned quadruple series.

During 1970-71, Srivastava gave the following quadruple
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Pathan’s general quadruple hypergeometric the following form:
function:

/ / / / / ’

(ay) i (bg )i (dy )i (e )i (9g) = (hy) s
(mm) 5 (nn) 5 (Pe) 5 (Ag) & (rR) :(ss) 5 (tT)

, [ (@) (bs) 5 (do) 5 (€e) 5 (9e) = (hh) 5
Pathan’s quadruple hypergeometric function [7, p. 172 Py [
(equation 1.2)]FF<,4) is the generalization and unification
of Srivastava’s functior ®), Lauricella’s functions L,

Fé‘l)’ Fé4)’ 54), Exton’s functionKy, K11, K15, confluent (mM,) : (nN,) : (pp,) : (qQ,) : (rR,) :(sg) : (tT,) :
forms of Lauricella’s functions given by Exton, Carlson’s

[(
>< / / / /
In 1979, a general quadruple hypergeometric series  [(9g)], ., ; ()l LMy )L (0L [(PRT,

m@fwas considered by Pathan [7,p.172 (equation 1.2)] in [(0Q)) o (TR [(59)]; [(t)] [(uy)]ic [(ww)] X yi Zc!
X
e o (], [ 151 [5G, ) [ e
(21)

function of four variables R. Erdélyi's functio@(4), (W) s (W) XMZC]
Humbert's function®y®, Exton’s functions®{”, =\¥, CHRCWE
Srivastava-Exton functiomgl), Exton’s functionéngg‘), 2 (@)t ke [(08)]ict jic [(0D)] e [(88) s g
EggEg‘), Chandel's functio@Eg‘) etcetera. AT RN CR RGO C S A C T
[(96)] it j [(MH)]i4 [(mlvl)]wk[(”N)hM[(pP)}Hk
]

it being understood thdk|,y|,|z| and|c| are sufficiently

@ (@a) : (dp) s (9e) s (Mm) ;s (dQ) : (ss); (W) ; small to ensure the convergence of the concerned
Fp quadruple series.
bg):: (eg); (hy); (nn); (rr): (t1) 5 (Ww) ;
(be) i (56 i ()5 ()3 (Te): () s (k) It is the generalization and unification of Pathan’s
(xx) ; (z2) . . (4) . ,
C1,C,,C3,Cy quadruple hypergeometric functiof;”, Srivastava’'s
(W) (w); quadruple hypergeometric functi0|’FS(4), quadruple
hypergeometric functions of Bhati-Purohit [2,3],
w ) )i i [O0)]i i [(96)] e e LMW i Chandel-Agarwal-Kumar [4] and Sharma-Parihar [13,14]
.,é o [0 )1s oicre (@ o i () i (W oy~ CTCETET

[(CJQ)]M.+J [(s9)]; [(W)] [0)]ic[(22)],C1'C2)C4'Cy
)

(R [0 )], )] o) @9

2 Three Generalization and unification of
product theorems

it being understood thatCy|,|Cy|,|Cs| and |C4| are
sufficiently small to ensure the convergence of the

concerned quadruple series. If denominator parameters in multiple hypergeometric

functions are neither zero nor negative integers and any

values of arguments and numerator parameters leading to
hypergeometric function;

(i) Main Generalization of First Product Theorem
of Ramanujan
In 1988, M. Saigo defined a more general quadruple

hypergeometric functlo[:[ll, p. 15(equation 17); 12, pp.  (associated with quadruple hypergeometric function
455-456(equation 16H|\</| ) (slightly modified notation) in  of Saigo and triple hypergeometric function of Srivastava)
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(ee): —5(@aa) i (cc) s — i (hm); —5 — - -p,1-0-pp;
R { = m_nzp:owm, n, p)sF2 { 1-p—p.o 1}
(ge):: —: (b) 5 (dp) s — (k)3 — 5 — -
— ) (ss)i(w)spip where
X2y, =Y
—i— ;(rR) (tT) (WW) ;0,0 [(€)Imintpl(@)]nyp[(cc)pim [(hH)]min

®(m,n,p) = x

_ cllilss)lil(@)];
iZ)]zO (96 ]|+] L+] )] [(tr)]; [(b B)]]

AlZ(6) +in+i] 5 i) +i+ ]
M) xe >[ ’ (Sl (p)"y?
Al2;(ge) +i+]] 1 A2 (k) +i+]] 5 ("R [(t7) ] [(Way) ] (@) pmint !
A2:(an) + ] B2:(cc) +1): A2:(59) +i]

[(96)]m-n+p [(08)]n4-p [(dD)] g m (K<) min

Therefore

0o

[2:(bg) + i A[2;(do) +i] :A[2:(tr) + 60— % omn2mar | 2P1-0-2p0;]
A2 () + ], : AL p)SFZ{ 1-p-2p.0; }
A*(2:140) 5 A[2: (W) + ], A*(2i1+ ) ; + Ziocp(mﬂﬂiw 1)3F> {_Zp_l’ :Z:S{,’jﬁ 1}
Al (0)).p.o—p e |
Z—§>%>§ ] (22) Using Dixon Summation Theorems (15,16), we get
A[Z;(rR)],o,A(Z;o) ) hd [(eE)]m+n+2p [(aA)}nJer [(CC)]2p+m[(hH )}m+n

provided that involved multiple series on both sides ~ mip-o [(96)min+2p [(08)In; 2p [(dD)]2psm (K<)l

are absolutely convergent[S.20}, ()2 (59l (0 ) (9)2p "2y
where X

a = 1+G+D+K+T-E-C-H-S [(rR)]Zp [(tT)}m[(W\N)]n(O)me!n!(zp)!
B = 1+G+B+K+W-E-A-H-U % 3F {—2p71— a-2p.p; 4] .o
y=1+G+B+D+R-E-A-C-L. 1-p-—2p,o0;

Now replacingm,n by 2m+i,2n+ j respectively, we
Proof: p gm,n Dy 2m-+ +jresp y

Suppose left hand side of the equation (22) is denoted b)g

© and write Saigo quadruple hypergeometric function % [(68)]2mt2nt2p+itj [(Ba )]2n+2p+1
F,\(,,4) in power series form, we get %Z) miip=0 1(96)]2mi2nt2p1ivj (DB )}2n+2p+1
o- % [()Imn+-pra (@)l piql(c)]pigim " y [(cc)lap s amyi [(hH)]amy2npit j [(40)]2p [(S8)omy y
mn$—0 [(96)miniprql(PB)]nipiql(dD)lpigim [(dD)]2p+ 2myi (k&) ]2ma2n it [(FR)]2p [(ET)2myi
(06 [(40)] g [(58) ]l (W0)]n(P)p(P)g (— 1) FXTyP 42" } [(W)]any j (P)p(0 — p) P22 1y2P
(ki) mn [(FR) piq [(tT) I m [(Ww )[4 (0) p(0) gmint pl gt [(Ww)]2n; 122P(0)p(§)p( 252 )p(2m+i)! (2n+ ) p!
_ % % [(&8)]mnsp (@)1 p ()] pm [ (MH)lmin 11 eE " ,H [(co)); [(s9)); [(an)] [(uy)]; X2
mip=0 &0 [(96)minsp[(B8)]nsp [(AD)]pm [(<)]mn .Z;, i [(do); [0 [(B)]; [(ww)] 131
) [(9)]ml (W n(=D)XYPZ(p)p-q(P)q 2 [(ee) +i+ilaminip [(8a) +ilonip)
[(rR)] [(tT)]m [(Ww)]n (0) p—q(O)gmint (p— g !t Xm_nzp:o [(96) +1+ ilomintp) [(bB) + Tlo(nip) h
_ % [(68)]mn+p [(@A)Ins p[(CC)]pm [(MH)Imin @)+l () + 1+ o [(L)]2p [(S5) +ilom
mip=0 [(96)Imnsp(08)]nsp [(AD)] pym [(<)Imin [(d) + 115 my (k) 1+ Tame ry (TR 2p [(E7) + 1T
LT [(58)lml(u )1n(R)pX"27yP 5| PLo-Peiy y (W) + ilan(P)p (0 — p)pXPmZ2"Y?P
[(rR)]p [(tr)]m [(Ww )]y (0) pmitnt ! 1-p-po; (W) + 112022P(0)p(§)p( 754 )p(L+1)2m(1+ f)2n P!
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1+ (eg)+i+]

= (el
[1+(g

Xzl

X —
Il +I+
Ym0 [ g

INGHIN
T

[<aA>+i
2

X n
[(bB%+]]n+p

JPY e RS AR R ey LSRN B

F ool Sp [ F 5o

(G (D (O (D

(ke)+i—+j 14 (ke ) +itj
[ mn [ Im+n

[

[(ss)+i]m[l+(ss)+i]m(1)n[(uuz)+j ]n[1+(uzu)+j ]n y

(P)p(o—p)p y

X - -
H{1+(G—E)+(B=A)+(K—H)-+(W-U)}n (izl)n (2+1 )n

1
X AT+ GCE+ DO+ K-H)+(T-S}m (g (9), x (%53),

X2m y2p22n

4L+ (G-E)+E-A+D-C+R-L)IP minip!’

X

using the definition of
A*(2;1+1),4%(2;1+ j),A[2;(bg)] and hypergeometric
notation of Srivastava’s triple seriés®, we can obtain
the right hand side of (22).

(i) Main Generalization of Second Product
Theorem of Ramanujan

(Associated with quadruple hypergeometric function
of Saigo and triple hypergeometric function of Srivastava)

@ | (@) (@) —i—i(C) s () — i —i —
FM
(ge)::: (b) ; —; —; (dp) it (k)3 —; —3 —
— () —; —; (ss)s (w);
X,—X,¥,Z

—(rR) v, v, s () 5 (W) 5

ee)litj [(4W)]iyj [(@a
Miej [rR)is

11 [(
- i;) jZo [(9e

. Al2;(eg) +i+]] A2 (an) +i] 5 A[2;(0) +i+]] 5
xF
A[2;(ge) +i+j] it A[2;(bg) +i] s A[2;(rR) +1+ ] ;

Al2;(cc) + ] - A[2;5(hw)], A(Biv+{—1)
A[2;(dp) + j] :A[2;(ke)],v,{,A(2;v),A(2;0),
s A[2;(ss) +1]

A2,v+{—1); A[2;(tr) +i], A*(2;1+10) ;

Al2;(u)+] ;
2;(u) + j] e v 2 | 23)
. AR T
A2 (W) + J,4%(2:1+ ) 5
provided that involved multiple series on both sides

are absolutely convergent[5,20],

where
0 = 3+G+B+D+K-E-A-C-H
¢ = 1+G+B+R+T-E-A-L-S
¥ = 1+G+R+D+W-E-L-C-U.

(iii) Main Unification and Generalization of First
and Second Product Theorems of Ramanujan
(Associated with quadruple hypergeometric function of
Srivastava and double hypergeometric function of Kampé
de Fériet)

[

s () (L) — s (w) s ps
(96) v, {5 (ke) ;05 (rR) 1V, 05 (Ke) 3 O
() ;

vav_xv_y
(rr);

2; cAB v+ -1),
— F2E:3+2H 2421 [2;(ee)] ( +{ )
~ T2G:8+2K;3+2R

Al2;(96)] : A(2;v+(—1),v.C,
p,0—p,A12;(0)];

A(2v),A(2,0),4(2(ke)] 5 0,4(2;0),A12(R)] ;

—21e ¥
2A ) 4H ?

provided that involved multiple series on both sides
are absolutely convergent.[5,20],
where

A2;(hw)] ;

(24)

A=(3+G+K—E—H)
U=(1+G+R—E—L).
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3 Special Cases of Theorems (22) and (23)

(Associated with multiple Gaussian hypergeometric eE |+J [(ss)]i [(uu)]; X ZJ
functions of Kampé de Fériet,Srivastava and Pathan.) Zj Z) iy [0 [(ww)] I'j'

Making suitable adjustment of parameters we can
derive a number of new reduction formulas associated . D e . e .
with double, triple and quadruple hypergeometric (3 Alzi(ee) +it 1] = AR () + i 115 —3 —
functions scattered in the literature of special functions A[2;(g6) +i+ ] = AR (k) +i+ ] —; —

In equation (22) setting K=H=L=R=0 and using the
notation of Pathan’s quadruple hypergeometric function A[2;(ss) +i] A[2;(uy) + ]

FF<,4), we get
A2;(tr) +i],4%(2;1+10) ; A[2;(Www) + j], A*(2;1+ ) ;
(€e):t —: (aa) 5 (Ce) i —1 (ss) 5 (W) s PP s

R A2i(0)).p.o—p
(96):: —; (bg); (dp) ; —: (tr); (Ww); 0 0; PRI (26)
4070 4BTF0 4y* ’
A[2;(rr)],0,4(2;0) ;

X2y, -y provided that involved multiple series on both sides are
’ absolutely convergent,
where
a** = 1+G+K+T-E-H-S
.ﬂ Cc Ji[(ss)]; [(aa)]; ()] JX'Z‘ B = 1+G+K+W-E-H-U
Eozo IMCYNCIICIACTRI yrEIGHREL.
In equation (23) Setting K=H=L=R=0 and using the
Al2;(ee)+i+ ] —; A2 (an) + ] notation of Pathan’s quadruple hypergeometric function
xF F, we get
A2;(ge) +i+j] i —; A[2;(bg)+ ] ;
Al2;(cc) +1] : A[2;(s6) +1] A2 (w) + ] £ (€e):: (@) i —i—i () —i —i(ss)s
P
812:(do) +1]: A[2i(tr) +11,4° (2 14+1) : Al2i () + ]l (Ge):: (be) i —i — i {d) s v, v, (tr);
po—p (w);
N o (25) X, =X, Y, Z
A% (2:1+]) ;0,4(2,0) ; (W) ;
provided that involved multiple series on both sides are N
apsoutely convergent, _ L L [ @) (sl ()] [(w)]y2
a* = 1+G+D+T-E-C-S iS0j= [(96)]i+j [(bB)]; [(tr)]; [(d)];[(waw)]ji! j!

B* = 1+G+B+W-E-A-U
y* = 1+G+B+D-E-A-C.

In equation (22) setting A=B=C=D=0 and using the
notation of Srivastava’s quadruple hypergeometric

function FS(4), we get

@ Al2;(ee) +i+ ] = A2 (an) +1] 5 —
X
A[2;(ge) +i+j] = A[2;(bs) +i] 5 —;

[ ()P () 5 (s8); () 2 ()5 (W) i (M) Alzi(ee) +il: ABv+L-D) ?
F
° (ge): 0; (rR) 5 (tr) s (ke) = 03 (rR) 3 (Ww) 5 (Ke) ; A[2;(dp) +j] 1 v,{,A(2;v),A(2:0),A(2;v +{ — 1) ;
A[2;(ss) +1] A2 (w) + ] ;
Vi X, =Y,
A2;(tr) +i], A*(2;1+1); A2;(ww) + j],4%(2; 1+ ) ;
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e PR 27) _ L [(ee)]; [(Ss)] | 2E: 2S2A+2 Al2:(ee) ]
457 0 49T vt | .;; [(ga)]; [(tr)]jit " 22T H2+3 Al2;(ge) +1] :
provided that involved multiple series on both sides are .
absolutely convergent, Al2i(ss)+i]; p,o—p,A[2;(aa)] ; ,
where e
6* = 3+G+B+D-E-A-C A[2;(tT) +i],A%(2;1+1i) ; 0,A(2;0),4A[2;(bg)] ;
@* = 1+G+B+T-E-A-S (29)

Y* = 1+G+D+W-E-C-U.
provided that involved multiple series on both sides are
In equation (23) setting A=B=C=D=0 and using the absolutely convergent,
notation of Srivastava’s quadruple hypergeometricwhere

function FS(4), we get 3:**—: 11:((33:;IIEE§

" (eg):: —;(hu);(ss); (l): —;(hy); (w); In equation (27) put z=0 and A=B=U=W=0, we get
(Ge): v, {5 (ka) s (tr) 5 (rR) 1 v, &5 (k) s (Ww) 5 (g (&) ()i —i— =i =i (s X’_x’y]
(ge) = (d); —;5 —:v,{; v, {5 (tr)
(L) ]
X,y,—X,Z 1 A[ZY(QE)_"I} : A[Z’(SS)+I]
) R .
' 2 A[2;(ge) +i] : A[2;(tr) +1],

[(ee)]iyj ()i [(ss)]i [(wu)]; Y'Z‘

11
N - A3 -1),
I;J;) [(gG)]i+j [(rR)]iJrj [(tT)]I[(\N\N)] ||]' ( V+Z )
A*(2;1+1) 5 v,0,8(2,v),48(2,),8(2,v +{ - 1),

Al2;(eg) +i+jlm—; A2 () +i+]] —:
xF®) A[2;(co)l;
Al2i(ge) +i+] —: ARi(rR) +i+ ] —: o 22 (30)
A[2;(dp)] ;
Al2i(hw)l, ABV+E-1) HAL2i(s9) +1] provided that involved multiple series on both sides are
A2i(kLV.C.A2V).AR0). AR+~ 1); Al2i(tr) +,  Bbsolutely convergent,
_ 0** =3+G+D-E-C
A2 (w) + ] ; , @ = 1+G+T-E-S.
272y 2

A*(2;1+10) ;A2 (ww) + j1,4%(2, 1+ ) e
(28)

provided that involved multiple series on both sides are4 Further Unification and Generalization

absolutely convergent,

where Unification and Generalization of equations (22), (25),
0** = 3+G+K-E-H (26) and (29):

¢ = 1+G+R+T-E-L-S Let {®1(n)}i_o, {P2(N)}no, {Pa(M)iio, {Pa(N) o,
P = 1+G+R+W-E-L-U. {@s() o, {Ps(N}n_o: {P7(N)}7, are the bounded

multiple sequences of arbitrary real or complex numbers,
In equation (25) put z=0 and C=D=U=W=0, we get ¢ #0,—1,—2,...and(1—p)#0,£1,42,43,....

Then
@ (€e)t—; (@) —:(Ss);pips .
%%y ®1(M+ N+ p+0) PN+ p+q) P3(p+ 0+ M) x
(9g) i —;: (bg); —:(tr);0;0; m,n%q:o
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0,+1,+2,+3,....

(0)p(p)a(—L)xmyprazn  Then

X ®4(M+n) D5 (p+ q) Pg(m) P7(n) (U)p?é) min! plq!

[ee]

Yi(m-+n+ p+q)Ya(m-+n)¥3(p+ Q) x

1 1 XIZJ 00 m,n,p,q=0
= ijo z 1(2m+2n+2p+i+j)x
il J' e

(P)p(P)q(—1)™ XM NyPTd

(VIm(Om(V)n({)n(0)p(0)gmint p!q!

X

X@Pa(2n+2p+ |)P3(2p+ 2m+i) Pa(2m+2n+i + j) x

— S Yi(2m+2p)¥(2m)¥5(2p) x
X Ds(2p) Ds(2M-+i) P7(2n+ j) ¥ mp=0

Z\n 3
(0)p(0— P)p(5)"(F)P(Z) NS RN Sap E R
: - , (31) (V)m(i)m %)m(Z)m(é)m(T)m
(0)p(5)p (%) p(B)m(Z)m (55 )n (B )np!

provided that each of the series involved is absolutely (_27x2) (ﬁ)

convergent. 64 4 (33)
(0)p($)p(ZHL)p (5 m( S mmip!

Unification and Generalization of equations (23), PR2/P2/P2 2-/m

(27), (28) and (30): provided that each of the series involved is absolutely
o o o convergent.

Let  {Wimlr, (Mt  {4M}e ? o |
{¥(n) oo {¥5(N) gy {$6(N) g, {W1(N) }o_g are the We conclude our present investigation by observing
bounded multiple sequences of arbitrary real or complexthat various special cases associated with double, triple,
numbersand',Z,”g*l,izz;éo,—l,—z,.... quadruple hypergeometric functions scattered in the
Then literature of special functions, can also be deduced in an

“ analogous manner.
Wi(m+n+ p+q) ¥ (m-+n+ p)Y5(q+m+n)¥y(m+n) x
m.n,p.q=0
Ny MH-N p
X Y5(p+ ) ¥(p) ¥4 (q) (1™ TPz Acknowledgement
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