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Abstract: In this paper, we establish the existence and uniquenessrofion fixed points for a pair of set-valued mappings satisfyi
a generalized contractive condition in cone metric spadgsnermal constani = 1. An example is given to support our results. The
presented results improve, unify and generalize many krresauits in the literature.
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1 Introduction and using the notion of normal cones, obtained fixed
point theorems for such mappings. As we know, most of

Fixed point theory is one of the famous and traditional known cones are normal with normal constant M = 1.

theories in mathematics and has a broad set ofurther, Rezapou2B] proved two results about common

applications. In this theory, contraction is one of the mainfixed points of multifunctions on cone metric spaces. For

tools to prove the existence and uniqueness of a fixedh detailed study, seel,2,3,4,9,10,12,13,14,26,29,30,

point. Banach’s contraction principl®][which gives an  32,34,35]

answer to the existence and uniqueness of a solution of an Motivated by the above work, in this paper, we obtain

operator equatioifx = x, is the most widely used fixed a unique common fixed point and for a pair of set-valued

point theorem in all of analysis. This principal is mappings satisfying a generalized contractive condition

constructive in nature and is one of the most usefulin cone metric spaces with normal constamt= 1. An

techniques in the study of nonlinear equations. Differentexample is given to justify our results. The presented

generalizations of the Banach’s contraction mappingresults generalize many known results in cone metric

principle were studied by many authors in metric spacesspaces.

and Banach spaces, s€¢7,8,15,16,17,19,20,21,22,23,

24,25,27,28,31,33] and references given therein. Later,

Nadler Jr. L8 has proved multivalued version of the 2 Preliminaries

Banach contraction principle which states that each

closed bounded valued contraction map on a completén this section, we recall the definition of cone metric

metric space has a fixed point. Many authors have beespaces and some of their properties.

using the Hausdroff metric to obtain fixed point results pefinition 2.1.Let E be a real Banach space. A subRef
for rFr;uItlvatlluedeaps on fSEtZ“r? spaces. ied E is called a cone if the following conditions are satisfied:
ecently, Huang an an eneralize e -
y g d4 g ()P is closed, nonempty arfll# {0};

concept of a metric space, replacing the set of real
numbers by an ordered Banach space and obtained sorrz@l'))Pg €R,a, b{;}o andx.y € Pimply thatax+ by € P.

fixed point theorems for mappings satisfying different
contractive conditions. WardowskB§| introduced the Given a ConeP of E, we define a partial ordering
concept of multivalued contractions in cone metric spacesith respect td® by x <yif and only ify—x € P. We shall
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write X < y to indicate thaix <y butx #y, while x <y
will stand fory — x € intP.

A coneP is called normal if there is a numbg&r> 0
such that for alk,y € E,

0<x<y implies |[x|| <K]|ly].

The least positive number satisfying the above inequalitywhereD(x,A)

is called the normal constant Bf

Definition 2.2.Let X be anonempty setamtt X x X — E
be a mapping such that the following conditions hold:

()0 < d(x,y) for all x,y € X andd(x,y) = 0 if and only
if x=y;

@i d(x, y)y: d(y,x) for all x,y € X;
(i) d(x,y) < d(x,2) +d(zy) forall x,y,z € X.
Thend is called a cone metric oX and(X,d) is called a
cone metric space.
Example 23. Let X = R E = PR
P={(xy) €E:x,y>0} c R andd: X x X — E such
thatd(x,y) = (|Jx—y|,d|x—y]), whered > 0 is a constant.
Then (X,d) is a cone metric space.
Example 2.4.LetE = C}([0,1]) with norm|| f|| = || f |« +
| f'||. The cond® = { f € E: f >0} is a non-normal cone.

Lemma 2.9.Let (X,d) be a cone metric spac®, be a
normal cone with normal constakt = 1 andA, B be two
compact sets iiX, 7c). Then,

SupD(x,A) < e,

xeB
= inf ||d(x,a)]|, for eachx € X.
acA

Definition 2.10.Let (X,d) be a cone metric spacebe a
normal cone with normal constakt = 1, H. denote the
set of all compact subsets OX, 1c) andA € Hc. Now by
Lemma 2.8, we define

ha 1 He(X) — [0,) and dy : He(X) x He(X) — [0, )

by

ha(B) =supD(x,B) < 0 anddy (A, B) = max{ha(B),hg(A)},
XEA

respectively.

Remarks 2.11.Let (X,d) be a cone metric spaci,be a
normal cone with normal constakt = 1. Definep : X x

X = [0,00) by p(x,y) = [|d(x,y)||. Then,(X,p) is a metric
space. This implies that for eaghB € H; andx,y € X, we

Definition 2.5. Let (X,d) be a cone metric space. We say have the following relations:

that{x,} is;

(i)a Cauchy sequence if for everye E with 0 < ¢, there
is N such that for alin,n > N, d(Xn, Xm) < C;

(ii)a convergent sequence if for everye E with 0 < c,
there isN such that for alh > N, d(x,,X) < c, for some
x € X. We denote it b¥1_ljor°rkn =X Or Xy — X.

A cone metric spac« is said to be complete if every
Cauchy sequence K is convergent inX. The limit of a
convergent sequence is unique provideds a normal
cone with normal constait (see [L1]).

Lemma 2.6.Let (X,d) be a cone metric spac®, be a
normal cone with normal constar€. Let {x,} be a
sequence irX. Then {x,} is a Cauchy sequence if and
only if d(Xn,Xm) — 0 asm,n — oo,

Definition 2.7 Let (X,d) be a cone metric space aBdC

X.

(DA pointbin Bis called an interior point oB whenever
there exists a poinp,0 << p such thatN(b, p) C B,
whereN(b, p) = {y € X : d(y,b) << p}.

(ii)A subsetA C X is called open if each element Afis
an interior point ofA.

The family B = {N(x,e) : x € X,0 << €} is a sub-basis
for a topology onX. We denote this cone topology loyis
called Hausdroff and first countable.

Lemma 2.8.Let (X,d) be a cone metric spac®, be a
normal cone with normal constaM = 1 andA be a
compact set ir(X, 7c). Then, for every € X there exists
ag € A such that

1d(x,20)|| = inf ||d(x,a)]|.
cA

()D < [[d(x,y)[| +D(y,A),
(i)D < D(x,B)+hg(A), and
(i) D < [[d(x,y)[[ +D(y,B) + ha(A).

3 Main Results

Theorem 3.1.Let (X,d) be a complete cone metric space
with normal constan! =1 andS;T : X — Hc(X) be two
set-valued mappings such that

d(S, Ty) < amax{d(x,&),d(y, Ty),d(x,y)} (1)

for all x,y € X where 0O< a < 1. ThenSandT have a
unigue common fixed point iK.

Proof Letxy € Xbe a arbitrary point. Then by Lemma 2.8,
there exisix; € SXg andx, € Txgsuch that

D(X0, SX0) = [|d (X0, X1) |

and
D(x1, Tx1) = [|d(X1,X2)|]-

Likewise, forn € N, we define a sequende,} in X such
that
Xon-1 € on-2,X2n € TXon-1.

Therefore,
D(Xen—2,Xen—2) = [|d(Xan—2,Xen-1)||

and
D(X2n-1, TXen-1) = [|d(Xon—1,%zn) ||

(@© 2017 NSP
Natural Sciences Publishing Cor.



Sohag J. Math4, No. 3, 95-100 (2017) www.naturalspublishing.com/Journals.asp NS = 97

for all n € N. Thus, for alln € N, we have the following

[[d(Xzn, Xan+1) || = D(Xan, Skan)
< Prygy_ (SXen)
< An(TXan-1,%zn)
< amax{D(Xon, SXzn), D(Xon—1, TXon—1),

D(X2n,Xon—1)}
= amax{||d(Xen,Xan+1) |, [|d(Xen-1,%2n) || }-

Case l:
If

max{||d(Xzn, X2n+1)][ [[d(Xon—1,%2n) ||} = [|d(Xon, Xen+1)]
then
\

[[d(X2n, Xzn+1) || < o||d(Xan, Xon+1)

which implies that
[l d(Xon, Xons1)|| — O asn— oo,

since O< a < 1.
Case ll:
If
rEaX{Hd(invxzn-i-l)”? [[d(Xan—1,Xzn)[|} = [[d(X2n—1,%2n)|
then

[l[d(Xon, Xon+1) || < a|d(Xon—1,%2n) ||

Proceeding in this way, we obtain
1d(Xan, Xan 1) [| < a®[|d(X0,%1) |, nEN
Also forn > m, we have

10, m)[| < [l (X, Xo-2) | + [[d -1, X0-2) || + -+

[[d (X2, Xm, U) |
<@t at g +am)d(x1, %)
m
< d(x
< 15 ld0a)]
km
Thus||d(Xn, Xm)|| = 0, asn — oo, sinceﬁ( — 0,asn—

0,
Therefore, in both case§x,} is a Cauchy sequence in

X. Hence there exists a poiatc X such thatx, — z, as

n — oo. Further, by using Remark 2.11, we have

D(z,S2) < D(z Txen-1) + M1y, 4 (S2)
< D(z, TXon-1) + dH (TXon-1,S2)
< [|d(z %zn)[|+
amax{D(z,Sz),D(Xgn—1, TXon-1),D(Z Xon—1) }
= [|d(z xzn)[|+-
amax{D(z,Sz),D(Xon-1,%2n), D(Z,Xon-1) },

now, lettingn — oo, we getD(z,Sz) = 0. Hence, by Lemma
2.8,z Sz Similarly,

D(z,T2) < D(z,S%n) + hsq,,(T2)
< D(z,S%2n) + dn (Sxon, T2)
< lld(z%en+1) [+
amax{D(z,Tz),D(Xzn, Xon), D(Z %2n) }
= [|d(z Xen+1) [+
amax{D(z,Tz),D(Xan, Xen+1),D(z X2n) },

now, lettingn — o, we getD(zTz) = 0. Hence, by
Lemma 2.8z € Tz Thereforez € X is a common fixed
point of SandT.
Uniqueness:

Let Zbe another common fixed point 8fandT, that
is,S=TZ=7Z Then

1d(z2)|| = [|d(SzT2)|
< amax{|[d(z )|, |d(ZT2)|,[[d(z2)]}

which implies that||d(z,2)|| = 0, sincea < 1 for all
u € X. Thuszis a unique common fixed point &andT.

Remarks 3.2.Theorem 3.1 generalizes Theoreni ®f
[9]. Also, our result establishes the uniqueness of the
common fixed point oSandT.

Corollary 3.3. Let (X,d) be a complete cone metric space
with normal constanitl =1 andS; T : X — H¢(X) be two
set-valued mappings such that

d(Sx, Ty) < ad(x,SX) + bd(y, Ty) + cd(X,y) (2)

forall x,y € X anda,b,c > 0, wherea+b+c < 1. ThenS
andT have a unique common fixed pointi

Remarks 3.4.If we take a =b and ¢ = 0 in Corollary 3.3,
then we get the Theorem 2.3 of Rezapd$j[In the case,
S=T anda= b= 0, we obtain Nadler’s resultlg].

Further, we obtain the following particular results from
Corollary 3.3.

Corollary 3.5. Let (X,d) be a complete cone metric space
with normal constanitl =1 andS, T : X — H¢(X) be two
set-valued mappings such that

d(Sx, Ty) < ad(x,Sx) +bd(y, Ty)

for all x,y € X anda,b > 0, wherea+b < 1. ThenSand
T have a unigue common fixed pointih

Corollary 3.6. Let (X,d) be a complete cone metric space
with normal constanil = 1 andS: X — Hc¢(X) be a set-
valued mapping such that

d(Sx &) < ad(x, ) +bd(y, &) +cd(x,y)

forall x,y € X anda,b,c > 0, wherea+b+c < 1. ThenS
andT have a unique common fixed pointi
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Corollary 3.7. Let (X,d) be a complete cone metric space
with normal constaniM = 1 andS: X — H¢(X) be a set-
valued mapping such that

d(S,Sy) < ad(x, ) + bd(y, Sy)

for all x,y € X anda,b > 0, wherea+b < 1. ThenSand
T have a uniqgue common fixed pointi

Remarks 3.8.Corollary 3.7 gives the set-valued Kannan
type contractive conditioril[p] in cone metric spaces.

Theorem 3.9.Let (X,d) be a complete cone metric space
with normal constan! =1 andS;T : X — Hc(X) be two
set-valued mappings such that

d(S Ty) < amax{d(x, Ty),d(y,),d(x,y)}  (3)

for all x,y € X where 0O< a < 1. ThenSandT have a
unigue common fixed point iK.

Proof Using the similar argument of the proof of Theorem
3.1, we can show that there exists a Cauchy sequnge
in X such that

Xon—1 € SXon—2,Xon € TXon_1.
Therefore,

D(Xen—2,Xon—2) = [|d(Xan—2,Xen-1)||
and
D(X2n-1, TXen-1) = [|d(Xan—1,%zn) ||

for all n € N. Thus, we can find a elemext&"X such that
Xn — Xasn — co. Applying Remark 2.11, we obtain

D(X,SX) < D(X, TX2n—1) + hrxy, 1 (SX)
< D(X, Txon—1) + du(Txon—1,X)
< [ d(% Xan) ||+
amax{D(X, Txzn-1),D(Xon-1,K),D(X,Xon-1) }
= [|d(X,%zn) ||+
amax{D(X,Xzn), D(Xn-1,SK),D(X, X2n-1) },

now, lettingn — oo, we getD(X,
2.8,Xe . Similarly,

) =0. Hence, by Lemma

D(X, TX) < D(X,SXon) + hgg,, (TX)
< D(X, S¥gn) + d (Sxon, TX)
< [ld(X Xon+2) |+
a max{D(X, Sxon), D(xgn, TX),D(X, X2n) }
= [[d(X xan+1) ||+
amax{D(X xznt1),D(Xon, TX), D(X,%on) },

now, letting n — o, we getD(X,TX) = 0. Hence, by
Lemma 2.8xe TX. Thereforex’e X is a common fixed

point of SandT.
Uniqueness:

Let Z be another common fixed point 8fandT, that
is,S2=TZ=72 Then

[d(%,2)]| = [[d(SX,T2)||
< amaxX{[|d(X T2)|,[[d(Z S|, |d(%, 2|}

which implies that||d(X,2)|| = O, sincea < 1 for all
u € X. ThusXis a unique common fixed point &andT.

Remarks 3.10.Theorem 3.1 generalizes Theorer 3f

[9]. Further, it establishes the uniqueness of the common
fixed point ofSandT.

Corollary 3.11. Let (X,d) be a complete cone metric
space with normal constamt = 1 andS;T : X — H¢(X)

be two set-valued mappings such that

d(Sx, Ty) < ad(x, Ty) + bd(y, SX) + cd(x,y)

forall x,y € X anda,b,c > 0, wherea+b+c < 1. ThenS
andT have a uniqgue common fixed pointi
Remarks 3.12.1f we take a = b and ¢ = 0 in Corollary
3.11, then we get the Theorem 2.4 of Rezap@dt.|

The following example supports our results.
Example 3.13.Consider the metric defined in Example
2.3. Now define

ST:X—X

such that

2

1 X
X= > and Tx= > vx e X.

dsety = (G-vlSh-v) @
max{d(x, S(),d(y,Ty),d(x,y)} =
max \x—%,%x—% , ©)
2
(v 1aty=51). (1x-vl- 8- |

From equations4) and 6), it can be easily seen that all the
conditions of Theorems 3.1 and 3.9 are satisfied. HeBce,
andT have a unique fixed point 1

4 Conclusion

We have obtained a unique common fixed point for a pair
of set-valued mappingS and T without the property of
weakly compatibility in the setting of cone metric spaces
by taking the normal constaM = 1. We have weakened
the contractive nature of already existing maps to achieve
the existence and uniqueness of common fixed point that
extend and generalize many known results in the literature.
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