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Abstract: In this paper, we found the location and asymptotic of the eigenvalues biitfae differential equation
—y'+d(x)y=A?p(x)y.x € (0,a)

with the boundary conditiong (a) +iAy(a) = y'(0) +iAy(0) = 0 whenp(x) > 0 and the normalized conditioff p(x)|y(x)[?dx =1,
whereA is a spectral parameter.
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1 Introduction and the expansion of arbitrary functions in series of
eigenfunctions of the operator. In [1-6], the eigenvalues
Consider the linear differential equation and the corresponding eigenfunctions to the differential
(1) studied, but they used different boundary conditions in

—y" +d(x)y = A?p(x)y,x € (0,a) (1) which we used in this paper.

where A is a spectral parametey(x) and p(x) are real-

valued continuous functions and positive on the interval

(0,a) with the boundary conditions contains the spectral

parameteA and normalized condition of the forms: 2 Themain results

Y (a)+iAy(a) =y'(0) +iAy(0) =0 )

a 5 The aim of our article is to found the location and
/o P(X)[y(x)[“dx =1 (3)  asymptotic for the eigenvalues to the problem (1)-(3)

. ) (named problemH;) which appear in the following
Numerous problems of oscillation theory for spatially theorems in below:

distributed systems lead to necessity of study of . .
eigenvalues and their appropriate eigenfunctions of | heorem L LetA be an eigenvalue corresponding to
differential operators as well as to issues related to studyn® eigenfunctiory(x) of the problemH, if & 7 0 and

of various functional of eigenvalues and eigenfunctions. | P(X) > 0 thenA is complex, and located in upper half
is known that many problems of mathematical physics,P'a"€-

mechanics, elasticity theory, optimal control leads to the  Proof:

problem of studying the spectrum of differential operatorsMultiply equation (1) byy(x) and integrate the resulting
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equation from O up t@, as a result we shall get:
HenceA is complex and located in upper half plane. Thus

/ y'(X) dx+/ a(x the theorem is proved.
_ 752 Theorem 2:
_/ PX)y(x)y(x)dx, Asymptotic behaviour of eigenvalues of the problem
) 2 (1)-(2) in the case of regular and in the secigrhas the
A o+/ Y (X)] +/ a)ly (x)[“dx form:
1 1
:/ A2p(X)y(X)y(x)dx, Am d(mn——InC0+O(E]))

~Y(@3@)+y(0) /a|v<x>|2+ [ ARV REX  wherecy — (V@ + 1L Vo)
i o@ - 1)(1+/p(0)

_/ A2p(x)y(x)y(x)dx Proof:
In view of boundary conditions(2) we have: Consider the determinant 4f(A ), defined by
—iAY(@5ta) Ay O510) [y 001+ [ aly ofax A0 =00z
~ [¥%0 " Ue(®i) = 3 = 1(-iAwg? 1§ V(@) =0
Jo r
Hence k=0j=01
2
a a AR ; —r(r=1) _
~iAly(@)?~ iAly(O)2+ / Y0012+ [ a0y (0 P Ui = 3 = 2-ihwgT 15 (0.4) =0
/ Iy — k=1,j=0,1
- pLYY)y Uo(Yo) = (—iA)¥o(a,A) +Vo(a,A) = 0.
In equation (1) and in boundary condition (2) replace y(x) Uo(1) = (—iA)¥1(a,A) +¥a(a,A) = 0.
by y(x) the following equations are obtained: Uo(Yo) =iA¥o(0,A) +¥1(0,A) =0.
— 2 _ UO(NO) :iAYl(O’A)+~1(07/\> =0.
=Y +a(X)y(x) = A“p(x)y(x),
— _ _ (s) _ s [& prdx E
Y (0) = ¥(a) +iAy(a) = 0. % 0A) = (@A) AL O(,
Multiplying differential equation ony(x) and integrate s=01
from O up to a, yields: The following results can be obtained by using the formula
. . (6) and the boundary conditions (2).
AY (@)§i@) +iAY (0)570) / YOIP+ [ aboly (9 Pax
—/ A2p(X)y(X)VIx)dx Uo(Yo) = (iwpA) \/— (vp(0)-1)
Subtracting equations (4) from (5) we obtain: =ird?(y/p(a)—1)] - :(0)],
(A +A)(Iy(@)[%+[y(0)2) = (A2~ (A2) J& p(x)|y(x) [2dlx, (i—kym
A+ 0)(Y@P+ V02 = (A - Q) Fp0y0Zdx,  wherew, =e 0 .
Clearly, (/\_+A) # 0 becaus® # 0, then ) AP /P4 1 4
(A =2) [5(ly9Pdx—i(Iy(@) > +1y(0)]*) =0, ‘ p(0)
2i0 [5(9)ly(x)[Pdx—i(ly(a)|*+[y(0)[*) = 0. U1(¥o) = iA(1— /p(0))[ :(0)],
Thus.o — ly(@)* +[y(0)[?
T 25 00ly()[2dx * Ui = iA(1++/p(0) 1
and since Z2(X)|y(x)[2dx=1 ,thenc >0. 10 = A1+ e ))[m]’
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2" (/@) ~ Dl ~—] ~ire " (y/p(@) + 1)
v/p(0) Proof:
1 Consider the determinant 4f(A ), which is defined by:
_|e55]
AA)=| vp(0) AA) = [Uk(Yj) |k j=0,1)>
A(- p(@)[ﬁwuwpw»[ y%] Ul(¥i) = (~iAw)Yi(aA) +¥j(@.A) =0, fork=0,
Y g g Ui(Y3) = (—IAW)Yj(0.A) +Y;(0.4) =0, for k=1,
g UO(VO) —7I)\y0(a )\)+ ~(a /\)
an Uo(Y1) = —iAya(a,A) +Yi(a,A),
(iA)2MIL+/p0)(/p(@) 1) 1 ] Ul(Y:O) iAY0(0,A) +Yo(0,7),
¢/p(0) U1(y1) =iAy1(0,A) +¥1(0,A),
[ L |+ (iA)2e M- VP(O)(Vp(@)+1) liO(lyO) = é}\d(i)‘)[sl(Aol(p)( a) +s3)+
4
A(A) = ﬁi(a) ) 3 5A1p) (@) + s+ 0(15)),
[ Il ] Uo(y1) = €49(=iA)[s1(Ag(p) (@) + )+
¥/p(0) {/p@ A "
-0 XEAO( (@) +s4+0(1 /\2)}
1 U1(Yo) = iA[S2(Ao(p) (0) + S3)+
Supposef (A) = 11 1
\/ \/ ZXEAO( o )+S4+O(/\2)}
AN = F(A)[( 1_,_\/7 \/—el)\d Ui(yl:z_| [Sl(AO(p)(O)+Si)
(1-Vp(O)(Vp(@) +1je " =0 25— Ao (@) — 55+ O( 53,
ara _ —(1+y/pO)(v/p(@) —1) where | Mhere
(1-/pO)(v/p(@) +1) Aop) () = 1
o= —vVPOVP@) — 1) Ay (@) = J3(a(t)A0— Ap) Aot ...
(1-vpP(O)(vp(a)+1) X
@M — Cy - 2iAd = InCao + 2mmi + o(%) An(p) (@) = Jo (A(t)An-1—A7_1)Aodt, ...,
Am %(mmr— fInCo+o(§1)) St = 1+ (p(a)),
In the case of regular the secfor asymptotic behaviour ) = (1++/p(a)),
of spectrum has the form:
1 i 1 11
/\m_: a(mrn'r— élnC0+o(H1)),Wherem:N,N—i-l,... S3 = XﬁAl(p)(a)'
(N is natural number), and in the sectr
Am = }(mnn+ lInCo+o(£)), wherem=N,N+1,... = %% ’1(p)(a)
(N is natural number) . Thus the theorem is proved. (20)
Theorem 3: Asymptotic behavior of eigenvalues of the and
problem (1)-(2) in the case of irregular and in the sector
s 1 i o 21 1
T h?.S the formAny, = a(frrTnnL EInQO+ EIM +0(1) _ PWA&(P)(O)
and in the sectof, asymptotic behaviour of spectrum has
the form: , ) Spect'rum of (1)-(2) coincides with the set of roots of the
Am = g(=mm — Iélnco — Iéln)\0 + 0(1) where ~ equationA(A) =0, then
4i)?
Co= % and d= [\/p(x)dx, suchthat A(A)= Zi Z;; =0 Where
q(a) + Zp”(a)
i 11
q(a) + %p”(a) #0.9(0) + %p”(O) £0. a1 =€ (—iA) (s1(Ag(p) (a) + 3 5" (@)
11 1
+25 5 Aop) (@) + 81+ 0(53)),
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£0(5)) + (14269 (51 (g (@) — 53

- 25 5 M (8) =S+ O(33)

(2o (0) + 5 o Aup(0))

~ 25 5 M (0) 55+ 052)) =0
Y

(—4A% 4 2A7A<1<p>>(a> — Al (@) (412 4+ A (0))

(a(a) + 70"(2))(a(0) + 70" (O))[1
=0,
From which we obtain that:

e2i)\d
_ —-1614

(a(a) + ;0"(@)(a(0) + ;0"(0))[1
-0,

— M1 =Cp.At
where
i\ 2
Co— . (4i) - _o,
(a(@) + 3"(2)(a(0) + 0" (0))[1]

andq(a) + 7p"(a) #0,q(0) + 7"(0) # 0.

Taking the initial approximatiomy = 7dﬂ1 , and

using the method of successive approximation we obtain:

1 . .

lambday, = a(mn— lzlnco - lzlnn4 +0(1), where

m=N,N+ 1 ... (N is natural number), and in the sector
1 . !

T, lambdag = 5 (m+ IélnCo+ lzlnA2 +o(1) where

m=N,N+1,... (N is natural number). Thus the theorem
is proved.
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