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Abstract: In this paper, the homotopy analysis method (HAM) is applied to solve fraadtibansient phase of the Michaelis-Menten
reaction. The analytical solution, which is given in the form of a poweaeseis found to be highly accurate in predicting the behavior
of the reaction in the very early stages. The fractional derivativedeseribed by Caputo’s sense. We also present a comparison of the
various analytical approximations and a direct numerical solution of thisl@m. The results of applying this procedure to the studied
cases show the high accuracy and efficiency of the approach.
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1 Introduction model:
Di*ta=—a+(B—a)y+ay,

1

Mathematical models based on ordinary differential Di?y= s (@a-By-ay) 1)
equations appear in the real applications especially in_ L .
biology because many biological laws and relationsSUPiect to the initial conditions
appear mathematically in the form of ordinary differential
equations. Such models help to understand the underlying a(0)=1,y(0)=0 (2
principles biological phenomena [1-10]. Here we propos . . .
the use of fractional calculus, because of the fact that thee}/vmg?rrﬁegia'tsé gongglr:ai(egggvggﬁ eorrz S#}gsgié% '2 a?g
realistic modeling of a natural phenomenon does not imensionless parameters. For r¥10re deta{ils of the
depend only on the instant time, but also on the history ofd P '

. : . . standard model see [17-18].
the previous time which can be successfully achieved by
using fractional calculus. In other words, fractional arde
ordinary differential equations (FODES) are that they are . .
naturally related to systems with memory which exists in2 Basic definitions
most biological systems. Main claim is that a fractional
model can give a more realistic interpretation of naturalln this section, we mention the basic definitions of the
phenomena. However, numerical methods commonlyfractional calculus.
need large computation work and have round-off errorDefinition 1 The Riemann-Liouvlle fractional integral
problems. The Homotopy Analysis Method (HAM) operator(J¥) of ordewr >0,
which first proposed in 1992 by liao [11] is successful of a functionh € ¢, ,u > —1Is defined as;
method to find the exact analytical solutions for linear and

nonlinear problem. This method has been successfully  japy ) — i/t(t_r)a—lh(r)dr (a=0)
applied into physics, chemical, biology, engineering Beld I(a).Jo

and science [12-16]. In this paper, we present a solution

of a more general model of an enzyme-catalyzed reaction J°h(t) = h(t)
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I(a) is the well-known gamma function some of the uig(r,t)are initial guess ofy(r,t), ui(r,t;q)are unknown

properties of the operat@l” ), Which we will need here, function, respectively. It is important, that one has great

are as follows. fohe ¢, ,u > -1,a,8>0andy > —1: freedom to choose auxiliary things in HAM. Obviously,
when =0 and g=1, it holds

@(r,t;0) =up(r,t),a(rt;1) =u(rt),i=12..n (7)

respectively. Thus, as g increases from 0 to 1, the solution

(1)393Ph(t) = 9 Bn(t),
(2) 393Ph(t) = JPI%N(1),

(3) 31 ry+1 (a+y @(r,t,q)varies from the initial guesseg(r,t,)to the
ry+a+1) solutiory; (r,t,). Expandingg (r,t,q)in Taylor series with
(@) respect to g, we have
at

e —ey @
kgor(a+k+1)

+o0
Definition 2 The fractional derivative of f(x) in the Caputo m=1

sense is defined as: where
1 9"atia)|

_ —a— imht)= — ————= =12...,n 9
D () = " 9D"() = gy OO OO e, Um) = g T =120 (9)
Forn—1<a <nneN, x> 0 forthe Caputo derivative |f the auxiliary linear operator, the initial guess, the
we hav®®“C = 0, C is constant and auxiliary parameter h, and the auxiliary function are so

properly chosen, the series Eq. (16) converges at g= 1,
DAtM—— ) 0 m<a-1 then we have
I'(r’rngiLgl) ) m>a-1 o

) r,t,q) = uUpo(r,t)+ Um(rt),i=1,2,...,n. (10
Definition 3 For n to be the smallest integer that exceeds @lr.t,a) = tio(r.) mzl im(Tt) (10)

a, the Caputo fractional derivatives of ordar > 0 is

defined as Qiefine the _ vector
. u = {uip(r,t),ui1(r,t),uin(r,t), ..., uin(r,t)},i=1, 2, ..., n,
a 9%u(xt) Fg -t dr, forn-1<a<n, n.ﬁ ot . ith h
Dou(x,t) = St = { T f Differentiating Eq. (13) times with respect to the
a7 ora=nen. embedding parameter g and then setting g=0 and finally

dividing them by m!, we obtain the mth-order
. deformation equation fori=1,2,...,n,
3 Homotopy analysis method

— —1
i[Uim(r,t) — Uim_1(r,t)] = hiHi (r,HR; u rt),.., u(rnt
Let us consider the following system of differential $iltim(t,8) = tim- (O] = W (L ORm( W, (1), -, 1 (10)

equation (11)
q where
Nifui(r,t),...,un(r,t)] =0,i =1,2,3,...,n. 3) N n
o e - Rin( U (1), T (1)),
Subject to the following initial conditions: 1 O™ IN((r ) n(rtd)] (12)
= m-1)! oqn-1 0

uc(r,t) =c,k=1,2,3,....n. (4) a

. A
where N; nonlinear operators that represent the whole nd _ {0 m<1, (13)
equations, r and t are denote the independent variables Am=11 me1

andu;(r,t)are unknowns function respectively. By means opplying the Riemann-—Liouville integral operatdfion
of generalizing the traditional homotopy method, poth'side of Eq. (19), we have

Liao [11] constructed the so-called zero-order ‘
deformation equations fori=1, 2, ..., n, Uim = XmUim_1 -+ i Hi (RHI% [Rim( U (1), ..., ﬁll(r»t))}-
m-1 m—

(1-a)gil@(r.t;q) — uio(r,t)] = ahiHi (LON[@L(r,t;0), ..., gh(r.t; q), (14)
(5) In this way, it is easily to obtaim; m(r,t) form> 1, at Mth

where @[0,1] is the embedding parametgr# O are  order, we have

non-zero auxiliary parameters féj(r,t) # O are non-zero

auxiliary functionsg; = Df''(n— 1 < a < n) are auxiliary u(r,t) = i Um(r,t),i =1,2,3,....n. (15)
linear operator with the following property for e o
i=1,2,3,...,n

We get an accurate approximation of the original
di[a(r,t)] = Owhen@(r,t) =0 (6) Eq.(11).
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4 Applications of the HAM

In this section, we apply the homotopy analysis method to

solve the system

Dita=—a+(B—a)y+ay,

1
Di*y= = (a-By-ay), (16)
Subject to the initial conditions
a(0) =1, y(0) = 17)

We choose the linear operator

=J%p(x,y,t;q)
=J%0(x,y,t;q)
(18)

Do ytia) o Ly
D'[ 2(p(X, y7t1 q) ) LE

Li[o(x,y,t;q)] =
L2 [@(x,y,t;q)] =

With the property1[c] = L2[c] = 0, where ¢ is constant.

We now define a nonlinear
operator as:

Ni[@ (Y, t0)] = D@, yt) + @6 Y,t) — (B — @) @ (% Yit) — e (X Yit) (X, i),

No[@(x Y t:0)) = D2 @(x %) — 2 u(x v, ) + £ @a(x,y 1) + L ar(x v ) @o(x 1)
(19)

Using above definition, with assumption H)(=1 we

construct the zero order

deformation equation

(1—a)La[@(x,y,t;q) —ao(x,y,t)] = Ny [@1 (X, y,t; )],
(1 - Q) L2 [(pz(xv y,t. Q) - yO(Xv y7t)] = thZ[qDZ(Xa yvtl Q()Z]O)
Obviously, when g=0and g=1,
m(xyt0)=a(xyt) .,  @aXxytl)=alxyt)
®(xY,50) =Yo(x,¥;t) ,  @xytl)= y(x,y,t()2 )
1
Thus, we obtain the mth—order deformation equations
L1[am— Xmam_1] = hRm( @),
m-—1
= (22)
Lo[ym— XmYm-1] = hRm(m{/l)
where
I'*\’m(mal) =D{am-1+am-1— (B —0)Ym-1— Mo A Ym-o1-i

i
Rm(m)il) D2y l_*am 1+ Ym- l+ il Oa‘ym 1-i

(23)
Now, the solution of the mth-order deformation equation
(23)
am = Xmam-1-+hJ"[Rm( @ |,
m—1
a > (24)
Ym = XmYm-1+hJ%2 [Rm(mxl}

From equation (31) we have,

am = Xmam-1+ NI [D*am-1+am-1— (B — ) ym-1
m-1_,. i
—Yi—o & Ym-1-i ]
Ym = Xmym-1 + hJ%2[D2ym 1 — i:L am-1+ gymfl
+1ymtaiymo1si]
(25)

Consequently, the first few terms of the HAM

a=1Yo=0,
h to1 h to2
a; = Y1=—— R
T ) T e Pt D)
to1 t2a1 t"1+02
=(h®+h h? a+l)=——e,
0 ey T Femen (’3 ) armrD
o1, taz 202 n2 tar+az
Vo = T F gy EE0g Fm+D  eT(ararl)

a1 20y 301

a3:(h3+2h2+h),_(a D (2h3+2h2)m+h W+

B,D,Jrl 3 > ‘a1+az a1+2a2

g (2 -2 )W+7(B a+1) (B+1) g om,
I (ay+ap+1) t2atap

+ {2 B- a+1) + T (ay+1T (ap+1) } r(2ag+az+1)

y3=— £ (h3+2h?+h) £ (E:;l) B2 (2h +2h?)

3 3a:

BB+ 1)2”#111) — Lnd+ 2h2)
13 (a1+0p+1) o120

- ?{ 2(B—a+1) + I'(a1+11 I'Z(a2+l } I (a1+202+1)

Finally, we have

t2az
r gzaz
t2a1+az

tap+az
T(ogtax+1) —
+2

€ T (a1+2a+1)

a(Xayvt) = Zoam(x7y7t)>Y(X7yvt) = zoym(x?yvt) (26)

Then

am =1+ (1430 +3h) 1o et
([370+1)( h3+3h2)

. + (2h +30) rga T :
ap+ap aq+2ap
FlararD T 7(5 a+1) (B+1) rgzarn

(ap+0ap+1 201 +a;
+% {2/3 a+2+F(alill)lqz(az}rl)}F(Ztal%#a:+1)+
(27)
_ 13 2 %2 (B+ ) 3 2\ 2%
ym—3—g(h +33h —|—3h),_(0r2+l> (2h +3h)W
a: aq+a: aq+a:
(B+1) e — (2 h3+3h2) 2 L2

I (ap+ay+1)
tal+2a2

(a1 t2a,+1)

€T (2a1+ as+1)

B{2B-a+2+ mfilr“ﬁ;l b
(28)

Equations (28) and (29) are solutions of fractional
enzyme-catalyzed reaction model. For the purpose of
comparing the analytical and numerical results, the
following parameter values are usem:= 0.375,8 =1
ande = 0.1 which given from P]. Respectively, Figure 1
shows that the convergence region of the series solution
—0.5< h< —1.2 and Figure 2 shows that in the initial
stages, the concentration of the complex rises until it
reaches a maximum. The results show that, our results
whena; = ap = 1 are agreement with the result ih9.
See Tablel and Figure 1

5 Conclusions

We employ the HAM for finding the solutions of
intermediate complex biochemical reaction model, and
compare this solution with analytical and numerical
solutions for different times. From the results we seen that
HAM is a very powerful and efficient technique in finding
analytical solutions for wide classes of systems of
equations. They also do not require large computer
memory, the results show that HAM is powerful
mathematical tool for solving linear and nonlinear
equations
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Table 1: Comparison of the Homotopy Analysis Method, Direct 3]AAM. Arafa,S.Z. Rida, A.A. Mohammadein,and H.M.
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of the Intermediate Complex, with=0.375, =1, =0.1 and

Ali, Solving Nonlinear Fractional Differential Equation
by Generalized Mittag-Leffler Function Metho@ommun.

h=-0.76. _ _ Theor. Phys. 59, 661-663 (2013).
t Homotopy Direct. Power  series [4]AA. M. Arafa, S.Z. Rida, Numerical modeling for
gglilzz'ns ngﬁéﬁa' ;:'““0” some generalized coupled nonlinear evolution equations,
VHAM N Mathematical and Computer Modelling. 56, 268-277 (2012).
005 0.310507 0.310751 0310727 [B]A.A. M. Arafa, S.Z. Rida, H. Mohamed, Approximate
0.075 0.37587 0.380089 0.379242 analytical solutions of Schnakenberg systems by homotopy
0.10 0.423122 0.421519 0.411202 analysis methodipplied Mathematical Modelling. 36, 4789-
4796 (2012).
[6] A.A. M. Arafa, S.Z. Rida, and M. Khalil, Fractional modeling
dynamics of HIV andCD4" T-cells during primary infection,
fd Nonlinear Biomedical Physics. 6 1 (2012) doi:10.1186/1753-
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