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Abstract: El-Bassiouny et al. [1] introduced a flexible distribution, the Marshall-Olkin bivariate modified Weibull distribution
(BMWD), and explored several distributional properties. Recently, Kumar et al. [45] studied the estimation of the five unknown
parameters of the BMWD. In this paper, we investigate additional interesting statistical properties. The joint distribution of the
BMWD is a mixture of an absolutely continuous distribution and a singular distribution. We also discuss other key properties of the
BMWD, such as its modal, aging, dependence, ordering, and total positivity properties. The survival copula function associated with
the BMWD is derived, and its application to competing risks is explored. We apply the BMWD to analyze a real data set for a
dependent competing risks model. Finally, we discuss the multivariate extension of the modified Weibull distribution.
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1 Introduction

The bathtub-shaped hazard rate lifetime distributions play an essential role in modeling certain types of real-life data that
arise in various fields such as medicine, industry, and engineering etc. These distributions exhibit a combination of
monotone and constant hazard rate behavior. Many lifetime distributions and real life data exhibit this property, e.g.,
Chen distribution, Exponentiated Weibull, see [30]. Lai et al. [2] proposed a three parameters bathtub-shaped hazard rate
modified Weibull distribution (MWD). Its hazard rate function (HRF) is increasing, decreasing, constant and
bathtub-shaped. The Marshall-Olkin bivariate Weibull (MOBW) distribution, see [21], plays a significant role in
life-testing experiments, reliability and survival analysis. Its marginals are Weibull distributions having increasing,
decreasing and constant HRFs. The major weakness of the MOBW distribution is that its marginals cannot handle
non-monotone hazard rates (in particular, bathtub-shaped unimodal hazard rates). Due to this limitation, El-Bassiouny et
al. [1] introduced Marshall-Olkin bivariate modified Weibull distribution (BMWD). The BMWD is a generalization of
the MOBW distribution, whose marginals are MWDs that have bathtub-shaped, increasing, decreasing and constant
HRFs, see [2]. It offers a flexible framework for modeling dependent lifetimes with a combination of absolutely
continuous and singular components. It has equal marginals with a positive probability. For this reason, the BMWD can
be used effectively to analyze bivariate data sets with ties. Consequently, the BMWD is more flexible than the MOBW
distribution. The BMWD can also be used effectively to analyze dependent competing risks data. Despite its promising
potential, much remains to be explored about its statistical properties and practical applicability.

The study of bivariate and multivariate lifetime distributions play a critical role in understanding the joint behavior of
two related lifetimes in fields such as reliability engineering, survival analysis, and competing risks models. While
classical distributions often rely on independence assumptions, real-world applications frequently involved dependent
components, making such assumptions unrealistic. However, existing distributions often lack flexibility to capture the
diverse dependency structures and marginal behaviors observed in real-world data. Despite the initial exploration of its
distributional properties, key statistical characteristics of the BMWD, such as modal, aging, dependence, and total
positivity properties, remain understudied. While Kumar et al. [45] primarily addressed parameter estimation for the
BMWD, several important theoretical and practical aspects remain to be explored. A comprehensive investigation of the
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statistical properties of the BMWD is necessary to enhance understanding of its structural characteristics and practical
usefulness. In addition, deriving and studying the corresponding survival copula function would allow for a deeper
analysis of the dependence structure in bivariate survival times. Competing risks are a common feature in reliability and
survival data, and modeling dependent competing risks with the BMWD offers a natural application. This study aims to
demonstrate the practical usefulness of the BMWD for analyzing real-world data arising in such settings. In particular,
we illustrate the applicability of the BMWD through a real data analysis, with emphasis on dependent competing risks
scenarios. Extending the BMWD to the multivariate setting would substantially enhance its flexibility and applicability
to complex systems involving more than two lifetimes.

By addressing these gaps, this study seeks to solidify the theoretical foundation of the BMWD and demonstrate its
utility in practical applications, ensuring its relevance in modern reliability and survival analysis. By deriving additional
properties and applying the BMWD to real data, this study bridges theoretical advancements with practical insights,
emphasizing the distribution’s relevance in applied settings.

The rest of the paper is organized as follows. In Section 2, we introduce the BMWD model. In Section 3, we discuss
some interesting statistical properties including, distributional properties, modal property, aging property, dependence,
ordering and total positivity properties, and study the copula function. Discuss the dependent competing risks application
of the BMWD in Section 4. A real data set analysis is presented in Section 5. Finally, the multivariate extension and
conclusion appear in Section 6.

2 Preliminary

A random variable T denoting the failure time of a unit is said to follow MWD, see Lai et al.[2], with scale parameter
o > 0, shape parameter 3 > 0 and accelerate parameter A > 0, denoted as T follows (~) MW (o, 3,A4), if for t > 0 it has
the following respective survival function (SF) and probability density function (PDF);

Sww (300, B, A) = e and  fuw (0, BoA) = arBD(B 4 Ar)et e )

The hazard rate function (HRF) of the MWD, Ay (1) = atB~1 (B + Ar)e* | is bathtub-shaped when B < 1,4 > 0,
increasing when 8 > 1,4 > 0, decreasing when 3 < 1,4 = 0, and constant when f = 1,4 =0.

The BMWD is defined as follows. Suppose U; ~ MW (a;,3,A), i = 1,2,3, and they are mutually independent
random variables. Define X; = min{U;,Us} and X, = min{U,,Us}, then (X;,X;) jointly has the BMWD with
parameters oq,0p,03,8 and A, from now it is denoted by (X;,X,) ~ BMW(ay,,03,3,A). The marginals
X) ~MW (o +03,B8,1) and Xo ~ MW (0, + 03,8, 4) with min{X;,X,} ~ MW (o + o; + a3, 3, 4). There is positive
correlation between X; and X, and they are independent if oz = 0. The BMW (01, 0, 03, B, 4) is a flexible distribution
and reduces to the MOBW (a1, oy, 03, ) when A = 0, the Marshall-Olkin bivariate exponential distribution, denoted by
MOBE(0y,0p,03), when B = 1,4 =0, and the bivariate Rayleigh distribution when f = 2,4 = 0. The BMWD is not an
absolutely continuous distribution. The BMWD is a Marshall-Olkin type bivariate singular distribution that consists of
both an absolutely continuous part and a singular part. The joint SF of (X;,X;) for x; > 0, x, > 0 is

S(XI,XZ)(xlaXZ) = P(X; > x1,X2 > x2) = P(U; > x1,Uy > x2,U3 > 2)
= Smw (x1;01, B, A)Smuw (x2; 02, B, A)Smuw (z: 3, B, 1)

_ B Ax)p B Axy B Az
e apxy e e oQxy e e o3zt e

)

where z = max{x;,x; }, or equivalently the joint SF can be written as

B A B .
e 0ux e Xlef(a2+a3)x2e *2 if x <x
B A B .
Sx, Xp) (X1,%2) = § e~ (@ +0a)xy e gmanxy ™2 it x>x 2
A .
e*(a1+a2+a3)xﬁe * if xj=x=nx

The joint PDF of (X;,X;) is given by

fl(xl,xz) if 0<xi<x<oo
f(X],Xz)()C],)Cz) = fZ(xlaXZ) if 0 <Xy <xp < oo (3)
f3()€) if O<)C1:)62:)(j<oo7
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where

filxr,x2) = fuw (x50, B, A) fuw (x2:00 + 03, B, 1)

—al(az+063)x1 YB + Axy)er ™ anaf A ﬁ LB+ Axp)etm(aten)ss
fo(x1,x2) = fuw (x1; 00 + 03, B, A) fuw (x25 02, B, 4)

B Ao

— X ﬁ X
= (o —&-063)062)6113 l(ﬁ +lx1)ekx1 (-+a ) g 1(ﬁ —ﬁ-)»xz)e’lxz*o‘z’%”/l 2
(07}
= ;00 4+ 0+ 03,8,
f3(x) 061+052+063fMW(x 1+o+03,B,1)

= (X3xﬁ71 (ﬁ + Ax)elxe—(al +O¢2+a3)xﬁelx -
We have the following the expression

P(Xl <X2)+P(X1 >X2)+P(X1 =X2) =1

//fl(xl,xz)dxzdler/ / fz(xl,xz)dxldszr/ Sa(x)dx=1.
0 X1 0 X2 0

Note that the function f(x, x,) (x1,x2) may be considered to be a joint PDF of the BMWD, where the frist two components
Jf1(x1,x2) and f>(x1,xp) are the absolutely continuous part which is the PDF with respect to the two-dimensional Lebesgue
measure on the first (or positive) quadrant and the third component f3(x) is the singular part which is a PDF with respect
to one-dimensional Lebesgue measure on positive real line, see Bemis et al. [8].

3 Properties of the BMWD

El-Bassiouny et al. [1] discussed the joint SF, joint CDF, joint PDF, joint HRF, and marginal PDFs of the BMWD.
Recently, Kumar et al. [45] investigated the classical statistical inferences for the BMWD. In this section, we explore
additional important and interesting statistical properties, including distributional properties, modal properties, aging
properties, dependence measures, and ordering and positivity properties of the BMWD. Additionally, we derive the
associated copula function.

3.1 Distributional Properties

The following results are used to derive the bivariate hazard gradient and the conditional HRF of the BMWD. They are
also utilized to develop the dependent competing risks model.

Theorem 1.If (Xl,Xz) ~ BMW(OC], o, 0637[371), then
(a).The conditional SF of X1 given X, > x; is an absolutely continuous as follows;

7Ot|xﬁehl

e if x1 <x2

e (0{1+O{3)xﬁelxl Otgxﬁelxz lf X1 > x

Sx, [xa>x, (X1) = {

(b).The conditional PDF of X\ given X, > x; is

B Ax
061x1 (13 +Axi)e Axi gy 1
B

(o +aa)af 7' (B + Axy e (cntani et o

if x1 <x

ﬁlx .
27 if x> x

le |Xp>xo (X]) = {

Proof. The proof is the usual routine so we avoid the proof.
Remark.Using the relation Fy, |x,>x, (1) = 1 — Sy, |x,>x, (*1), We can obtain the conditional CDF of X given X5 > x,.

RemarkIf (X1,X2) ~ BMW (04, 02, 03, 3, 1), then similarly we can find the conditional SF and PDF of X given X; > x;
respectively.
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Theorem Z.If(Xl,Xz) NBMW(OQJ)Q,O@,ﬁ,A), then

(a).The conditional survival function of X1 given X, = x, is given as;

e’o‘l’cﬁ‘dhl if x1 <x
Sxi [Xo=x, (1) = { 062‘12053 e*(oc1+a3)x[fe“1 easxgel"Z if x1>x
(b).The conditional PDF of X| given X, = x3 is
alxl (B +/1x1) )Lxlefoqxfelxl ifx1 < x
le Xy =x2 (xl) = a2+oc3 (g + 063) (/3 + Axy)e Ax| p— (aﬁm)xfelu agxge/l 2 ifx1 > x
ﬁeia”ﬁem ifx1=x

Proof.The proof is the usual routine so we avoid the proof.
Remark.Using the relation Fy, |x,—, (X1) = 1 — Sy, |x,—x, (X1 ), We can obtain the conditional CDF of X; given X = x,.

Remark.If (X1,X,) ~ BMW (0,00, 03,3, ), then similarly we can find the conditional SF and PDF of X, given X; = x;
respectively.

Corollary 1.If (X;,X,) ~ BMW (o, 0, 03,3, 1), then the conditional SF of X, given X, = x, is a convex combination of
an absolutely continuous SF and a discrete (degenerate) SF as follows;

SX1 [Xo=x, (xl) = pG(xl) + (1 - p>H(x1>7

where the absolutely continuous function is

B Ax B Ax .
1 | e ®mxe™ B ,—mxe™2 if x1 <x
Glx)=— P +a2)+ghml B rxs
2 o +03)x; e Ot3x e :
a2+o; ¢ ! 2 i x1>x
with
o3 _ B lx
p=1——— 5
O+ 03

and the singular (degenerate at the point x; = x») function is

H(X[):{l l-fxl§x2

0 ifx1>x2.

Proof. The proofs is trivial and therefore it is omitted.

Corollary 2.If (X1,X5) ~ BMW (a1, 0,03, 3,A) then conditional PDF of X, given X, = x; is a mixture of an absolutely
continuous PDF and a pmf (degenerate at x| = x3) as follows;

Ix, [Xy=x, (x1) = pg(x1) + (1= p)h(x1),
where the absolutely continuous PDF g(x;) is
Ax|

ifx1 < X2

B
1 061)61 (ﬂ +A.X1) Axi g-ouxye
glx1) = Bebnt gpaf b

4 (O£1+OC3)X1 (I3+),x1) Axi p—(aitas)xye 2¢

062+OC3 4f X1 > X

and the degenerate pmf h(x) is

1 if_xl =x (04 RPN Y )
h :PX — — d :1_ 1X;€ .
(XI) ( ! XI) {O ifx1 #XQ an P 062+(X3e
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Proof. The proof is the usual routine and trivial therefore it is omitted.

Remark.If (X,X2) ~ BMW (04,0, a3, B, 1), then the joint SF of (X;,X;) with the joint PDF fxx) (x1,x2) can be written
as, for z = max{x,x }

Sx, xy) (x1,%2) =P(X1 > x1,X2 > x2) = /)q /xz fixy xo) (s v)dvdu+P(X1 = Xp > z)
Z/ / fx, %) (u;v)dvdu + / fix, x) (,u)du.
JXx; Jxp JZ

We have the following unique decomposition of the joint SF of (X;,X>).

Theorem 3.If (X,X2) ~ BMW (01,00, 03,3, 1), then the joint SF of (X1,X>) can be written as mixture of an absolutely
continuous part and a singular part as follows;

o)+ 0y (07}
S xX1,%) = ——————8,.(x1,x) + —————Si(x1,x
(X],Xz)( ’ ) o+ oo+ o ac( ) ) a + oo+ o Sl( ) )7
_ B Az
where for z = max{xj,x2}, Ssi(x1,x2) = e (atmtas)Pe™ . -~ 0 and
Sac(x1,20) = o+ o+ o efalee“l efazxge’lﬁ P o3 o (atotog)Pete (4)
’ o + 0y o+ 0

Here S;i(x1,%2) and S, (x1,xy) are the singular and absolutely continuous parts, respectively.

ProofLet us consider an event E = {X; = X>} = {(Us < U;) N (Us < U,)}, then
P(E)=—% ___and P(E¢)=1—P(E) = - %1% __ Therefore,

o +op+03 o +op+03

S(X],Xz)(x17'x2) =P(X; > x1,X2 > x2)
=P(X| > x1,X2 > x2|E)P(E)+ P(X1 > x1,X2 > x2|[E)P(E°)

if z=max{x;,x,} then
Ssi(x1,x2) = P(X1 > x1,X2 > x2|E) = exp{— (0t + 0 + 03) P **},

and the absolutely continuous part we obtain by the subtraction

1
Suc‘(-xly-xz) = P(Xl > X],XZ >x2|EC) = TE‘C‘) |:S(X1,X2)(xl7x2) _S.Yi(-xl7x2)
o)+ 0+ 0
- oyt Sx.x,) (x1,%2) _Ssi(xl,xz)}
o+ 0+ 03

B Ax B Axy B Az
= ——— —exp{—oyx; e —px, e —o3zPe
o + 0 { ! 2 }

exp{—(oq + o + (X3)Zﬁeh}

S ato
hence completes the proof.

We have seen that P(X; > x1,X, > x3|E) is a singular part, as its mixed second partial derivative is zero when x; # x
and P(X; > x1,X, > xp|E€) is an absolutely continuous part, as its mixed second partial derivative is a PDF. Hence the
joint PDF of (X;,X>) can be uniquely decompose as a mixture of the absolutely continuous and singular parts, as given in
the following theorem.

Theorem 4.If (X, X,) ~ BMW (o, 02, 03, B, 1), then the joint PDF of (X1,Xz) can be written as mixture of an absolutely
continuous part and a singular part as follows;

o+ 0 [0}
—————— fuc(x1,%0) + ———
m+w+%ﬁdlﬁ a+ o+ o3

fsi(x)7

Jfx ,Xz)(XI»XZ) =
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where

&)

fac(xl 7-x2) =

(11+(X2+OC3X fuw (xisan, B A) fuw (2300 +03,B,1)  ifxi <xo
o+ 0 fuw (xis00 + 03, B,A) fuw (x2:00,B,4)  if x1 > x2

and forxy =x; =x
fsi(x) = fuw (x;00 + 02+ 03, B,4).
Here fu.(x1,x2) and fyi(x) are the absolutely continuous and singular parts, respectively.

Proof. The proof is directly followed by the above Theorem (4) as
92 d
Jac(x1,%2) = msac(x]axZ) and fi(x) = assi(xl,le

Since the singular part f;;(x) is a PDF with respect to one-dimensional Lebesgue measure on positive real line and the
absolutely continuous part f,.(x1,x2) is a PDF with respect to two-dimensional Lebesgue measure on positive (or first)
quadrant.

The singular part occur due to the common shocks and absolutely continuous part due to the individual shock. The function
Jac(x1,%2) in (5) denotes the joint density of the Block-Basu bivariate modified Weibull (BBBMW) distribution, denoted
by ~ BBBMW (a1, 0,03, 3,A). This distribution corresponds to the absolutely continuous component of the BMWD,
obtained by excluding its singular part. Further details on the BBBMW distribution can be found in Kumar [47]. The
function f,.(x1,x2) is continuous everywhere on {(x,x2) : x; # x and x;,x, > 0}. It is discontinuous on x; = x;, unless
o) = 0.

Lemma 1.Letr (X1,X2) ~ BMW (o, 00,03,8,1). If ar = oy, then fuc(x1,x2) is continuous everywhere on
{(xl,xg):xl,x2>0}.

Proof1t is clear that fu.(x1,x2) is continuous everywhere on {(x1,x2) : x; # x2}. Now we will show that fu.(x1,x2) is

continuous on the line x; = x,. For X; < Xp, let ¢ = W

. — _ B Ax
i foe(x1,x0) = can (0 + 03)x3 PV (B4 Ay 22 (et o)y et
X] Xy

where lim means x| approaches x; from the left. For X; > X,
X] Xy

Axy
;

lim fe(x1,%2) = coan (o + a3)x§w71)([3 +lx2)2621x267<a1+a2+0‘3>x2e
X)Xy

where lim+ means x; tends to xp from the right. Since a; = o, then we have
X1 =Xy

lim fac(x17x2) = lim fac(xth) :fac(x27x2)
X] Xy )q—>x2+

this implies that f,.(x1,x7) is also continuous on x| = x,. Therefore, when o = 0%, fac(x1,x2) is continuous everywhere
on {(x1,x2) : x1,x > 0}.

3.2 Modal Properties

In this section, we are going to discuss about the mode and shape of the absolutely continuous part of the BMWD. The
following result provides the shape of fu.(x1,x2), does not depend on constant term.

Theorem 5.Let (X1,X;) ~ BMW (a,00,03,B,A). For B > 1, f(x1,x2) is a unimodal.

(a).If o = i, then fuc(x1,X2) is continuous on x| = x, and the mode lies on x| = x.
(b).If a1 + 03 < 0, then f,c(x1,x2) is not continuous on x; = xp and the mode occurs in the region {(x1,x2) : x; > x2}.
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Fig. 1: Surface and contour plots of PDF of BBBMW (o, 0, 03,3, 1).

(c).If o + a3 < i, then fu.(x1,x2) is not continuous on x| = x, and the mode occurs in the region {(x1,x2) : x1 < x2}.

Proof.The proof can be obtained in a routine manner by studying the stationary points at different regions namely {(x;,x;) :

x1 <xp} and {(x1,x2) : x1 > x»} along the same line as the proof of Theorem 2.3 of Kundu and Gupta [39]. Hence, the
details are avoided.

Corollary 3.In particular when A = 0, the mode is obtained in the closed form as

1/B
()If B > 1 and ay = o, the mode (X, x) lies on line x| = x, where x,,, = <I3%£§+23)) .

(b)If B > 1, the mode for o + 03 < 0 is (X1, X2m), Where X1 > Xom and

(SIf 0 + 03 < ay, the mode is (X1,%2m), where X1, < Xom and

In Figures 1, we provide the surface and the contour plots of f,.(x1,x;) of the BMWD for different choice of parameters.
It shows the unimodality of the PDF and position of the mode, as stated in Theorem (5).

To determine the mode of the BMWD, we maximize f(x],x2) with respect to x; and x, for fixed parameter values.
This maximization is carried out using standard two-dimensional optimization routines, such as optim and nim, available
in the R software, for various parameter settings. Both optimization methods are applied to identify the mode in each
of the three cases described in Theorem (5). The resulting mode estimates, reported in Tables 1, 2, and 3, indicate that
fac(x1,x2) is unimodal, with the location of the mode depending on the specific case outlined in Theorem (5).

Table 1: Position of mode and its values when o = .

o3 =0.025,=2.0,A=1.0 || a3 =0.05,=2.5,A=0.1
o =0 mode (X1, Xom) mode (X1, X2 )
0.025 (1.8792, 1.8792) (2.5509, 2.5509)
0.50 (0.8062, 0.8062) (1.0328, 1.0328)
1.00 (0.6147,0.6147) (0.7944, 0.7944)
1.50 (0.5191, 0.5191) (0.6793, 0.6793)

From Tables 2 and 3 we also observed the special cases of mode and mention in the following corollary.
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Table 2: Position of mode and its values when a; > o + 3.

03 =0.025,=2.0,A=1.0 | o3 =0.05,8=25,2 =0.1
o > 0 mode(xlm,xzm) mode(xlm,xgm)
(0.04,0.01) (1.8468, 1.9141) (1.5070, 2.3818)
(0.5, 0.02) (0.8139, 1.7884) (1.0527, 2.2469)
(1.0, 0.04) (0.6179, 1.6120) (0.8022, 2.0424)
(1.5, 1.00) (0.5209, 0.6116) (0.6838, 0.7869)

Table 3: Position of mode and its values when o > o + Q3.

03 =0.025,=2.0,A=1.0 || a3 =0.05,8=2.5,A=0.1
o0 > mode (X1, Xom) mode (X1, X2 )
(0.035, 0.005) (1.9931, 1.19141) (2.4611, 1.7760)
(0.5, 0.01) (19141, 0.8139) (2.3818, 1.0527)
(1.0, 0.04) (1.6120, 0.6179) (2.0424, 0.8022)
(1.5, 1.00) (0.6116, 0.5209) (0.7869, 0.6838)

Corollary 4.Let (X1,X2) ~ BMW (o, 0,03, 3,1). For B > 1, fac(x1,x2) is a unimodal.

(a).If ay > oy for all a3, the mode lies in the region S1 = {(x1,x2) : x1 < x2}.
(b).If oy < o for all a3, the mode lies in the region Sy = {(x1,x2) 1 x1 > x2}.

3.3 Aging Properties

It is worth mentioning that there are several ways to define the bivariate failure rate. Basu [3] was the first to define the
bivariate failure rate for an absolutely continuous bivariate distribution. However, Basu’s bivariate HRF may not
uniquely determine the joint distribution function, which is a less desirable property. Therefore, we have adopted the
definition by Johnson and Kotz [4], as it applies when the marginals are absolutely continuous and ensures that the
bivariate hazard gradients uniquely define the bivariate joint distribution function.

The Basu’s bivariate HRF of the BMWD, as discussed by El-Bassiouny et al. [1], is given as

a1 (0 + 03)xb BTN B Ax)) (B Axy)et it ) if x < x
r(x,x2) = oo + ) BTN (B 4+ Ax)) (B + Axa)e )i x>,

azxP! B+ ﬁ,x)e’lx if xj=x=x.

The Basu joint HRF plots for different parameters are given in Figure ?? and ??.
The hazard components of a bivariate distribution are defined as, see Johnson and Kotz [4],

d
h (xl,xg) = h(x1 |X2 > xz) = 787x11nS(xl ,xz)

ha(x1,x2) = h(x2|X1 > x1) = —ailns(xl,m)
X2
for all (x1,x2) such that S(x,x2) > 0. The vector a(xj,x) = (h1 (x1,%2),h2 (xl,xz)) is referred to as the hazard gradient
of (X1,X;). Here, hj(x;,x,) represents the failure rate of X; given the additional information X, > x,, while %y (x1,x2)
represents the failure rate of X, given the additional information X; > xj. It is well known that the hazard gradient
h(x1,x2) uniquely determines the joint SF S(x;,x;); for further details, see Marshall and Olkin [43].

Theorem 6.If (X;,X;) ~ BMW (a1, 0, 03,3, ), then the hazard components of BUWD are

3_1 A’Xl .
I (x1,02) = ax; (B Jg_llxl)e N ltfxl <x ©
(O£1+a3)x1 (ﬁ +Axl)e 1 lfxl > X
B-1 Ax .
ha(x1,x2) = (062;(1%3))6 (B —;/lxz)e 2 l.fxl < x -
wxy  (B+Axy)et? ifx1 > x»
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Fig. 2: The joint HRF plots of BMW (1.0,1.0,1.0,1.5,0.1).

Proof.Using part (a) of the Theorem 1, we get the first component as

fX] |Xp>x (‘xl)

h (X1 ,xz) = h(x1 |X2 > xz) = Sy X (xl)
11X2>x2

similarly the second component is obtained by
Jxo /%51, (%2)
hz(xl,xz) = h(XQ|X1 > xl) = &

B SXZ |X1 >X1 (.XZ)

hence completes the proof.
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[N

7

Joint Basu hfr of BMVV

Fig. 3: The joint HRF plots of BMW (1.0,1.0,1.0,0.5,0.1).

Corollary 5.If (X1, Xa) ~ BMW (ay, 00, 03,5,1).
(a).Then the conditional failure (hazard) rate function of X; given Xo = x, is

ﬁ71 lxl .
ri(x1|X2 =x) = oy (B ;ﬁxl)e X ifx1 <x2 ®
(o +o3)xy  (B+Ax)e™  ifx; >x;
(b).Then the conditional failure (hazard) rate function of X, given X; = xy is
B-1 Axy
r(x|X) =x) = (azl;t‘l’@)x (B "ilh)e l.fxl <x ©)
X, (B+Axy)et* ifx1 > x
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Proof.Using Theorem 2, we can easily proof.

3.4 Dependence Properties

Lehmann [6] defined positive quadrant dependence (PQD) between two random variables X; and X, by

Fx, xy) (x1,%2)
Rp(x, x,) (X1,02) = m >1 Vxi,x. (10)

Similarly the negative quadrant dependence is defined as Ry, x,) (x1,x2) < 1. Using the following relation

Sx, X)) (X¥1,02) = 1= Fx, (x1) — Fx, (x2) + F(x, x,) (*1,X2),
which implies
Sx, X) (X¥1,%2) = Sx; (x1)Sx, (x2) = Fx, x,) (x¥1,x2) — Fx, (x1)Fx, (x2),
equivalently the equation (10) in terms of survival function can defined by

Six; x) (*1,%2)
Ry, ) (x1,%2) = m > (1 Vg, (1)

Now we have,

. - o SXZ(-XZ) _
xgn}mRs(Xth)(xhxz) *RS<X2)(XZ) = m =1

Since

0 d d
TXi lnRS(Xl 7)(2)()617)62) = TX, 1115()(17)(2)()61,)62) — TXZ hlSXl. ()C,')

:hxi(x,-)fh,-(xl,m) i:1,2
If hx. (x;) — hi(x1,x2) > (<) 0 for all x; and x,, then the distribution has positive (negative) quadrant dependence.

Theorem 7.If (X1,X,) ~ BMW (o1, 00,03, 3,A) and Sx, %) (x1,x2) > (<) Sx, (x1)8x, (x2) Vx1,x2, the BUWD has positive
(negative) quadrant dependence.

Proof.The proof is trivial.

Corollary 6.If (X;,X;) ~ BMW (o, 00, 03,3,), then there is a positive correlation between X; and X which is p =
P(X) =X) = a3/(ot) + aa + a3). Thus for az — 0, p — 0 this impies that X| and X, are independent and when o3 — oo,
p—1.

An immediate consequence of the PQD property is that for increasing continuous functions g;(.) and g»(.), we have
Cov(g1(X1),82(X2)) > 0. Now we discuss some dependence properties of (X1, X2) ~ BUW (a1, 00,03, 3,1).

(1)From part (a) of Theorem 2, since for every xi, P(X; > x| |X, = x2) is an increasing function of x,, thus X; is positive
regression dependent of X;. By symmetry it follows that X is positive regression dependent of X5.

(2)From part (a) of Theorem 1, since for every x;, P(X; > x;|X, > x;) in an increasing function of x, thus X is right tail
increasing (RTI) in X;. By symmetry it follows that X, is RTI in Xj. It means that the hazard rate of the conditional
ditribution of X; given X> does not exceed the hazard rate of the marginal distribution of Xj, see, e.g., Karia and
Deshpande [46].

Note that, RTI = association = PQD.
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3.5 Ordering and Total Positivity

If (X1,X2) ~ BMW (0t1,00,03,,4) and (Y1,Y2) ~ BUW (e, 05,05, B*,A%) such that a > o, 00 > 05,03 > 03, B >
B*,A > A*, then by using simple algebra for x;,x, > 0 we have

P(X) > x1,X2 > x2) < P(Y1 > x1,2 > x2).

Thus (X1,X2) <¢ (11,Y2), i.e., (X1,X7) is less than (¥;,Y,) in the usual stochatic ordering. A bivariate random vector
(X1,X>) and its joint PDF f(x1,x;) is said to be totally positive of order two (T P) if,

flxn,x) f(vi,y2) > f(xn,y2) f(vi,x2) Vxi <yi1,x2 < y2

A function f(-) defined on RR? is saide be supermoduler if, for (x,x3), (y1,y:) € R2,

Fux) + f(y2) = fxeny2) + fx) Y <yix <ya
Remark. f(-) is supermoduler if and only if exp(f) is TP>. Thus log(f) is superdomuler if and only if f(-) is TP>.
Theorem 8.If (X;,X5) ~ BMW (a1, 0, 03, B, A), then the bivariate random vector (X1,X,) and its joint PDF is TP,.

The TP, property is a stronger concept of dependence. If a copula density c(u,v) possesses TP, property, then the
associated copula C(u,v) has stochastic increasing (SI), right tail increasing (RTI) and positive quadrant dependence
(PQD) properties.

It is well known that TP is a stronger concept of dependence. We have the following implications between TP,
stochastically increasing (SI), right-tail increasing (RTI), association, PQD, covariance and right corner set increasing
(RCSI), see Nelsen [5], and Lai and Balakrishnan [42]

TP, = SI = RTI = Association = POD = Cov(X,X») > 0.
Also,
TP2 = RCSI.

Thus, the BMWD family has all these properties. These dependence and ordering properties follow from the
Marshall-Olkin construction.

3.6 Copula Associated with BMWD

In this section, we derive the survival copula associated with BMWD. The copula is a function which joint two or more
univariate distributions to construct a multivariate distribution, see Nelsen [5]. According to Sklar [7] for a bivariate
random vector (X1, X) with the joint SF Sy, x,)(x1,%2) and marginal SFs Sx, (x;) of X;, i=1,2. For u,v € [0, 1] the survival
copula function is by

Clu,v) = Sx, x) (S, (1), Sy, (v)) (12)
To find the survival copula function we use the following lemma.

Lemma 2.[f X ~ MW (o, B,A) with SF Sx(x) = e e x50, then Sfor u € [0,1] with u = Sx(x), there exist unique
increasing continuous function, say g : R — R such that

x=Sy'(u) =gow(u), where w(u)=Ilog[—(1/a)logu] (13)

and the quantile function is Qx(q) = Sx'(1—q) = gow(1 —gq), where ¢ = 1 —u = Fx(x).
In particular cases,

(a).If B =0, then gow(u) = WE{‘) = 1 log[—(1/a)logu].

(b).Af & =0, then gow(u) = e")/B = [—(1/a)logu] 1A

(c)IfA=0and B =1, then gow(u) = "™ = —(1/a) logu.

(d)If A =0 and B =2, then gow(u) = " @ = [ — (1/a)logu] '/

© 2025 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lett. 12, No. 3, 125-148 (2025) / www.naturalspublishing.com/Journals.asp 137
Proof.For u € [0, 1], we have u = Sx (x), this implies that
log[—(1/a)logu] = Blogx+ Ax. (14)

Suppose h(x) = Blogx+ Ax, since ' (x) = g +A >0 forall B,A >0 this implies that 4 : R™ — R is strictly increasing
continuous function and lin(l) h(x) = —eo and  lim h(x) = co. Thus there exist the unique inverse function of h(x),
X—! X—>o0

which is A~ (w) , where w = log[—1/alogu], so that x = S~!(u) = h~'(w), where w = log[—(1/a)logu]. Here take
g(.) = h~'(.), then completes the proof.

Theorem 9.If (X1, Xz) ~ BMW (a1, 02,05, 3,4) with the joint SF Sy, x,)(x1,X2) given in (2), then there exist a unique
function h=' : RT — R such that, for u,v € [0,1] the survival copula function associated with BUWD is

Cu,v) = exp{—oy [~ (wi) P 0 Y exp{—an3 [ (wa)|BeA Y if Y (wy) < Y (wn)
U Lexp{—aus i (wi) P 0 exp{—an[h (wa)| PO} if B (wy) > o (wa)

where, wi = log[—(1/a13)logu] and wy = log|—(1/0p3)logv] and a3z = o+ a3 i = 1, 2.

Proof.Since (X1,Xp) ~ BMW(ay,00,03,8,A) with the joint SF in (2), then we have the marginals
X; ~ MW (a;+ o3,,A) with SF Sy, (x;), 1= 1,2. Let ;3 = o; + o3, by using lemma 2, we get S)}il (u)=h"Yw);i=1,
2, where w; = log[—1/ 03 logu] and wy = log[—1/ap3logv]. The survival copula function associated with BMWD is
obtained as in usual manner by using the joint SF, marginal SFs of BMWD and the copula (3.6).

0.5

Survival Copula Function

Fig. 4: Plot of Copula function of BMW (1.5,1.0,1.5,1.0,0.1).

Corollary 7.If (X1,X2) ~ BMW (0,0, 03,8,1) and the closed form of the function h~' : R* — R exists, as given in
lemma 2, then the survival copula function is the famous Marshall-Olkin copula, see Nelson [5], which is given by, for
u,v € [0,1]

231 al+a3
_ ua]+a3 Vv l‘fu > va2+a3
C(”‘vv) = [ o +og

uy @t ifu < yoFo
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Proof.(a). If B = 0, then the joint SF Of (X;,X,) become

exp{—oyet Yexp{— (o + 03)e*2} ifx; <x
exp{—(o + 03)e* Yexp{—ape™*?} ifx; >x

S(X] AXZ)(xl’xz) = {

and il (w;) = %, i=1, 2. The survival copula function for u,v € [0, 1] is

Clu,v) =S(x, x) (l/l log[—1/(ou + a3)logu],1/Alog[—1/ (02 + a3)logv])

_% oG +o

_ uatasy  ify>ypnts
Clu,v) = o o) +ay
uy 2+ ifu<yanto

Similarly we can proof for all the cases, hence completes the proof.

It should be pointed out that the survival copula is also a copula, that is C(u,v) is also a proper distribution function on
[0,1] x [0,1]. It may be mentioned that using the copula structures and properties we study several different dependence
properties and dependence measures of BMW distribution. It may be useful for developing inference procedures of the
unknown parameters. This can have some independent interests also.

4 Application of BMW Model

In survival or reliability analysis, a common focus is the evaluation of one risk in the presence of other risk factors. This
is widely recognized in statistical analysis as the competing risks problem. In a competing risks framework, the data
typically comprise the failure time and the corresponding cause of failure. Significant research has been conducted in this
area under both parametric and non-parametric models, as detailed in the monograph by Crowder [37].

There are two primary approaches to addressing competing risks problems: the latent failure time model, initially
introduced by Cox [40], and the cause-specific hazard model proposed by Prentice et al. [44]. For exponential or Weibull
lifetime models, Kundu [41] demonstrated that both approaches yield the same likelihood function, despite differing in
their interpretations.

In this study, we adopt the latent failure time model, assuming there are only two possible causes of failure. However,
this method can be readily extended to accommodate any arbitrary number of causes.

4.1 Competing Risks Model

Let us consider a system with two causes of failure in a lifetime experiment, and the lifetime of the system is T =
min{X1,X>}, where X;, i = 1,2, denotes the lifetime of the /" cause of failure of system. We further suppose that (X;,X) ~
BMW (0,0, 03,3, 1), then the observed random vector is (7,A) where

0 ifX; <Xy
A=<1 ifX;>X,
2 ifX) =X

Let @ = oy + o + a3, we can obtain the following useful facts.
Theorem 10.If (X,X) ~ BMW (0, 0,03, 3,4), then
(1).X; NMW((Xi+ (X3,ﬁ,)~), i=12.
(ii). T = min{X;,Xo} ~ MW (o, B,1), where @ = o + 0 + a3, with SF and HRF
St BA) =M and  h(t) = arP U (B + Ar)eM.
Based on Theorem 10 and the condtional SF given in Part (b) of the Theoerem 2, the joint PDF of (T,A) is
Fx, (P > t]X) =1) = oy tP~1(B+ Ar)erte=Pe"if 5 =0

F(t.8) =1 fo, (OP(X; > t|Xy = 1) = aptP~1 (B + At)eMe @™ if 5 =1 (15)
oatB=1 (B + At)et P e if6=2
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4.1.1 Maximum Likelihood Estimation

It is assumed that the dependent competing risks data 2 = {(#1,01), (t2, 62), .., (ts, 8,) } have been observed from BMWD.
Let 6 = (a;,00,03,8,A). Define I = {t;: d =0}, L ={t;: 0 = 1} and I = {t; : 6 = 2}. Let n; is the number of
observations in the set /;, i = 1,2,3. The log-likelihood function is

n n
1(0)=niInay +nmyInap +n3lnaz+ (f — 1) ZlntH— Zln(ﬁ +At)
i=1 i=1

n n
FAY ti— (o +on+as) Y P i, (16)
i=1

i=1

The MLEs of the unknown parameters can be obtained by maximizing (19) with respect to the unknown parameters. For
fix ® = (B,A), the MLEs of o, 0 and o3 can be obtained as

ni ny n3

—_— 0(%)=—"7— 03(%) = ————.
’»’ tiﬁel’i (®) ;’:lt-ﬁel’i ) f‘zltﬁel’i

i=1 i i

0y () = a7

The MLEs of & = (B, 1) are obtained by maximizing the profile log-likelihhod function
I, (04 (D), 03(8),03(1%), V) using two dimensional optimization technique, like Nelder-Mead method, see Nelder & Mead
[22] available in R software under optim, i.e.,

~

¥ = argmax [, (0 (9),053(8), 03(9), ). (18)
»

Moreover, using invariance principle of maximum likelihood estimation, the MLEs of the SF and HRF can be constructed
as

S(t) = exp(—&tﬁei’) and  h(t)= P! (B +)Alt)ei’ with & = &+ 0+ 3.

Remarks: Since any n; =0, i = 1,2, 3, then the observed data provides no information about ¢; and hence the MLE of ¢;
does not exist, see (17). Thus the condition that all n; > 0, i = 1,2, 3, guarantees the existence of MLE ¢&;. The maximum
likelihood estimators of ay, o, 3 are mutually independent.

In most cases, we are more interested in the confidence intervals of the parameters instead of point estimation only. Having
the Fisher information matrix of (o, @, 03,,1) as given following, the confidence intervals can be constructed. The
expected Fisher information matrix . (6) is a 5 x 5 matrix, whose (i, /)" element given as

2
yij(e)z—Eg{J(MZ(e)}, i i=172,3.4.5
idUj

2
Since all such expectations exist and are finite, but cannot be obtained analytically, we can approximate them by — %
i0Yj

evaluated at the MLEs 0, i.e., the observed Fisher information matrix, denoted as .# (é) Using the asymptotic properties
of MLEs we find the asymptotic confidence intervals of the MLEs. The derivation of the obsereved Fisher information

matrix is placed in Appendix B. Under mild regularity conditions, the distribution of the MLE 6= (G, 60,0, B,i) is
asymptotically normal with a mean vector 6 and variance-coriance .# ~! (), the inverse matrix of .# () i.e.,

0~ N (0,77(0)

For arbitrary y € (0,1), the (1 —¥)100% asymptotic confidence interval (ACI) of 6; is given as

(éi—zy/zy/var(éi), éi—i—zy/z\/var(é,-)), i=1,2,3,4,5,

where z,; is the Y/2 — th quantile of the standard normal distribution.

Sometimes, the previous obtained ACIs may have a negative lower bound which further yields worse performance for
interval estimation of positive parameter. In order to avoid such drawback, one can use logarithmic transformation method
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and delta technique to construct the ACI in consequence. The asymptotic normality distribution of In §; can be obtained
as

Ind; —In6;

A _>N(071)7 i:1a27374757
var(In 6;)

where var(In §;) = var(6;) /67, i = 1,2,3,4,5. Therefore, a (1 — ¥)100% alternative ACI of 6; can be expressed as

lexp <log(é,-) — Z;gz \/var(é,-)> , €xp <10g(§,») + Z;gz var( A,-))

i

. i=1,2,3,4,5.

5 Real Data Analysis

In this section, for the illustrative purpose we consider a real data example from medical studies. The diabetic retinopathy
is a complication of diabetes that turns out a major cause of blindness and vision loss among diabetic patients. Here
we consider a data set obtained from the diabetic retinopathy study (DRS). The study was conducted by the National
Eye Institute (NEI) to estimate the effect of laser treatment in delaying the onset of blindness in patients with diabetic
retinopathy. There are 71 patients involved in the study. One eye of each patient was randomly selected for laser treatment
and the other eye was observed without treatment, for more details, see [33] and [34]. Denote X; as the time (in days)
to blindness of the laser treated eye and X, as the time (in days) to blindness of the other untreated eye. The minimum
time to blindness 7; = min(X);,X»;) and the indicator §; (5; = 1 when the treated eye has been failed first, 6; = 0 when the
untreated eye has been failed first §; = 2 when both the eyes have become blind) have been for the i patient. For each
patient the minimum time to blindness (7;) and the index for specifying whether treated, untreated or both eyes, firstly is
failed (&;), is recorded in Table 4. The original data are transformed by (7 —30) /365 and numerical results are computed
in terms of years.

Table 4: Minimum time to blindness in days and its causes for 71 patients with Diabetic retinopathy.

(i % s[i T 8[i T 8[i T 8]i T 5]
1 266 1 |16 125 2 |31 717 2|46 663 0|61 503 1
2 91 2|17 777 2|32 642 1 |47 567 2|62 423 2
3 154 2|18 306 1|33 141 2|48 966 0|63 285 2
4 285 0 |19 415 1 |34 407 149 203 0|64 315 2
5 583 1 120 307 2|35 35 1|50 84 1|65 727 2
6 547 2121 637 236 1653 O |51 392 1|66 210 2
7 79 1122 577 2|37 427 2|52 1140 2|67 409 2
8 622 0|23 178 1 |38 699 1|53 901 1|68 584 1
9 707 2124 517 239 36 2|54 1247 0|69 355 1
10 469 2|25 272 0|40 667 1 |55 448 2|70 1302 1
11 93 1126 1137 0 |41 588 2|56 904 2|71 227 2
12 1313 2 |27 1484 1 |42 471 0 |57 276 1
13 85 1|28 315 143 126 1|58 520 1
14 344 1 (29 287 2|44 350 2|59 48 2
15 790 2 (30 1252 1|45 350 1|60 248 2

Before going to analyze the dependent competing risks data using the BMW distribution, first we fit the MW
distribution to T for model checking and to find the initial guesses. For this purpose, we consider model selection
criteria, such as the total time test (TTT) plot and the Weibull probability paper (WPP) plot, to assess whether the MW
distribution appropriately fits the given data T. The TTT plot, introduced by Aarset [15], is defined as:
TTTi =Y (n—j+1)(x(j) —x(j_1)), where x(g) = 0 and x(;) are ordered observations. The TTT plot represents 777T;

against i/n. To ensure the values lie between 0 and 1, we use the scaled TTT, given by: TTT;* = ;;;; . If the scaled TTT

graph lies above (or below) the reference line, the data exhibit an increasing (or decreasing) failure rate. If the graph
fluctuates above and below the reference line (or aligns with it), the data indicate a bathtub-shaped (or constant) hazard
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rate. The TTT plots, see Figure 5, for T in the given data set suggest an increasing hazard rate. The WPP plot for the MW
distribution, studied by Lai et al. [2]. The WPP plots, see Figure 5, for T in the data set are approximated by convex
curve. Thus, based on the TTT and WPP plots, the MW distribution can be considered a suitable fit for T.

TTT plot WPP plot
Q]
@ |
o o
F o
=t T
3 2
[
3 S Y
o~ ® |
S ] scaled TTT :
A Reference line < |
o | |
o T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 -4 -3 -2 -1 0 1
i t3

Fig. 5: TTT and WPP plots of DRD

The MLEs of the MW distribution parameters for each case are obtained using three-dimensional standard numerical
optimization techniques, such as Nelder-Mead algorithm, see [22], it is available under optim() function in the R software.
To initiate the numerical optimization process, appropriate initial guesses for the unknown parameters are required. These
initial estimates are derived from the WPP plot for the MW distribution with parameters «, 3, and A, , which can be
expressed as the following nonlinear equation: y = log(a) 4+ Bu + A exp(u), where u = log(x). For given n observations
x;; i =1,2,...,n, we have y; = log [ — log (1 — ﬁ)] and u; = log(x;). Note that, u and exp(u) are not statistically
independent. For T ~ MW (., B,A), using the regression procedure, the estimated model is given as y = —0.8620 +
1.0545u + 0.2207 exp(u), where u = log(¢) with coefficient of determination, R> = 0.973 and hence the initial guess
values of (o, 3,4) are (0.4223, 1.0545, 0.2208). Using these initial values, the MLEs of parameters o, 3,4 of MW
distribution and the corresponding standard errors (SEs), confidence intervals and the KS distances with the associated
with p-values are given in the Table 5. Based on the KS distance with the p-value, the MW distribution cannot be rejected
for the data T.

Table 5: MLEs, SE, KD distance with p-value

Parameters MLEs SE LL KS distance | p-value
o 0.054883 | 0.016772 | -446.5452 0.0557 0.8616
B 0.951410 | 0.130671
A 0.007549 | 0.006314

Now, we analyze the competing risks data (T,0) using the BMW distribution. The profile log-likelihood plots for
oy, 00,03, 3, A are given Figure ??. These plots ensure that the parameter estimates are unique. To obtain the MLEs of 3
and A, we apply a two-dimensional optimization technique using the optim() function with initial guess values (0.951410,
0.007549). The MLEs of ay,0,03,3,A, , along with their corresponding standard errors (SEs) and 95% confidence
intervals, are presented in Table 6. For the goodness-of-fit (GoF) test, the KS distance is 0.0556 and the associated p-
value is 0.8619. The model demonstrates a good fit to the data, see the KS distance plot and percentile-percentile (P-P)
plot as given Figure ??.

Now we want to test whether the laser treatment has statistical significant effect on the patient or not, i.e.,

Hy:0q4 =00 versus H,: o # op.
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Table 6: MLEs, SEs, 95% Cls

Parameter MLEs SE 95% C1
o 0.013135 | 0.004574 | (0.004170, 0.022099)
o 0.002815 | 0.001414 | (0.000044 , 0.005585)
o3 0.038935 | 0.012164 | (0.015094 , 0.062775)
B 0.951410 | 0.131095 | (0.694469 , 1.208351)
A 0.007549 | 0.006327 | (0.003301, 0.017263)
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Fig. 6: The profile log-likelihood plots for § and 7.

Under the null hypothesis &y = o = @, the log-likelihood function is

1(60) =(n1+n2)lnoyy +n3lnaz+ (B — 1) Zlnti+ Zln([i + A1)
i=1 i=1

+A Zti—(2a12—|—063)2tiﬁeh". (19)
i=1 i=1

where 6y = (Qi2,03,,A). The MLEs of a2, a3, B and A are 0.2350, 0.0771, 1.3971 and 0.0147, respectively and
corresponding log-likelihood value is -158.6753. The likelihood ratio test statistics value is -2(532.9035-551.0596) =
36.3122 and the associate p-value becomes 0.00001. The null hypothesis is rejected at 5% level of significance, hence the
laser treatment is significant.

6 Extension and Conclusion

Multivariate Modified Weibull distribution

The multivariate extension presented in this section follows naturally from the Marshall-Olkin construction by allowing
more than two components to be affected by individual as well as common shocks, while retaining modified Weibull
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Fig. 7: KS distance and P-P plots

marginal distributions. This extension is included mainly for completeness and to demonstrate that the proposed bivariate
model can be embedded in a broader multivariate framework. Although the present study focuses on bivariate lifetimes,
the multivariate formulation may be useful for modeling more complex systems involving multiple dependent failure
times.

In the previous sections, we have been discussed about the univariate and bivariate MW distribution. In this section,
we consider its multivariate extension. The extension is quite straight forward and it can done along the same line. First
we consider the Marshall-Olkin [20] type multivaite MW distribution. Let
Ap ={a=(a1,a2,...,ap) 1a; =0 or 1,but a # (0,...,0)} be a set of 2” — 1 p-dimensional vectors. Let {Z, :a € A,},
Zy ~ MW (04, B,A) are independent random variables. Define, X; = min{Z, :a € A, a; =1} Vi=1,2,...,p, then
X = (Xi1,X>, ...,X,) has Marshall-Olkin type multivariate MW distribution with parameters o* = {a, : a € Ap}, and A,
and it can be written as X = (X,X»,...,X,,) ~ MOMMW (p,o*,3,4), where p denotes the dimension of the distribution,
for any p > 1, it is not absolutely continuous distribution. The p-variate MOMMW distribution has 27 4 1 parameters.

Theorem 11.[f X ~ MOMMW (p,a*, B, A ), then
(1)The joint SF of X for x; > 0, i = 1,2, ..., p is given by,

Sx (X1,X2,...,Xp) = exp [ — Z aazgelz"} , (20)

acAp

where z, = max (x;a;) = max(xja,x2az,...,Xpdp).
1<i<p

(2)Fori=1,2,....p, X; ~ MW (04,8, ), where & = Y. (4:,-1)ca, %a-
(3)U = min{X,,X>,...,X,} ~ MW (a, B, 1), where ot = Yaca, Oa-

Proof. The proof is the usual rountine so we omitted it.

The MOMMW is more generalization p-dimensional multivariate MW distribution. Using the idea of Proschan and
Sullo [10] we introduce the special case of it as follows.

Let us consider a p-component parallel system where there are (p+ 1) causes of failures. The i’ cause affect the ",
i=1,2,...,p component respectively and the (p + 1)’h cause affect all the components simultaneous. Suppose the failure
time due to the j cause, Uj~MW(w;,B,A), j=0,1,2,3..., p are independent. Let X; = min(U;,Up), i =1,2,..., p, be the
failure time of the i component, then X = (X{,X>, ...,X)) has multivariate MW distribution with parameters o, 8,4, i =
0,1,2,..., p, and from now on, we will denote it by MMW (0, 01,02, ..., O, B, A). For p > 1 the MMW distribution is
singular distribution and it has both absolutely continous and singular parts. The p-variate MMW distribution has p+3
unknown parameters. Let ¢ = (o + a1 + 0+ ... + o) = Zf:o Q;.
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Theorem 12.If X = (X1,X>,...,X,) ~ MMW (a9, 011,02, ..., 04, B, A), then

(DX ~ MW (0 + 00, B, A), i = 1,2, .., p.

(2)V =min{X,Xs,....X,} ~ MW (a,B,1).

(3)P(X; = min{X;,X>,....X,}) = P(X; <min{X; : 1 < j(#1i) < p})
=PU; <min{U;:0< j(#i) <p}) =2, i=12,..,p.

(4)P(X; =X, =...=X,) =P(Uyp <min{U; : 1 < j < p}) = L.

(5)If o9 =0, then X1,X;, ...., X, are mutually independent.

Proof.-The proof is the usual rountine so we avoid it.

Theorem 13./f X = (X1,X>,...,X,) ~ MMW (o, 011,02, ..., 04, B, 4), then
(1)The joint SF of X for x; > 0,i=1,2,..., p is given by,

P
Sx(x) =exp| — Z (Xixiﬁe“" - Otozﬁe’lz ,
i=1

where X = (X1,X2,...,Xp) and z = max(xy,x2,...,xp), or

exP[_ZZ(7Ai):1 Ockxfeb‘k — (o + (xo)x?e“i] if x; =max(xy,x2,...,xp) >0,

Sx(x) = i=1,2,...p
exp[—(xxﬁeh] if xi=x=..=x,=x>0.
(2)The joint PDF of X is
Fxlx) = filx) if xi=max(x1,x2,...,x,) >0, i=12,.,p
fox) if xi=xm=..=x,=x>0,

where
B Ax; _ x
f,-(x):(lJrOCo/(x,')e_aO"iel'H(xkxf Y(B + Axy)eMke e

k=1
and

fo(x) = =2 fyw (x: 01, B. 1)
= o1 (B + Ax)ehsem ot

Proof. The proof is the usual rountine so we avoid it.

2

(22)

Note that the function fx(x) may be considered to be a joint PDF of the MMW distribution, where the first p components
fi(x), i =1,2,..., p are the absolutely continuous part which is the PDF with respect to the p-D Lebesgue measure and
the last (p 4 1) component fy(x) is the singular part which is a PDF with respect to the 1-D Lebesgue measure on the
positive real line, see, e.g., Bemis et al. [8]. It will be important to develop both the classical and Bayesian statistical
inference of unknown parameters of the model. It has quite effectively application to study the competing risks model

when there are p causes of failures. More work needed along that direction.

We have the following unique decomposition of the joint SF of MMW distribution.

Theorem 14.If X = (X, X5,...,X,) ~ MMW (0o, @1, 02, ...., &, B, A), then the joint SF of X can be written as mixture of

an absolutely continuous part and a singular part as follows;

_(X1+(X2+"'+OtpS o
- ac

SX (X) o

(x) +

where for z = max{xy,x2,....x, }

Su(x) expl—azPe*?); >0
q(x) =
5t 0 otherwise

a Sl(x)7
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and

o B Ax; Qo B A
S‘ D:l X Xi ¥4 .
aC(K) agt+o+---+a 1 |: lzl i € :| af@Xp —oz"e

Here Ssi(x) is the singular part due to the common shocks and S,.(xX) is the absolutely continuous part due to the
individual shock.

Proof.Trivial proof.

Theorem 15.[f X = (X,X>,...,X,) ~ MMW (0o, Q1,02 ...., &, B, A), then the joint PDF of X can be written as mixture
of an absolutely continuous part and a singular part as follows;

flx) = BEETED g D g,
where,
o P
fac(x) = @ +OCZJFH.+OCprW(x,»;oc,»—k0607[37)»)k(;:)[:lf/vwv(xk;()61c7[37)»)7 if xj = max{X;,X>,.... X}
and forx; =x=...=xp=x

f5i(x) = fuw (x; 0, B, 4).
Here fuc(x) and fyi(x) are the absolutely continuous and singular parts, respectively.

Proof.Trivial proof.

Acknowledgements:
The author gratefully thanks Prof. Debasis Kundu for his constructive comments, which significantly improved the

manuscript. The author also sincerely thanks the anonymous reviewers and the Associate Editor for their valuable
suggestions and insightful comments, which greatly enhanced the quality and clarity of this work.

Conflict of Interest and Funding Statements

The author does not have any conflict of interest. This manuscript has not been funded by any funding agent.

Appendix A

To obtain the observed Fisher information matrix under the parameters (@, &, 03, 3,A), we should obtain the second
partial derivatives of log likelihhod function, where

81 ni /! B At al np L B At al nj3 « B At
—=——) e — =——) ;e = =——) ;e
(9061 [04] ; ! 8052 (04 lg’ ! 8063 o3 ; !

oA ! 3
3= Y lnti+ Y (B+A6) " (o + o+ 05) Y o Ingie
i=1 i=1 i

i=1

al n n n )
= Y u(B+An) '+ Y i (o + o+ o) Ztﬁ“em’.
i=1 i=1 i=1
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The elements of observed Fisher information matrix H = ((Hj;)), (i,j = 1,2,3,4,5), which are second partial derivatives
log likleihood function evaluated at MLEs, are given as

9%l n 92l 2%l
1 dog a? 12 AT o 13 T das
321 n B i azl n ﬁ+1 ~
Hisi=Hijj = — = — tl t; li His =Hs = = — I Ay
14 41 Jap ;l nte 15 S 5 i;l e
821 ny 821
Hy = =——= H H 0 Hyy, =Hp=H Hys =Hsp = H
2 P a2 23 R PRI 24 = Hyp 14 25 52 15
221 n
Hyy =75 = A32 Hyy =Hys =Hiy  Hzs = Hs3 = His
o3 3
9%l o 16)-2— & o B 2 Ay
Hyy = P ;([34— t) —ocl;tl. (Int;)%e
H H 9% _ S R i -2 A C BHI At;
45 54 9694 ;h(ﬁ+ 1) —(Xi;f, ntie
9%l S 2 A A2 AN B2 A
HSS—W_ ;t, (B+At) —ocl;tl eMi
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