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Abstract: In this paper, we introduce a new class of open soft sets in soft topological spaces, called soft *b— open sets. Then the
relationships among soft @— open, soft semi—open, soft pre— open and soft f— open are discussed. Also we introduce some types
of continuous soft functions based on b*—open soft set, namely soft b*—continuous and b*— open soft function and we discuss the
relations between these types and other weaker forms of continuous soft functions. Finally we study some of their properties.

Keywords: soft set - soft topological space - b**- open soft set - t*- open soft set - B - open soft set - * b- continuous soft function.

1 Introduction

Molodtsov [5] initiated a novel concept of a soft set
theory, which is a completely new approach for modeling
vagueness and uncertainty. He successfully applied the
soft set theory into several directions such as smoothness
of functions, game theory, Riemann integration, theory of
measurement, and so on. A soft set theory and its
applications have shown a great development in recent
years. This is because of the general nature of
parametrization expressed by a soft set. Shabir and Naz
[9] introduced the notion of a soft topological space,
which are defined over an initial universe with a fixed set
of parameters. Later, Zorlutuna et al [6], Aygunoglu ,
Aygun and Hussain et al [1] continued to study the
properties of a soft topological space. They got many
important results in soft topological spaces. Weak forms
of soft open sets were first studied by Chen [3]. He
investigated semi-open soft sets in soft topological spaces
and studied some properties of it. Arockiarani and
Arokialancy defined a f3- open soft set and continued to
study weak forms of open soft sets in a soft topological
space. Later, Akdag and Ozkan [8] defined an - open
(- closed) soft set.

In the present paper, we introduce some new concepts
in soft topolgical spaces such as *b-open soft sets, *b-
closed soft sets, *b- soft interior, * b- soft closure, * b-
continuous soft functions, *b- open soft functions and *b-

closed soft functions. We also study the relationships
among continuity [4], - continuity [8], semi- continuity
[7], pre- continuity [8], B- continuity [15] and * b-
continuity of soft functions defined on soft topological
spaces.

Throughout this paper, the spaces X and Y stand for
soft topological spaces with (X,E, t)and
(Y,K, v)assumed unless otherwise stated. Moreover,
throughout this paper, a soft mapping f : X — Ystands
for a mapping, where f : (X,E, 1) — (Y,K,v),
u:P(X)—P(Y)and p : E— K are assumed mappings
unless otherwise stated.

2 preliminaries

Definition 2.1[5] Let X be an initial universe and E be a
set of parameters. Let P (X )denote the power set of X and
A be a non-empty subset of E. A pair (F,A) is called a
soft set over X, where F is a mapping given by
F : A — P(X). In other words, a soft set over X is a
parameterized family of subsets of the universe X. For
€ € A, F(e)may be considered as the set of e-
approximate elements of the soft set (F, A).

Definition 2.2[11] A soft set (F, A) over X is called a null
soft set, denoted by D, if e € A,then F(e) = ¢.
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Definition 2.3[11] A soft set (F,A) over X is called an
absolute soft set, denoted by X, if e € A, then F(e) =X .

Definition 2.4[9] Let Y be a non- empty subset of X, then
Y denotes the soft set (F, E) over X, for which Y (e) =Y,
foralle € E.

Definition 2.5[11] The union of two soft sets of (F,A)
and (G, B) over the common universe X is the soft set
(H,C) where C=A|JB and foralle € C,

F(e); V ecA—B.
G(e); YV ec B—A.
F(e) UG(e); Veeg ANB.

H(e) =

We write (F, A)J(G, B) = (H, C).

Definition 2.6[11] The intersection of two soft sets of
(F,A) and (G, B) over a common universe X is the soft
set (H,C), where C =A(N\B and H(e) = F(e)( G(e),
foralle € C.

Definition 2.7[11] Let (F, A) and (G, B) be two soft sets
over a common universe X. Then (F,A)C(G,B), if
ACB,and F(e) C G(e), forall e € A.

Definition 2.8[9] Let 7 be the collection of soft sets over
X, then 7 is said to be a soft topology on X, if it satisfies
the following axioms:

1.®, X belong to 7.
2.The union of any number of soft sets in T belongs to 7.
3.The intersection of any two soft sets in T belongs to 7.

The triple (X, E, ) is called a soft topological space.
The members of T are said to be open soft sets over X. A
soft set (F,A) over X is said to be soft closed, if its
relative complement (F, A)“belongs to 7.

Definition 2.9[10] For a soft set (F,A) over X, the
relative complement of (F, A) is denoted by (F, A)¢ and is
defined by (F,A)¢ = (F¢, A), where F€ : A — P(X) is a
mapping given by F¢(o) = X — F(a), for all o € A.

Definition 2.10[2] A soft set (F, A) in a soft topological
space X is called:

1.Soft b-open (sb-open) if
(F, A)C (nt (CI(F,4)))J(CI(Ini(F.A))).
2.Soft b-closed (sb-closed)

if(F, A) D (Int(CL(F,A)))\(CI(Int(F,A))).
Definition 2.11[2] Let (X,E, 7) be a soft topological
space and (F, A) be a soft set. Then

1.[6] The interior of (F, A) is the soft set:
int (F,A) = U{(0,4)C(F,4)
(0,A) is soft open over X}.

2.[9] The closure of (F,A) is the soft set: cl(F,A) =
N{(F,E)>(F,A) : (F,E) is soft closed over X}.

3.b-closure of a soft set (F,A) over X is denoted by:
(F,E) is ab — closed soft set over X}.

4.b-interior of a soft set (F,A) over X is denoted by:
b—int (F,A) - U{(0,4)E(F,A)
(0,A) isab—open soft set over X}.

Clearly b—CI (F, A) is the smallest b-closed soft set
over Xwhich contains (F,A) and b—Int(F,A)is the
largest b- open soft set over X which is contained in
(F, A).

Definition 2.12[2] Let (X,E, 7) be a soft topological
space, and (F, A)be a soft set over X. Then

()[3] The semi-interior of (F, A) is a soft set:

is soft semi — open over X}. (ii)[3] The semi- closure of
(F,A) is a soft set:

S _Cl(FvA) = ﬁ{(FvE)j(F7A)}’
semi-closed over X.

Definition 2.13[13] A subset A of a topological space
(X, 7) is said to be:

1.% b- open [14] if A C CI (Int(A)) NInt (CI(A)).

(F,E) is soft

2.b¥*- open [12] if
A C Int (Cl(Int(A)))U CL(Int (CI(A))).
3.%%p- open [14] if

A C Int (CI(Int(A))) NCL (Int (CI(A))).

3 properties of * b-open soft sets and **b-
open soft sets

Definition 3.1 A subset (A, E) of a soft topological space
(X, E, 1) is said to be:

1.5 % b- open if (A, E)CCI (Int (A, E))NInt (CL(A, E)).

2.5 b - open if
(A,E)QInt(Cl(Int(A,E)))DCI(Izt(Cl(A,E))).

3. § *Ep- open if
(A, E)CInt (CI(Int (A, E)))NCL (Int (CL(A, E))).

Definition 32 A soft
f:(X,E,11)— (Y,E, 1) is called :

function

1.5 * b- continuous if f~' (V,E) is an § * b-open in
(X, E, 1), for each open soft set (V, E) of (Y, E, 7).
2.§ b**- continuous if f~! (V, E) is an § b¥*-open in
(X, E, 11), for each open soft set (V, E)of (Y, E, 7).
3.5 t- continuous if f~' (V,E)isat-§setin (X, E, 1),

for each open soft set (V, E) of (Y, E, o).
4.5 B- continuous if f~!'(V,E) is an § B-open in
(X, E, 1), for each open soft set (V, E) of (Y, E, 72).
5.5- locally closed continuous if f~!'(V,E) is an
§-locally closed in (X, E, 11), for each open soft set
(V,E)of (Y,E, 1p).

6.5- locally b -closed continuous if f~! (V,E) is an § -
locally b - closed in (X, E, 1), for each open soft set
(V,E)of (Y,E, 1p).
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7.5 - locally * b -closed continuous if f~! (V, E) is an §-
locally * b- closed in (X, E, 7} ), for each open soft set
(V,E)of (Y, E, T).

8.5- locally b** - closed continuous if it is an §- locally
b*#- closed in (X, E, 71), for each open soft set (V, E)
of (Y, E, ‘L'Q).

9.5- completely continuous if f~! (V, E) is soft regular
open in (X, E, 11), for each open soft set (V, E) of
(Ya Ev 72)'

10.5- D(c, b) continuous if f~! (V, E) is an §- D(c, b) —
soft set in (X, E, 1), for each open soft set (V, E) of
(Ya Ev 72)'

11.5- D(c, * b) continuous if f~! (V,E) is an §- D(c, *
b) - setin (X, E, 11), for each open soft set (V, E) of
(Ya Ev 72)'

12.5- D(c, b**) continuous if f~!(V,E) is an § D(c,
b*#) - set in (X, E, 71), for each open soft set (V, E)
of (Y, E, ‘L'Q).

Definition 3.3 A subset (A, E) of a soft topological
space (X, E, 1) is called:

1.5- D(c, * b) if Int (A,E) = * b Int (A, E).
2.5-D(c, ** b) if Int (A,E) = ** b Int (A, E).

Result 3.4

1. Every regular open §setis at - § set.
2.Every regular closed § set is a t* -§ set.
3.Every locally closed §setisa B - § set.

Theorem 3.5 Let (A, E)be a soft subset of (X, E, 71).
Then the following are true:

1.(A, E) is a t- § set iff it is soft semi closed.
2.(A,E) is a t*-§ setiff it is soft semi open.

Proof.

1.Let (A,E)beat-§set.Then
Int (A,E) =1Int (CI(A,E))
= Int (CI(A,E))C (A, E)
= (A, E) is § semi closed.
Conversly, assume that (A, E) is § semi closed, then
Int (CI(A,E))C (A, E),
Int (Int (CL(A,E)))C Int (A, E),
Int (CI(A,E))C Int (A, E).
Since
Int (A, E)CInt (CI(A,E)),
Int (A,E) = Int (CI(A,E)) = (A,E)isat-§ set.

2.Let (A, E) be at*-§set, then CI (A,E)

Thus(A, E)C Cl (Int(A,E)) = (A, E) is § semi open.
Conversly, assume that (A, E) is § semi open, then
(A,E)C CI(Int (A,E)), CI(A,E)CCI(CI(Int(A,E))).

Cl (A,E)CCI(Int (A, E)).

=Cl(Int(A,E)).

Since

Cl(Int (A, E))CCI(AE)),

CI(A,E) =Cl(Int(AJE)) = (A,E) isat* § set.
Theorem 3.6

LIf (A,E) and (B, E) are t - § sets, then (A, E)(\(B, E)
isat-§set. B

2.If (A, E) and (B, E) are t*- § sets, then (A, E) U(B, E)
is a t*- §set .
Proof.

1.Let (A,E) and (B,E)bet-§
Int(A, E)— Int(CI(AE)),
(

Slnce
Int((A, E)\(B, E))C Int (CIL(A, E)\(B, E))
C Int (Cl(A, E)N\CI(B, E))
(Int CI(A, E))\Int (CL(B, E))
= (Int (A, E))(\(Int (B, E))
= Int (A, E)\(B. E)),
Int ((A,E)\(B,E))CInt (CL((A, E)\(B,E)))

= Int (A, ENA(B,E)) = Int(CL((4, E)\(B, E))

2.Let (A, E) and (B, E) be t*- § sets.
Then we have:

CI(A,E) = c1(1m(, E)), and
gl(B,E> Cl(Int (B, E)).

CI((A, >O( >):Cl( ,E)UCI(BE)
—Cl( t (A, E))U Int (B, ))CC(Int(( ,E)U (B,
=Int((A,E)\(B, E)), N
Int ((A, E)\(B, E))< Int (CL((A, E)\(B, E)))
le((A,E)ﬂ(B E))

g_l((A, E)U(B, E)) CCI(Int ((A, E)U(B, E))).
mce

Int ((A, E)U(B,E)) C((A, E)U(B, E)),

Cl(Int((A,E)UJ(B,E))) CCI((A,E)J(B,E)), then

Ci( It ((A, E) (B, E)))
= ((A,E)U(B,

= c1((4, B)J(B, B))

E)) isat*- §set.

Theorem 3.7 A soft set (A, E) is a t -§ set iff its relative
complement is a t*- § set .

Proof .

Let (AE) be a t - § set
Int(A,E) = Int(CI(AE)) < X — Int
=X—Int(CI(A,E))

& Cl(X—(AE))=Cl(Int (X
< CI((AE) ) = CI(Int((A,E)°

& (A E)Cisatt- §set.

then

)

Theorem 3.8 For a soft set (A, E)of a soft topological
space (X, E, ), the following are equivalent:

1.(A, E) is § open.
2. (A E)is § pre open and a B - § set.
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Proof .

1 —2:Let (A, E) be § open, then
(AE)= Int(A,E)= Int (A,E)C Int (CI(A,E))
= (A,E)C Int(CI(A,E))

= (A, E) is § pre open.

Let (U, E) = (A, E)&(X, E, 7) and (V, E) =
a t -§ set containing (A, E). Then (A, E) = (U,E)()
= (A,E)isaB -§set.

Hence (A, E) is § pre open and a B -§ set.

2 —1: Let (A,E) be § pre open and a B-§ set. Since
(A,E) is a B-§ set, (A,E) = (U,E)O\(V,E), where
(U,E) is § open and (V,E) is a t-§ set. Thus
Int(V,E) = Int(Cl(V,E)).

Since (A, E) is § pre open,

(4, E)C Int (CL(A,E)) = Int (CL((U,E)A(V,E))
CInt (CL((U,E))(\Int (CL((V,E))
= ((U,E)(V,E))E Int (CLU,E)(\Int (V,E)).
Consider .
(U,E)A(V.E)) = (U.E)\(V.E)N(U,E)
C[Int(Cl(!J E)\Int(V, E))IN(U, E)
= (U,E)NInt(V,E) )
= ((U,E)N(V,E))Z((U,E)NInt(V, E))
= (V, E) Int(V,E)
= (V,E) =Iny(V,E) .
= (A,E) = (U,E)N(V,E)) = (U, E)NInt(V, E))
= (A, E) is § open.

Theorem 3.9 For a soft set (A, E)of a soft topological
space (X, E, 1), the following are equivalent:

1.(A, E) is § regular open.
2. (A, E) is § pre open and a t- § set.

Proof .
1 — 2:Let (A, E) be § regular open, then
(A,E) = Int(CI(A,E)) = (A, E) is § pre open.
Since (A, E) = Int(CI(A,E)),

Int(A,E)= Int(CI(A,E))= (A, E) at-§set.
2 —1:Let (A, E) be §pre open and a t -§ set.
Then (A, E) = Int(CI(A,E)).
Since(A, E) is a t-§ set, Int(CL(A,E))C(A, E).
Thus (A, E) is § regular open.

Theorem 3.10 For a soft set (A,E) of a soft
topological space (X, E, 7), the following are equivalent:

1.(A, E) is § regular closed.
2. (A, E) is § pre closed and a t* -§ set.

Proof .
1 — 2:Let (A, E) be §regular closed, then

(A,E)= CI(Int(A,E)) = (A, E) is § pre closed.
Sin
(A,E) Ce: Cl(Int(A,E)),CI(A,E) = CI(Int(A,E))

(A, E)is a t*-§ set.

2 — 1:Let (A, E) be § pre closed and a t*-§ set, then
Cl(Int (A,E))Q(A, E). Since (A,E) is a t -§ set,
(A,E) CCI(Int (A,E)). Then (A, E) is § regular closed.

)

Theorem 3.11

1. The intersection of a b —open § set and a *b —open §
set is a b —open § set.

2.The intersection of a b** —open § set and a **b —open
§ set is a b** —open § set.

Proof .

1. Let (A, E) be b-open §set, and (B, E) be *b- open §
set, then

nt (A, E))Ulm (Cl (A, E)),

(B,E)C CI(In B E))JInt (CL (B E))

= (A, E)N(B, E)C[CI (Int (A, E))JInt (CI (A, E))]
A[CL (Int (B, E))JInt (CI (B, E))]

= ClI(Int (A, E))(\[CI(Int (B, E))(\Int (CI (B, E)]
Qe (CL (A, E))([C (It (B, E))UInt (C1 (B, E))]
E[CI(Int (A, E)(CI(Int (B, E))]

Ullnt (Cl (A, E))\Int (CL (B, E)))

SCl(Int (ANB, E))UInt (Cl (ANB, E)).

2. Let (A, E) be a b**- open § set, and (B, E) be a
**b- open § set. Then
(A, E)C Int (CI (Int(A, E))) UCI (Int (CI (A, E))),
(B,E)C Int (CI (Int(B,E))) Uct (Int (CI(B,E)))
= (A,E)N ( ) /
E))
)

)

Iﬂl

= nt (Cl(Int(A, E)))
Ut (int (CI(A,

O\ [Int (CI (Int(B,
= [Int (CI (Int(A,

mv

J

)UCl (Int (CI (B, E)))]

))\nt (CL (Int(B, E)))
UCI (Int (CI (B, E)))]

U[Cl (Int (C1(A, E)))\Int (Cl (Int(B, E)))
et 18, £))]
C [Int (Cl (Int(A, E)))Mnt (Cl (Int(B, E)))]
UlCL (Int (CL (A, E)))NCL (Int (CI (B, E)))]
3 1Int (Cl (Int(AN\B, E)))JCL (Int (CI(ANB, E))).
Theorem 3.12 For a soft set (A, E) of a soft extremally
disconnected space (X, E, 7), the following are equivalent:

5

U
)
)
)
)

\/

1.(A, E) is § open.
2. (A, E) is § *b-open and § locally closed.
3. (A, E) is § b-open and § locally closed.

Proof .

Let (A,E) be a soft subset of a soft extremally
disconnected space (X,E, 7). Then
Cl(Int(A,E))= Int (CI(A,E)).

1 —2:Let (A, E)ET, then Int (A, E) =

Now,

CI(Int (A, E))Nnt (CL(A, E)) =
= (A, E) is § *b-open.

(A, E).

CI(A,E)2(A,E)

© 2020 NSP
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Clearly  (A,E) = (A,E)\CI(A,E), where
(A,E)ét= CI (A,E)&1 = (A, E) is § locally closed.

2 — 3: Let (A, E) be § *b-open and § locally closed.
Since every § *b-open is § b-open, (A, E) is § b-open and §
locally closed.

3 — 1: From Theorem 2.1 [9].

Theorem 3.13 For a soft set (A,E) of a soft
extremally disconnected space (X, E,7), the following
are equivalent:

1.(A, E) is § open.
2. (A, E) is § **b-open and § locally closed.
3. (A, E) is § b**-open and § locally closed.

Proof .

Let (A,E) be a soft set of a soft extremally
disconnected space (X,E, 1) Then
Cl(Int(A,E)) = Int (CI(A,E)).

1 —2:Let (A, E) be § open, then

Int (Cl(Int(A,E))) = Int (CI(A, E)),
Cl(Int (CI(A, E))) = Cl(Int (A, E))

Int (CI(Int(A, E)))\CL(Int (CI(A, E)))
(

= Int (CI(A, E)\CI (Int (A, E))
= CI(Int(A,E)) = CI(A,E) > (A,E)

= (A, E) is § **b-open.

Since  (A,E) = (A,E)N\CI(AE), where
(A,E)et, CI(A,E) €T = (A,E) is § locally closed.
2 — 3: Let (A, E) be § **b-open and § locally closed.
Since every § **b-open is § b**-open, (A,E) is §
b**-open and § locally closed.

3 = 1: Since (X,E,7) is a soft extremally
disconnected space, and (A, E) is § b** -open,

Int (CL(Int(A, E))JCL(Int (CI(A, E)))
= Int(CI(A, E))UCI (Int (A, E))

— CI(Int (A, E)>(A, E)
= CI(A,E)C Cl(lnt (A E))
Int (A,E)C Int (CI(A,E)), Int (A,E)C (A, E)
= Cl(Int (A,E))C z( )
= CI(A, ): Cl(Int (A, E).
By the helpful of §lo cally closeness nature of (A, E),

we get (A, E)ET.

4 Applications of *b-continuous and **b-
continuous soft functions

Definition 4.1. A soft function f :
is called :

(XaEa ‘L-l)*> (YaEa TZ)

1.§ #* b- continuous if f~!(V,E) is § ** b-open in
(X, E, 1), for each open soft set (V,E) of (Y, E, 70).
2.§ t¥- continuous if /= (V, E) is § t¥ —setin (X, E, 71),

for each open soft set (V, E) of (Y, E, 7).
3.§ B*- continuous if f~'(V,E) is § B*-open in
(X, E, 1), for each open soft set (V, E) of (Y, E, 1).

4.5 locally ** b -closed continuous if f~!(V,E) is §
locally ** b- closed in (X, E, 1), for each open soft
set (V,E)of (Y,E, »).

5.5 D(c, ** b) - continuous if f~! (V, E) is D(c, ** b)
- §setin (X, E, 11), for each open soft set (V, E) of
(Ya Ev 72)'

Example 4.2

Let X = {a,b,c,d}, E = {e1,er,e3,e4}, and
T={Xg, ¢e. {(e3, {c})}, {(es, {d})},
{(e3,{c}), (ea, {d}) {(e1, {a}), (e3,{c}), (e, {d})},

{{(625 {b})a (63, {C})a (647 {d})}}7
where 3 F : E — P(X) such that
Fle1) = {a}, Fe2) = {b}, F(e3) = {c}, F(ea) = {d}
1.The collection of **b - open § sets

={Xg, ¢e. {(e3, {c})}, {(es, {d})}, {(e3,{c}),
(ea, {d})}, {(e1,{a}), (3, {c}), (es, {d}) },
{{(627 {b})a (635 {C}) (647 {d})}}
defines a function f : X — X such that
fla)=0b, f(b) =a, f(c)=d, f(d) =
then f is § ** b- continuous
2.The collection t *_g sets
={Xg, ¢&, {(e2, {D})}, {(637{0})}7 {(es, {d})},
{(6‘], {a})v (837 {C})} {(@1, {a})a (645 {d})}a
{(627 {b})7 (637 {C})}v{(e% {b})7 (647 {d})}7
{(637 {C})a (645 {d})}a {(6‘], {a})v (827{b})5 (635{6})}
) {(@1, {a})a (625 {b})a ) (647 d)}a
{(627{17})) (637 {C})7 (645 {d})}}’

defines a function f : X — X such that

fla)=b, f(b) =d, f(c) =a, f(d) =c,
then f is t *-§ continuous.

3.The collection of B * - §'se
—{XE,¢E7{(62,{b})},{(63,{ PYi{(ea, {d})}
{(e1,{a}),(es,{c})} . {(e1,{a}),(es,{d})}}
{(e2,{b}).(e3,{c})} {(e2.{b}). (es.{d})}
{(83,{6}),(64,{d})},{(61,{a}) (e2,{b}) (e3,{c})}
{(e1,{a}),(e2,{b}),(ea,{d})}
{(@2,{1)}),(63,{6}),(64,{d})}
{(e1,{a}),(e3,{c}),(es, {d})}
defines a function f : X — X such that
fla)=b, f(b)=d, f(c)=a, f(d) =c,

then f is § B *- continuous
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