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Abstract: In this paper, we introduce a new concept of vector relaxéZimonotonicity for bi-mappings. Using the KKM technique
and other appropriate assumptions, we establish existexscdts for generalized implicit strong vector equilibmiyproblem with
vector relaxedo-C-monotonicity and weaker coercivity condition in topologii vector spaces. Finally, we give some applications
of generalized implicit strong vector equilibrium problem convex differentiable optimization problem and conveximization
problem. An example is also given.
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1 Introduction introduced to study equilibrium problems and variational

inequalities and based on these different relaxed
Equilibrium problems introduced and investigated by monotonicity notions, existence results for equilibrium
Blum and Oettli [4] are being used to study a wide class problems and variational inequalities are obtained by
of unrelated problems appearing in pure and appliednany authors, sed [10,9] and references therein.
sciences in a natural, novel and unified framework. The
equilibrium problems include many mathematical
problems as particular cases for examples, mathematic
programming problems, complementarity problems
variational inequality problems, minimax inequality
problems, fixed point problems, Nash equilibrium
problems etc., see e.@®,B,4].

Inspired and motivated by the recent development

aﬂiscussed above for equilibrium problems and

generalized monotonicities, in this report, we introduced

"the notion of vector relaxed-C-monotonicity to solve

generalized implicit strong vector equilibrium problem in

topological vector spaces by using KKM theorem for

bounded and unbounded sets. As an application, we
Several application oriented problems occurring in applied our problem to convex differentiable optimization

optimization, economics, engineering and generalpr0b|em and convex minimization problem. Our results of

sciences involve equilibria in their description. In this paper extend and improve many known results and

optimization theory, equilibrium problems have got into the concept ofr-C-monotonicity is much more general

the centre of theoretical approach. From a mathematicathan the existing monotonicities.

outlook, it invites us to ponder that many advances in

optimization theory in recent years ought to have major

!nvolveme_nts for equilibrium prpblgms. The technique 2 Preliminaries

involved in the study of equilibrium problems are

applicable to a variety of diverse area and proved to be i
fruitful and unconventional. Let X,Y and Z be the topological vector spaces and

K c X,D C Z nonempty subsets of andZ, respectively.

During the recent years many generalizations ofLetC C Y be a closed convex and pointed coné’in_et

monotonicity such as pseudomonotonicity, relaxedf : D x K x K — Y be a tri-mappingg: K — Y a

monotonicity, relaxed a- monotonicity,  single-valued mapping antl : K —: 2P a multi-valued
guasimonotonicity etc., (seeb5,6,12]) have been mapping. We consider the following generalized implicit
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strong vector equilibrium problem of findinge K and  Definition 6. A bi-mappingy : K x K — Y is said to be
ze T(x) such that vector relaxeda-C-monotone if, there exists a mapping
a: X — Y witha(tx) =tPa(x), for all t > 0 such that

fzxy)+9(y)—9(x) €C, vy e K. 1)
_ X, X) ea(y—x)—C, ¥x,ye K,
We call thisx a strong solution for the generalized implicit PO0Y) + (1 X) = y
strong vector equilibrium problen2). Pa(y—x)

ot .
wheretlmg) =0and p> lis a constant.
—

Some special cases of probleB) ére listed below.

(i)If g= 0, then problem?) becomes generalized strong Example 2.1. Let X =K =R, Y = R2 andC = {(x,y) €
vector quasi equilibrium problem with multi-valued R?:x,y < 0}. Let the functionp anda be defined by
mapping considered biyu et al.[11] which is to find

X € K andz€ T(X) such that P(x,y) = (;,xz+y2) ,
f(zxyy) €C, VyeK. (2) ax) = (_xz,xz),
(i)If T is a single-valued mapping such thigiz, x,y) = Now,

(T(x),y—x) andY = R, then problem2Z) reduces to B B
the following mixed variational inequality problem of PO6Y) + @y x) —aly—x)

. . —_— X
findingx € K such that _ (9,x2+y2> 4 (%,yﬁ-xz) — (—(y=%2 (y—%)?)

(T(x),y=x+9(y) —9(¥) = 0, vy € K. R4y , ,
This problem was introduced and studied Ngor ( Xy 20X +y2)> — (=X =)

[13]. NRY- ) )
Now, we present some definitions and concepts which — ( Xy =% x+y) >
are essential to prove our main results. c_C.

Definition 1. A mapping g: K — Y is said to be Thereforegis vector relaxedr-C-monotone.

hemicontinuous if, for any fixed we K, the mapping

A — g(x+ A (y—x)) is continuous a0, Definition 7([7]). Let T: K — 2P be a multi-valued
_ . ) v ] mapping. A tri-mapping fD x K x K — Y is said to be

Definition 2. A multi-valued mapping FK — 2" issaid  generalized vector 0-diagonally convex with respect to T

to be KKM-mapping if, fr?r each finite substy,- -+ , %0} if, for any finite set{x;,--- ,%,} € K and anyx= ", tix;

of K, Co{xy,--- ,Xa} € U1 F(x), where Cdxy,--- X}  with t; > 0 fori=1,---,nandsP,t = 1, there exists

denotes the convex hull §%q,--- ,xn}. ze T(X) such that

Theorem 1([8]). Let K be a subset of a topological vector n

space X and let E K — 2 be a KKM-mapping. If for Ztif(z,i,x;) ¢ —C.
each xe K,F(x) is closed and if for at least one point i=

x € K,F(x) is compact, thef),.x F(x) # 0.

Definition 3. A mapping g: K — Y is said to be 3 Existence Results
completely continuous if, for any sequence

{Xn} € K, Xn — Xo € K weakly, then () — 9(xo). In this section, we discuss the existence results for
Definition 4. Let h: K x K —> Y be a mapping. Then h is ?Ze)nerallzed implicit strong vector equilibrium problem

said to be C-convex in the first argument if, for each pair
X,y € KandA €[0,1], Theorem 2. Let K ¢ X and Dc Z be the nonempty

bounded closed convex subsets of the topological vector
h(Ax+(1-A4)y,2) €Ah(x,2)+(1-A)h(y,2) -C, vzeK. spaces X and Z, respectively and Y an another
Definition 5. If K is an affine set, then gk — Y is said ~ {opological vector space. Suppose that(Y is a closed
to be affine if, convex pointed conein Y. Let DxK xK — Y be a
tri-mapping, g: K — Y a single-valued mapping and
gtug+ (1—t)up) =tg(up) + (1—t)g(up), Vug,up e K,teR; T :K — 2P a closed compact continuous multi-valued
mapping. Assume that

with u=tu; + (1 -t)up € K. . .
1+ Juz (i) for each xe K, there exists = T(x) such that

Now, we extend the definition of relaxed f(zx,x) =0;
a-monotonicity [L2] to vector relaxedx-C-monotonicity (i) for fixed ze D, the mapping fz,-,-) : K xK — Y is
for bi-mappings. vector relaxedr-C-monotone;
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(i) f is generalized vector O-diagonally convex with This implies that

respectto T;

(iv) f is hemicontinuous in the second argument and C-

convex in the third argument;
(v) for fixed ye K, the mapping x> f(z x,y) is completely
continuous;

(vi) g is affine, hemicontinuous and completely continuous

mapping;
(vii) the mappingy : X — Y is completely continuous;

Then, there exists € K andz e T (x) such that

f(zxy)+9(y) —9(x) €C, Yy e K.

For the proof of Theorerf, we need the following lemma,
for which all the assumptions of TheoreZnare remain
same.

Lemma 1. The following two problems are equivalent:

(1) Find xe K and ze T(x) such that {z,x,y) +9(y) —
g(x) €C; vyeK;

(I) Find xe K and ze T(x) such that fzy,x) + g(x) —
gy) € aly—x)—=C; vyeK.

Proof.Suppose that ) has a solution, i.e., there exist K
andz e T(x) such that

fzxy)+ay) —9(x) €C; vyeK.
Sincef(z,-,-) is vector relaxedr-C-monotone, we have
f(zxy)+f(zy.x) e a(y—x)—C.
Now,

(Za Y, X) + g(X) - g(y)
(y=x)—f(zxy)+9(x) —g(y)-C
(y-x)—C-C

a(y—x)—C.

f
a
a

m m

)_
)_

Hence(ll) follows.

Converselysuppose € K andz e T(x) is the solution
of (II') andy € K is any point. Lettings =ty+ (1—t)x, t €
(0,1] and due to convexity df, x € K. Therefore,

®3)

Sincef is C-convex in the third argument,® f(z,x,X), g
is affine and using3), we have

0= f(zx,%)+9(%) —9(%)

€ tf(zx,y)+ (1—t)f(z%,X) +tg(y) +
(1-t)g(x) —g(x) —C

=t{f(zx,y) +9(y) —9(x)} + (1 - ){ f(z %, %) +
g(x) —g(x)} —C

€ t{f(zx,y) +9(y) —9(x)} + (1 -t)a(x —x) —
(1-t)c—C

e t{f(zx.,y)+9(y) —9(x)} +(1-t)a(x —x)—C.

f(z,%,X) +9(X) —g(%) € a(x —x) —C.

tH{f(zx,y)+9(y) —9(x)} + (1-t)a(x —x) € C.
SinceC is a convex cone, we have fpr> 1

tPa(y—x) cC

f(zx,y) +9(y) —9(x) + (1-t)
Since g, f are hemicontinuous in the second argument,
lettingt — 0, we get

f(zxy)+9(y) —9(x) €C, vyeK;
and thereforgl) follows.

Proof of Theorem2. For any y € K, define two
multi-valued mappingB, G : K —; 2X as follows:

F(y) = {xeK: f(zxy)+9(y) —g(x) €C, for someze T(x)};
G(y) = {xeK: f(zy,x)+9(x) —g(y) € a(y—x) —C, for someze T(x)}.

We claim thatF is a KKM mapping. In fact, ifF is not a
KKM mapping, then there existéys,---,yn} C K such
thatCo{ys,- - ,yn} € U ,F(yi), that means there exists
x € Co{yr,"-.¥n}, X = SiLitiyi, where t > O,
i=1---,nwith 3t =1, butx¢ U, F(y).

Thus, we have foz € T(X)

f(zXyi)+9(yi) —9(x) £ C;

and hence using the affinity gf we have
élti {fZxy)+9(yi) —9(¥)} = élti {fZxy)}+9(x)—9(X) ¢C;

which contradicts generalized vector O0-diagonally
convexity of f with respect tol and hencd- is a KKM
mapping.

Now, we will prove that (y) C G(y), forally € K. For
any giveny € K, letx € F(y). Then, there existgs e T (x)
such that

f(zxy)+9(y) —9(x) €C.

Since f(z-,-) is vector relaxeda-C-monotone, using
similar arguments as in the proof of Lemrhave have

f(zy,x)+9(x) —g(y) e a(y—x) —C.

Thereforex € G(y) and hencé=(y) C G(y), for all y € K.
This implies thatG is also a KKM mapping.

SinceK is bounded, closed and convex, therefore we
deduce thaK is weakly compact. From the assumptions,
we know thatG(y) is weakly closed for aly € K. In fact,
sincex — f(z,x,y), g anda are completely continuous,
we know thatG(y) is weakly closed for aly € K and so
G(y) is weakly compact ik for all y € K. It follows from
Theoreml and Lemmeél that

[NF(y)=[)Gly) #0.

yeK yeK
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This implies that there existe K andz e T(x) such that
fzxy)+a(y) —9(x) €C, vyeK.
This completes the proof. O

We prove the following result for generalized implicit
strong vector equilibrium problem2) in unbounded
setting.

As it is well known, a vector equilibrium result in our
context can be reformulated as a generalized vector
variational inequality. LetL(X,Y) be the space of all
continuous linear operators froxd to Y. Assume that
@ K — 21XY) is a continuous closed multi-valued
mapping with compact values. Fgre L(X,Y), we write
(@,x) = @(x). In fact, settingf(z,x,y) = (zy—Xx), for all
ze @(x) andx,y € K. Then all the conditions of Theorem

Theorem 3.Let K be an unbounded closed convex subsel2 are satisfied and we have the following.

of a topological vector space X;.¥ be two other
topological vector spaces and B Z is a nonempty
closed subset. Suppose that: D x K x K — Y,
g: K — Y are the single-valued mapping and
T:K — 2P is a closed continuous multi-valued
mapping such that all the assumptior(s)-(vii) of
Theorem?2 are fulfilled. Additionally, if f satisfied the
weakly coercivity condition, i.e., there existE K such

that
f(z,x,X) + g(X) —g(x) € —intC, (4)
whenever x K, ze T(x) and ||x|| is large enough, then

generalized implicit strong vector equilibrium problé@)
has a solution.

Proof. For 4 > 0, assume thak, = {y € K : [ly|| < u}.
Now, consider the problem to fing, € KNK, andz, €
T(xy) such that

f(Zy,Xu,Y) +9(y) —9(xy) €C, Vye KNK,.  (5)

SinceK, is bounded, therefore by Theore2ywe can see
that problem%) has at least one solutioy € KNK,.

For X in the weakly coercivity conditiond], we take
IX]] < u’. From ), we have

(6)

Sincex,y € K/, we conclude thaffx,, || < p'. If [[x,/|| =
u’, we may choosgl’ large enough so that by the weakly
coercivity condition, we have

f(zy, X, %) +9(X) —9(xy) € C.

f(zu/,xu/,i) + g(i) - g(xu/) € —intC,

which contradicts ). Therefore, we must havg’ such
that|[x,, || < p'.

Now, for anyy € K, we can choose & A < 1 small
enough such thaty+ (1—A)x,» € KNK,. From @), we
conclude that

F(Z X, AY+ (1= A)x) +9(AY+ (1= A)Xy) —

g(xw) €C
= Af(z, Xy, Y) + (L= A) F(Z, X, Xpr) +AQ(Y) +
(1— )\)g(Xul) — g(Xul) —CeC

= A (zy,xu,y) +A9(y) = Ag(Xw) €C,
which implies that
f(zy,%w,y) +9(Y) —9(xy) €C, VyeK.

Therefore, generalized implicit strong vector equililoniu
problem(2) has a solution. This completes the proof.

Corollary 1. Let X, Y, K and C be the same as in Theorem
2. Letg: K —s 2tXY) be a mapping such that

(i) @ is vector relaxeda-C-monotone an@-diagonally
convex;

(i) @ is hemicontinuous, C-convex and for any given
y,z € K, the mapping = (zy — x) is completely
continuous;

(ii) g is affine, hemicontinuous and completely continuous
mapping;

(iv) the mappingr : K — Y is completely continuous;

Then there exists € K andz e ¢(x) such that

(zy—x) +9(y)—9(X) €C, Yy e K.

On takingY = R, C = R* and the mapping as zero
mapping, vector relaxed-C-monotone reduced to relaxed
a-monotone 12] and consequently, we have the following
corollary.

Corollary 2. Let @ : K —s 2X" be a mapping such tha

is a relaxed a-monotone, convex, hemicontinuous and
completely continuous mapping, ar@ : X — Y is
completely continuous. Then, there exigts K and
ze @(x) such that

(Zy—x) >0, vyeK.

4 Applications

4.1 Application to the vector convex
differentiable optimization problem

The vector convex differentiable optimization problem
miny(x
ing(x)

subject tox € K,

()

wherey : D — K is convex and differentiable and has an
optimality criterion. It is well known that a vectarsolves
(7) if and only if it solves the following vector variational
inequality problem: Find € C such that

<|:|LIJ()z),y—)Z>EC, VyEK (8)

By putting f(z,x,y) = (Oy(z),y—x) in (2), we see that
the generalized implicit strong vector equilibrium
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problem @) reduces to the following mixed vector
variational inequality problem

(Ou2),y—-x+9(y) —e(X) €C, Vye K,  (9)

5 Conclusion

The motivation of this paper is to introduce the concept of
vector relaxed a-C-monotonicity supported by an
example. This new notion of vector relaxed

which can be viewed as analogous to the vector convexr-C-monotonicity is more general than the concept of

differentiable optimization problem.

We can derive the following existence result VeCtorgeneraIized

convex differentiable optimization
Theoren?.

problem from

Theorem4. Let ¢ : D — K be a C-convex and

differentiable mapping, g K — Y a single-valued

mapping and T K — 2P a closed compact continuous
multi-valued mapping. Assume that

(i) @ is vector relaxeda-C-monotone an@-diagonally
convex;
(iii ) @ is hemicontinuous and completely continuous;

various generalized monotonicities considered by many
authors, see e.g., 5[6,12. Using this concept,
vector O-diagonally convexity for
tri-mappings and some other concepts, we solve a
generalized implicit strong vector equilibrium problem.
Two existence results are proved for this problem, one in
bounded setting and other in unbounded setting. Some
applications of our problem is also discussed. It is also
ensured that our results are more general by two
corollaries. The improvement and development of our
results need further research endeavour and we hope our
considered problem may stimulate future research and
applications in this ongoing field.

(vi) g is affine, hemicontinuous and completely continuous

mapping;
(vii) the mappingy : X — Y is completely continuous;

Then, there exists € K andz e T(X) such that

(O(2),y—% +9(y) — @(X) €C, Vy e K.

4.2 Application to the convex minimization
problem

If fis a single-valued mapping= 0, and for allx,y € K,
the mapping— f(zx,y) is constantin2), then we have
the following strong vector equilibrium problem of finding
x € K such that

f(x,y) €C, vy eK. (20)
If we take f(x,y) = @(y) — ¢(x) andY =R in (10), we
have the following convex minimization problem which is
to findx € K such that

@(y) = @(x), vy € K. (11)
Now, we have the following existence result for

convex minimization probleml(l), which is a special
case of Theorerf.

Theorem 5. Let ¢ : K — R be a convex, relaxed

o-monotone, hemicontinuous and completely continuous

mapping, anda : X — Y is completely continuous.
Then, there exists € K such that

o(y) = @(X), ¥y € K.
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