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Abstract: El-Bassiouny et al. [1] introduced a flexible distribution, the Marshall-Olkin bivariate modified Weibull distribution
(BMWD), and explored several distributional properties. Recently, Kumar et al. [45] studied the estimation of the five unknown
parameters of the BMWD. In this paper, we investigate additional interesting statistical properties. The joint distribution of the
BMWD is a mixture of an absolutely continuous distribution and a singular distribution. We also discuss other key properties of the
BMWD, such as its modal, aging, dependence, ordering, and total positivity properties. The survival copula function associated with
the BMWD is derived, and its application to competing risks is explored. We apply the BMWD to analyze a real data set for a
dependent competing risks model. Finally, we discuss the multivariate extension of the modified Weibull distribution.

Keywords: Modified Weibull distribution, Singular distribution, Bathtub shaped hazard rate distribution, Mixture distribution, Copula
function, Hazard gradient, Competing risks model.

1 Introduction

The bathtub-shaped hazard rate lifetime distributions play an essential role in modeling certain types of real-life data that
arise in various fields such as medicine, industry, and engineering etc. These distributions exhibit a combination of
monotone and constant hazard rate behavior. Many lifetime distributions and real life data exhibit this property, e.g.,
Chen distribution, Exponentiated Weibull, see [30]. Lai et al. [2] proposed a three parameters bathtub-shaped hazard rate
modified Weibull distribution (MWD). Its hazard rate function (HRF) is increasing, decreasing, constant and
bathtub-shaped. The Marshall-Olkin bivariate Weibull (MOBW) distribution, see [21], plays a significant role in
life-testing experiments, reliability and survival analysis. Its marginals are Weibull distributions having increasing,
decreasing and constant HRFs. The major weakness of the MOBW distribution is that its marginals cannot handle
non-monotone hazard rates (in particular, bathtub-shaped unimodal hazard rates). Due to this limitation, El-Bassiouny et
al. [1] introduced Marshall-Olkin bivariate modified Weibull distribution (BMWD). The BMWD is a generalization of
the MOBW distribution, whose marginals are MWDs that have bathtub-shaped, increasing, decreasing and constant
HRFs, see [2]. It offers a flexible framework for modeling dependent lifetimes with a combination of absolutely
continuous and singular components. It has equal marginals with a positive probability. For this reason, the BMWD can
be used effectively to analyze bivariate data sets with ties. Consequently, the BMWD is more flexible than the MOBW
distribution. The BMWD can also be used effectively to analyze dependent competing risks data. Despite its promising
potential, much remains to be explored about its statistical properties and practical applicability.

The study of bivariate and multivariate lifetime distributions play a critical role in understanding the joint behavior of
two related lifetimes in fields such as reliability engineering, survival analysis, and competing risks models. While
classical distributions often rely on independence assumptions, real-world applications frequently involved dependent
components, making such assumptions unrealistic. However, existing distributions often lack flexibility to capture the
diverse dependency structures and marginal behaviors observed in real-world data. Despite the initial exploration of its
distributional properties, key statistical characteristics of the BMWD, such as modal, aging, dependence, and total
positivity properties, remain understudied. While Kumar et al. [45] primarily addressed parameter estimation for the
BMWD, several important theoretical and practical aspects remain to be explored. A comprehensive investigation of the
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statistical properties of the BMWD is necessary to enhance understanding of its structural characteristics and practical
usefulness. In addition, deriving and studying the corresponding survival copula function would allow for a deeper
analysis of the dependence structure in bivariate survival times. Competing risks are a common feature in reliability and
survival data, and modeling dependent competing risks with the BMWD offers a natural application. This study aims to
demonstrate the practical usefulness of the BMWD for analyzing real-world data arising in such settings. In particular,
we illustrate the applicability of the BMWD through a real data analysis, with emphasis on dependent competing risks
scenarios. Extending the BMWD to the multivariate setting would substantially enhance its flexibility and applicability
to complex systems involving more than two lifetimes.

By addressing these gaps, this study seeks to solidify the theoretical foundation of the BMWD and demonstrate its
utility in practical applications, ensuring its relevance in modern reliability and survival analysis. By deriving additional
properties and applying the BMWD to real data, this study bridges theoretical advancements with practical insights,
emphasizing the distribution’s relevance in applied settings.

The rest of the paper is organized as follows. In Section 2, we introduce the BMWD model. In Section 3, we discuss
some interesting statistical properties including, distributional properties, modal property, aging property, dependence,
ordering and total positivity properties, and study the copula function. Discuss the dependent competing risks application
of the BMWD in Section 4. A real data set analysis is presented in Section 5. Finally, the multivariate extension and
conclusion appear in Section 6.

2 Preliminary

A random variable T denoting the failure time of a unit is said to follow MWD, see Lai et al.[2], with scale parameter
α > 0, shape parameter β > 0 and accelerate parameter λ ≥ 0, denoted as T follows (∼) MW (α,β ,λ ), if for t > 0 it has
the following respective survival function (SF) and probability density function (PDF);

SMW (t;α,β ,λ ) = e−αtβ eλ t
and fMW (t;α,β ,λ ) = αt(β−1)(β +λ t)eλ te−αtβ eλ t

. (1)

The hazard rate function (HRF) of the MWD, hMW (t) = αt(β−1)(β + λ t)eλ t , is bathtub-shaped when β < 1,λ > 0,
increasing when β > 1,λ ≥ 0, decreasing when β < 1,λ = 0, and constant when β = 1,λ = 0.

The BMWD is defined as follows. Suppose Ui ∼ MW (αi,β ,λ ), i = 1,2,3, and they are mutually independent
random variables. Define X1 = min{U1,U3} and X2 = min{U2,U3}, then (X1,X2) jointly has the BMWD with
parameters α1,α2,α3,β and λ , from now it is denoted by (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ). The marginals
X1 ∼ MW (α1 +α3,β ,λ ) and X2 ∼ MW (α2 +α3,β ,λ ) with min{X1,X2} ∼ MW (α1 +α2 +α3,β ,λ ). There is positive
correlation between X1 and X2 and they are independent if α3 = 0. The BMW (α1,α2,α3,β ,λ ) is a flexible distribution
and reduces to the MOBW (α1,α2,α3,β ) when λ = 0, the Marshall-Olkin bivariate exponential distribution, denoted by
MOBE(α1,α2,α3), when β = 1,λ = 0, and the bivariate Rayleigh distribution when β = 2,λ = 0. The BMWD is not an
absolutely continuous distribution. The BMWD is a Marshall–Olkin type bivariate singular distribution that consists of
both an absolutely continuous part and a singular part. The joint SF of (X1,X2) for x1 > 0, x2 > 0 is

S(X1,X2)(x1,x2) = P(X1 > x1,X2 > x2) = P(U1 > x1,U2 > x2,U3 > z)

= SMW (x1;α1,β ,λ )SMW (x2;α2,β ,λ )SMW (z;α3,β ,λ )

= e−α1xβ

1 eλx1 e−α2xβ

2 eλx2 e−α3zβ eλ z
,

where z = max{x1,x2}, or equivalently the joint SF can be written as

S(X1,X2)(x1,x2) =


e−α1xβ

1 eλx1 e−(α2+α3)x
β

2 eλx2 if x1 < x2

e−(α1+α3)x
β

1 eλx1 e−α2xβ

2 eλx2 if x1 > x2

e−(α1+α2+α3)xβ eλx
if x1 = x2 = x.

(2)

The joint PDF of (X1,X2) is given by

f(X1,X2)(x1,x2) =


f1(x1,x2) if 0 < x1 < x2 < ∞

f2(x1,x2) if 0 < x2 < x1 < ∞

f3(x) if 0 < x1 = x2 = x < ∞,

(3)
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where

f1(x1,x2) = fMW (x1;α1,β ,λ ) fMW (x2;α2 +α3,β ,λ )

= α1(α2 +α3)x
β−1
1 (β +λx1)eλx1−α1xβ

1 eλx1 xβ−1
2 (β +λx2)eλx2−(α2+α3)x

β

2 eλx2

f2(x1,x2) = fMW (x1;α1 +α3,β ,λ ) fMW (x2;α2,β ,λ )

= (α1 +α3)α2xβ−1
1 (β +λx1)eλx1−(α1+α3)x

β

1 eλx1 xβ−1
2 (β +λx2)eλx2−α2xβ

2 eλx2

f3(x) =
α3

α1 +α2 +α3
fMW (x;α1 +α2 +α3,β ,λ )

= α3xβ−1(β +λx)eλxe−(α1+α2+α3)xβ eλx
.

We have the following the expression

P(X1 < X2)+P(X1 > X2)+P(X1 = X2) = 1

∫
∞

0

∫
∞

x1

f1(x1,x2)dx2dx1 +
∫

∞

0

∫
∞

x2

f2(x1,x2)dx1dx2 +
∫

∞

0
f3(x)dx = 1.

Note that the function f(X1,X2)(x1,x2) may be considered to be a joint PDF of the BMWD, where the frist two components
f1(x1,x2) and f2(x1,x2) are the absolutely continuous part which is the PDF with respect to the two-dimensional Lebesgue
measure on the first (or positive) quadrant and the third component f3(x) is the singular part which is a PDF with respect
to one-dimensional Lebesgue measure on positive real line, see Bemis et al. [8].

3 Properties of the BMWD

El-Bassiouny et al. [1] discussed the joint SF, joint CDF, joint PDF, joint HRF, and marginal PDFs of the BMWD.
Recently, Kumar et al. [45] investigated the classical statistical inferences for the BMWD. In this section, we explore
additional important and interesting statistical properties, including distributional properties, modal properties, aging
properties, dependence measures, and ordering and positivity properties of the BMWD. Additionally, we derive the
associated copula function.

3.1 Distributional Properties

The following results are used to derive the bivariate hazard gradient and the conditional HRF of the BMWD. They are
also utilized to develop the dependent competing risks model.

Theorem 1.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then

(a).The conditional SF of X1 given X2 ≥ x2 is an absolutely continuous as follows;

SX1|X2≥x2(x1) =

{
e−α1xβ

1 eλx1 if x1 < x2

e−(α1+α3)x
β

1 eλx1 eα3xβ

2 eλx2 if x1 ≥ x2

(b).The conditional PDF of X1 given X2 ≥ x2 is

fX1|X2≥x2(x1) =

{
α1xβ−1

1 (β +λx1)eλx1e−α1xβ

1 eλx1 if x1 < x2

(α1 +α3)x
β−1
1 (β +λx1)eλx1e−(α1+α3)x

β

1 eλx1 eα3xβ

2 eλx2 if x1 ≥ x2

Proof.The proof is the usual routine so we avoid the proof.

Remark.Using the relation FX1|X2≥x2(x1) = 1−SX1|X2≥x2(x1), we can obtain the conditional CDF of X1 given X2 ≥ x2.

Remark.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then similarly we can find the conditional SF and PDF of X2 given X1 ≥ x1
respectively.
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Theorem 2.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then

(a).The conditional survival function of X1 given X2 = x2 is given as;

SX1|X2=x2(x1) =

{
e−α1xβ

1 eλx1 if x1 < x2
α2

α2+α3
e−(α1+α3)x

β

1 eλx1 eα3xβ

2 eλx2 if x1 ≥ x2

(b).The conditional PDF of X1 given X2 = x2 is

fX1|X2=x2(x1) =


α1xβ−1

1 (β +λx1)eλx1e−α1xβ

1 eλx1 if x1 < x2
α2

α2+α3
(α1 +α3)x

β−1
1 (β +λx1)eλx1e−(α1+α3)x

β

1 eλx1 eα3xβ

2 eλx2 if x1 > x2
α3

α1+α3
e−α1xβ

2 eλx2 if x1 = x2

Proof.The proof is the usual routine so we avoid the proof.

Remark.Using the relation FX1|X2=x2(x1) = 1−SX1|X2=x2(x1), we can obtain the conditional CDF of X1 given X2 = x2.

Remark.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then similarly we can find the conditional SF and PDF of X2 given X1 = x1
respectively.

Corollary 1.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then the conditional SF of X1 given X2 = x2 is a convex combination of
an absolutely continuous SF and a discrete (degenerate) SF as follows;

SX1|X2=x2(x1) = pG(x1)+(1− p)H(x1),

where the absolutely continuous function is

G(x1) =
1
p

e−α1xβ

1 eλx1 − α3
α2+α3

e−α1xβ

2 eλx2 if x1 < x2
α2

α2+α3
e−(α1+α3)x

β

1 eλx1 eα3xβ

2 eλx2 if x1 > x2

with

p = 1− α3

α2 +α3
e−α1xβ

2 eλx2

and the singular (degenerate at the point x1 = x2) function is

H(x1) =

{
1 if x1 ≤ x2

0 if x1 > x2.

Proof.The proofs is trivial and therefore it is omitted.

Corollary 2.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ) then conditional PDF of X1 given X2 = x2 is a mixture of an absolutely
continuous PDF and a pmf (degenerate at x1 = x2) as follows;

fX1|X2=x2(x1) = pg(x1)+(1− p)h(x1),

where the absolutely continuous PDF g(x1) is

g(x1) =
1
p

{
α1xβ−1

1 (β +λx1)eλx1e−α1xβ

1 eλx1 if x1 < x2
α2

α2+α3
(α1 +α3)x

β−1
1 (β +λx1)eλx1e−(α1+α3)x

β

1 eλx1 eα3xβ

2 eλx2 if x1 > x2

and the degenerate pmf h(x1) is

h(x1) = P(X1 = x1) =

{
1 if x1 = x2

0 if x1 ̸= x2
and p = 1− α3

α2 +α3
e−α1xβ

2 eλx2 .
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Proof.The proof is the usual routine and trivial therefore it is omitted.

Remark.If (X1,X2)∼BMW (α1,α2,α3,β ,λ ), then the joint SF of (X1,X2) with the joint PDF f(X1,X2)(x1,x2) can be written
as, for z = max{x1,x2}

S(X1,X2)(x1,x2) =P(X1 > x1,X2 > x2) =
∫

∞

x1

∫
∞

x2

f(X1,X2)(u,v)dvdu+P(X1 = X2 > z)

=
∫

∞

x1

∫
∞

x2

f(X1,X2)(u,v)dvdu+
∫

∞

z
f(X1,X2)(u,u)du.

We have the following unique decomposition of the joint SF of (X1,X2).

Theorem 3.If (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ), then the joint SF of (X1,X2) can be written as mixture of an absolutely
continuous part and a singular part as follows;

S(X1,X2)(x1,x2) =
α1 +α2

α1 +α2 +α3
Sac(x1,x2)+

α3

α1 +α2 +α3
Ssi(x1,x2),

where for z = max{x1,x2}, Ssi(x1,x2) = e−(α1+α2+α3)zβ eλ z
; z > 0 and

Sac(x1,x2) =
α1 +α2 +α3

α1 +α2
e−α1xβ

1 eλx1 e−α2xβ

2 eλx2 e−α3zβ eλ z − α3

α1 +α2
e−(α1+α2+α3)zβ eλ z

. (4)

Here Ssi(x1,x2) and Sac(x1,x2) are the singular and absolutely continuous parts, respectively.

Proof.Let us consider an event E = {X1 = X2}= {(U3 <U1)∩ (U3 <U2)}, then

P(E) = α3
α1+α2+α3

and P(Ec) = 1−P(E) = α1+α2
α1+α2+α3

. Therefore,

S(X1,X2)(x1,x2) = P(X1 > x1,X2 > x2)

= P(X1 > x1,X2 > x2|E)P(E)+P(X1 > x1,X2 > x2|Ec)P(Ec)

if z = max{x1,x2} then

Ssi(x1,x2) = P(X1 > x1,X2 > x2|E) = exp{−(α1 +α2 +α3)zβ eλ z},

and the absolutely continuous part we obtain by the subtraction

Sac(x1,x2) = P(X1 > x1,X2 > x2|Ec) =
1

P(Ec)

[
S(X1,X2)(x1,x2)−Ssi(x1,x2)

]
=

α1 +α2 +α3

α1 +α2

[
S(X1,X2)(x1,x2)−Ssi(x1,x2)

]
=

α1 +α2 +α3

α1 +α2
exp{−α1xβ

1 eλx1 −α2xβ

2 eλx2 −α3zβ eλ z}

− α3

α1 +α2
exp{−(α1 +α2 +α3)zβ eλ z}

hence completes the proof.

We have seen that P(X1 > x1,X2 > x2|E) is a singular part, as its mixed second partial derivative is zero when x1 ̸= x2
and P(X1 > x1,X2 > x2|Ec) is an absolutely continuous part, as its mixed second partial derivative is a PDF. Hence the
joint PDF of (X1,X2) can be uniquely decompose as a mixture of the absolutely continuous and singular parts, as given in
the following theorem.

Theorem 4.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then the joint PDF of (X1,X2) can be written as mixture of an absolutely
continuous part and a singular part as follows;

f(X1,X2)(x1,x2) =
α1 +α2

α1 +α2 +α3
fac(x1,x2)+

α3

α1 +α2 +α3
fsi(x),
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where

fac(x1,x2) =
α1 +α2 +α3

α1 +α2
×

{
fMW (x1;α1,β ,λ ) fMW (x2;α2 +α3,β ,λ ) if x1 < x2

fMW (x1;α1 +α3,β ,λ ) fMW (x2;α2,β ,λ ) if x1 > x2
(5)

and for x1 = x2 = x

fsi(x) = fMW (x;α1 +α2 +α3,β ,λ ).

Here fac(x1,x2) and fsi(x) are the absolutely continuous and singular parts, respectively.

Proof.The proof is directly followed by the above Theorem (4) as

fac(x1,x2) =
∂ 2

∂x1∂x2
Sac(x1,x2) and fsi(x) =

∂

∂x
Ssi(x1,x2).

Since the singular part fsi(x) is a PDF with respect to one-dimensional Lebesgue measure on positive real line and the
absolutely continuous part fac(x1,x2) is a PDF with respect to two-dimensional Lebesgue measure on positive (or first)
quadrant.

The singular part occur due to the common shocks and absolutely continuous part due to the individual shock. The function
fac(x1,x2) in (5) denotes the joint density of the Block–Basu bivariate modified Weibull (BBBMW) distribution, denoted
by ∼ BBBMW (α1,α2,α3,β ,λ ). This distribution corresponds to the absolutely continuous component of the BMWD,
obtained by excluding its singular part. Further details on the BBBMW distribution can be found in Kumar [47]. The
function fac(x1,x2) is continuous everywhere on {(x1,x2) : x1 ̸= x2 and x1,x2 > 0}. It is discontinuous on x1 = x2, unless
α1 = α2.

Lemma 1.Let (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ). If α1 = α2, then fac(x1,x2) is continuous everywhere on
{(x1,x2) : x1,x2 > 0}.

Proof.It is clear that fac(x1,x2) is continuous everywhere on {(x1,x2) : x1 ̸= x2}. Now we will show that fac(x1,x2) is
continuous on the line x1 = x2. For X1 < X2, let c = α1+α2+α3

α1+α2

lim
x1→x−2

fac(x1,x2) = cα1(α2 +α3)x
2(β−1)
2 (β +λx2)

2e2λx2e−(α1+α2+α3)x
β

2 eλx2 ,

where lim
x1→x−2

means x1 approaches x2 from the left. For X1 > X2

lim
x1→x+2

fac(x1,x2) = cα2(α1 +α3)x
2(β−1)
2 (β +λx2)

2e2λx2e−(α1+α2+α3)x
β

2 eλx2 ,

where lim
x1→x+2

means x1 tends to x2 from the right. Since α1 = α2, then we have

lim
x1→x−2

fac(x1,x2) = lim
x1→x+2

fac(x1,x2) = fac(x2,x2)

this implies that fac(x1,x2) is also continuous on x1 = x2. Therefore, when α1 = α2, fac(x1,x2) is continuous everywhere
on {(x1,x2) : x1,x2 > 0}.

3.2 Modal Properties

In this section, we are going to discuss about the mode and shape of the absolutely continuous part of the BMWD. The
following result provides the shape of fac(x1,x2), does not depend on constant term.

Theorem 5.Let (X1,X2)∼ BMW (α1,α2,α3,β ,λ ). For β > 1, f (x1,x2) is a unimodal.

(a).If α1 = α2, then fac(x1,x2) is continuous on x1 = x2 and the mode lies on x1 = x2.
(b).If α1 +α3 < α2, then fac(x1,x2) is not continuous on x1 = x2 and the mode occurs in the region {(x1,x2) : x1 > x2}.
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(a) BBBMW(1.0, 1.0, 0.5, 2.0, 1.0) (b) BBBMW(1.0, 2.0, 0.5, 2.0, 1.0) (c) BBBMW(2.0, 1.0, 0.5, 2.0, 1.0)

Fig. 1: Surface and contour plots of PDF of BBBMW (α1,α2,α3,β ,λ ).

(c).If α2 +α3 < α1, then fac(x1,x2) is not continuous on x1 = x2 and the mode occurs in the region {(x1,x2) : x1 < x2}.

Proof.The proof can be obtained in a routine manner by studying the stationary points at different regions namely {(x1,x2) :
x1 < x2} and {(x1,x2) : x1 > x2} along the same line as the proof of Theorem 2.3 of Kundu and Gupta [39]. Hence, the
details are avoided.

Corollary 3.In particular when λ = 0, the mode is obtained in the closed form as

(a)If β > 1 and α1 = α2, the mode (xm,xm) lies on line x1 = x2, where xm =

(
2(β−1)

β (2α+α3)

)1/β

.

(b)If β > 1, the mode for α1 +α3 < α2 is (x1m,x2m), where x1m > x2m and

x1m =

(
β −1

(α1 +α3)β

)1/β

and x2m =

(
β −1
α2β

)1/β

.

(c)If α2 +α3 < α1, the mode is (x1m,x2m), where x1m < x2m and

x1m =

(
β −1
α1β

)1/β

and x2m =

(
β −1

(α2 +α3)β

)1/β

.

In Figures 1, we provide the surface and the contour plots of fac(x1,x2) of the BMWD for different choice of parameters.
It shows the unimodality of the PDF and position of the mode, as stated in Theorem (5).

To determine the mode of the BMWD, we maximize fac(x1,x2) with respect to x1 and x2 for fixed parameter values.
This maximization is carried out using standard two-dimensional optimization routines, such as optim and nlm, available
in the R software, for various parameter settings. Both optimization methods are applied to identify the mode in each
of the three cases described in Theorem (5). The resulting mode estimates, reported in Tables 1, 2, and 3, indicate that
fac(x1,x2) is unimodal, with the location of the mode depending on the specific case outlined in Theorem (5).

Table 1: Position of mode and its values when α1 = α2.

α3 = 0.025,β = 2.0,λ = 1.0 α3 = 0.05,β = 2.5,λ = 0.1
α1 = α2 mode(x1m,x2m) mode(x1m,x2m)

0.025 (1.8792, 1.8792) (2.5509, 2.5509)
0.50 (0.8062, 0.8062) (1.0328, 1.0328)
1.00 (0.6147, 0.6147) (0.7944, 0.7944)
1.50 (0.5191, 0.5191) (0.6793, 0.6793)

From Tables 2 and 3 we also observed the special cases of mode and mention in the following corollary.
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Table 2: Position of mode and its values when α1 > α2 +α3.

α3 = 0.025,β = 2.0,λ = 1.0 α3 = 0.05,β = 2.5,λ = 0.1
α1 > α2 mode(x1m,x2m) mode(x1m,x2m)

(0.04, 0.01) (1.8468, 1.9141) (1.5070, 2.3818)
(0.5, 0.02) (0.8139, 1.7884) (1.0527, 2.2469)
(1.0, 0.04) (0.6179, 1.6120) (0.8022, 2.0424)
(1.5, 1.00) (0.5209, 0.6116) (0.6838, 0.7869)

Table 3: Position of mode and its values when α2 > α1 +α3.

α3 = 0.025,β = 2.0,λ = 1.0 α3 = 0.05,β = 2.5,λ = 0.1
α2 > α1 mode(x1m,x2m) mode(x1m,x2m)

(0.035, 0.005) (1.9931, 1.19141) (2.4611, 1.7760)
(0.5, 0.01) (1.9141, 0.8139) (2.3818, 1.0527)
(1.0, 0.04) (1.6120, 0.6179) (2.0424, 0.8022)
(1.5, 1.00) (0.6116, 0.5209) (0.7869, 0.6838)

Corollary 4.Let (X1,X2)∼ BMW (α1,α2,α3,β ,λ ). For β > 1, fac(x1,x2) is a unimodal.
(a).If α1 > α2 for all α3, the mode lies in the region S1 = {(x1,x2) : x1 < x2}.
(b).If α1 < α2 for all α3, the mode lies in the region S2 = {(x1,x2) : x1 > x2}.

3.3 Aging Properties

It is worth mentioning that there are several ways to define the bivariate failure rate. Basu [3] was the first to define the
bivariate failure rate for an absolutely continuous bivariate distribution. However, Basu’s bivariate HRF may not
uniquely determine the joint distribution function, which is a less desirable property. Therefore, we have adopted the
definition by Johnson and Kotz [4], as it applies when the marginals are absolutely continuous and ensures that the
bivariate hazard gradients uniquely define the bivariate joint distribution function.

The Basu’s bivariate HRF of the BMWD, as discussed by El-Bassiouny et al. [1], is given as

r(x1,x2) =


α1(α2 +α3)x

β−1
1 xβ−1

2 (β +λx1)(β +λx2)eλ (x1+x2) if x1 < x2

α2(α1 +α3)x
β−1
1 xβ−1

2 (β +λx1)(β +λx2)eλ (x1+x2) if x1 > x2

α3xβ−1(β +λx)eλx if x1 = x2 = x.

The Basu joint HRF plots for different parameters are given in Figure ?? and ??.
The hazard components of a bivariate distribution are defined as, see Johnson and Kotz [4],

h1(x1,x2) = h(x1|X2 > x2) =− ∂

∂x1
lnS(x1,x2)

h2(x1,x2) = h(x2|X1 > x1) =− ∂

∂x2
lnS(x1,x2)

for all (x1,x2) such that S(x1,x2) > 0. The vector h(x1,x2) =
(
h1(x1,x2),h2(x1,x2)

)
is referred to as the hazard gradient

of (X1,X2). Here, h1(x1,x2) represents the failure rate of X1 given the additional information X2 > x2, while h2(x1,x2)
represents the failure rate of X2 given the additional information X1 > x1. It is well known that the hazard gradient
h(x1,x2) uniquely determines the joint SF S(x1,x2); for further details, see Marshall and Olkin [43].

Theorem 6.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then the hazard components of BMWD are

h1(x1,x2) =

{
α1xβ−1

1 (β +λx1)eλx1 if x1 < x2

(α1 +α3)x
β−1
1 (β +λx1)eλx1 if x1 > x2

(6)

h2(x1,x2) =

{
(α2 +α3)x

β−1
2 (β +λx2)eλx2 if x1 < x2

α2xβ−1
2 (β +λx2)eλx2 if x1 > x2

(7)

© 2025 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lett. 12, No. 3, 125-148 (2025) / www.naturalspublishing.com/Journals.asp 133

Fig. 2: The joint HRF plots of BMW (1.0,1.0,1.0,1.5,0.1).

Proof.Using part (a) of the Theorem 1, we get the first component as

h1(x1,x2) = h(x1|X2 > x2) =
fX1|X2>x2(x1)

SX1|X2>x2(x1)

similarly the second component is obtained by

h2(x1,x2) = h(x2|X1 > x1) =
fX2|X1>x1(x2)

SX2|X1>x1(x2)

hence completes the proof.
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Fig. 3: The joint HRF plots of BMW (1.0,1.0,1.0,0.5,0.1).

Corollary 5.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ).

(a).Then the conditional failure (hazard) rate function of X1 given X2 = x2 is

r1(x1|X2 = x2) =

{
α1xβ−1

1 (β +λx1)eλx1 if x1 < x2

(α1 +α3)x
β−1
1 (β +λx1)eλx1 if x1 > x2

(8)

(b).Then the conditional failure (hazard) rate function of X2 given X1 = x1 is

r2(x2|X1 = x1) =

{
(α2 +α3)x

β−1
2 (β +λx2)eλx2 if x1 < x2

α2xβ−1
2 (β +λx2)eλx2 if x1 > x2

(9)
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Proof.Using Theorem 2, we can easily proof.

3.4 Dependence Properties

Lehmann [6] defined positive quadrant dependence (PQD) between two random variables X1 and X2 by

RF(X1,X2)(x1,x2) =
F(X1,X2)(x1,x2)

FX1(x1)FX2(x2)
≥ 1 ∀x1,x2. (10)

Similarly the negative quadrant dependence is defined as RF(X1,X2)(x1,x2)≤ 1. Using the following relation

S(X1,X2)(x1,x2) = 1−FX1(x1)−FX2(x2)+F(X1,X2)(x1,x2),

which implies

S(X1,X2)(x1,x2)−SX1(x1)SX2(x2) = F(X1,X2)(x1,x2)−FX1(x1)FX2(x2),

equivalently the equation (10) in terms of survival function can defined by

RS(X1,X2)(x1,x2) =
S(X1,X2)(x1,x2)

SX1(x1)SX2(x2)
≥ (≤)1 ∀x1,x2. (11)

Now we have,

lim
x1→−∞

RS(X1,X2)(x1,x2) = RS(X2)(x2) =
SX2(x2)

SX2(x2)
= 1.

Since

∂

∂xi
lnRS(X1,X2)(x1,x2) =

∂

∂xi
lnS(X1,X2)(x1,x2)−

∂

∂xi
lnSXi(xi)

= hXi(xi)−hi(x1,x2) i = 1,2

If hXi(xi)−hi(x1,x2)> (<) 0 for all x1 and x2, then the distribution has positive (negative) quadrant dependence.

Theorem 7.If (X1,X2)∼BMW (α1,α2,α3,β ,λ ) and S(X1,X2)(x1,x2)≥ (≤) SX1(x1)SX2(x2) ∀x1,x2, the BMWD has positive
(negative) quadrant dependence.

Proof.The proof is trivial.

Corollary 6.If (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ), then there is a positive correlation between X1 and X2 which is ρ =
P(X1 = X2) = α3/(α1 +α2 +α3). Thus for α3 → 0, ρ → 0 this impies that X1 and X2 are independent and when α3 → ∞,
ρ → 1 .

An immediate consequence of the PQD property is that for increasing continuous functions g1(.) and g2(.), we have
Cov(g1(X1),g2(X2))> 0. Now we discuss some dependence properties of (X1, X2)∼ BMW (α1,α2,α3,β ,λ ).

(1)From part (a) of Theorem 2, since for every x1, P(X1 > x1|X2 = x2) is an increasing function of x2, thus X2 is positive
regression dependent of X1. By symmetry it follows that X1 is positive regression dependent of X2.

(2)From part (a) of Theorem 1, since for every x1, P(X1 > x1|X2 ≥ x2) in an increasing function of x2, thus X1 is right tail
increasing (RTI) in X2. By symmetry it follows that X2 is RTI in X1. It means that the hazard rate of the conditional
ditribution of X1 given X2 does not exceed the hazard rate of the marginal distribution of X1, see, e.g., Karia and
Deshpande [46].

Note that, RTI ⇒ association ⇒ PQD.
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3.5 Ordering and Total Positivity

If (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ) and (Y1,Y2) ∼ BMW (α∗
1 ,α

∗
2 ,α

∗
3 ,β

∗,λ ∗) such that α1 ≥ α∗
1 ,α2 ≥ α∗

2 ,α3 ≥ α∗
3 ,β ≥

β ∗,λ ≥ λ ∗, then by using simple algebra for x1,x2 > 0 we have

P(X1 ≥ x1,X2 ≥ x2)≤ P(Y1 ≥ x1,Y2 ≥ x2).

Thus (X1,X2) ≤st (Y1,Y2), i.e., (X1,X2) is less than (Y1,Y2) in the usual stochatic ordering. A bivariate random vector
(X1,X2) and its joint PDF f (x1,x2) is said to be totally positive of order two (T P2) if,

f (x1,x2) f (y1,y2)≥ f (x1,y2) f (y1,x2) ∀x1 < y1,x2 < y2

A function f (·) defined on R2 is saide be supermoduler if, for (x1,x2),(y1,y2) ∈ R2,

f (x1,x2)+ f (y1,y2)≥ f (x1,y2)+ f (y1,x2) ∀x1 < y1,x2 < y2

Remark. f (·) is supermoduler if and only if exp( f ) is T P2. Thus log( f ) is superdomuler if and only if f (·) is T P2.

Theorem 8.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then the bivariate random vector (X1,X2) and its joint PDF is T P2.

The T P2 property is a stronger concept of dependence. If a copula density c(u,v) possesses T P2 property, then the
associated copula C(u,v) has stochastic increasing (SI), right tail increasing (RTI) and positive quadrant dependence
(PQD) properties.

It is well known that T P2 is a stronger concept of dependence. We have the following implications between T P2,
stochastically increasing (SI), right-tail increasing (RTI), association, PQD, covariance and right corner set increasing
(RCSI), see Nelsen [5], and Lai and Balakrishnan [42]

T P2 ⇒ SI ⇒ RT I ⇒ Association ⇒ PQD ⇒Cov(X1,X2)≥ 0.

Also,

T P2 ⇒ RCSI.

Thus, the BMWD family has all these properties. These dependence and ordering properties follow from the
Marshall–Olkin construction.

3.6 Copula Associated with BMWD

In this section, we derive the survival copula associated with BMWD. The copula is a function which joint two or more
univariate distributions to construct a multivariate distribution, see Nelsen [5]. According to Sklar [7] for a bivariate
random vector (X1,X2) with the joint SF S(X1,X2)(x1,x2) and marginal SFs SXi(xi) of Xi, i=1,2. For u,v ∈ [0,1] the survival
copula function is by

C̄(u,v) = S(X1,X2)

(
S−1

X1
(u),S−1

X2
(v)
)

(12)

To find the survival copula function we use the following lemma.

Lemma 2.If X ∼ MW (α,β ,λ ) with SF SX (x) = e−αxβ eλx
; x > 0, then for u ∈ [0,1] with u = SX (x), there exist unique

increasing continuous function, say g : R→ R+ such that

x = S−1
X (u) = g◦w(u), where w(u) = log[−(1/α) logu] (13)

and the quantile function is QX (q) = S−1
X (1−q) = g◦w(1−q), where q = 1−u = FX (x).

In particular cases,

(a).If β = 0, then g◦w(u) = w(u)
λ

= 1
λ

log[−(1/α) logu].

(b).If λ = 0, then g◦w(u) = ew(u)/β =
[
− (1/α) logu

]1/λ .
(c).If λ = 0 and β = 1, then g◦w(u) = ew(u) =−(1/α) logu.
(d).If λ = 0 and β = 2, then g◦w(u) = ew(u) =

[
− (1/α) logu

]1/2.
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Proof.For u ∈ [0,1], we have u = SX (x), this implies that

log[−(1/α) logu] = β logx+λx. (14)

Suppose h(x) = β logx+λx, since h
′
(x) = β

x +λ > 0 for all β ,λ ≥ 0 this implies that h : R+ →R is strictly increasing
continuous function and lim

x→0
h(x) = −∞ and lim

x→∞
h(x) = ∞. Thus there exist the unique inverse function of h(x),

which is h−1(w) , where w = log[−1/α logu], so that x = S−1(u) = h−1(w), where w = log[−(1/α) logu]. Here take
g(.) = h−1(.), then completes the proof.

Theorem 9.If (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ) with the joint SF S(X1,X2)(x1,x2) given in (2), then there exist a unique
function h−1 : R+ → R such that, for u,v ∈ [0,1] the survival copula function associated with BMWD is

C̄(u,v) =

{
exp{−α1[h−1(w1)]

β eλ [h−1(w1)]}exp{−α23[h−1(w2)]
β eλ [h−1(w2)]} if h−1(w1)≤ h−1(w2)

exp{−α13[h−1(w1)]
β eλ [h−1(w1)]}exp{−α2[h−1(w2)]

β eλ [h−1(w2)]} if h−1(w1)> h−1(w2)

where, w1 = log[−(1/α13) logu] and w2 = log[−(1/α23) logv] and αi3 = αi +α3; i = 1, 2.

Proof.Since (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ) with the joint SF in (2), then we have the marginals
Xi ∼ MW (αi +α3,β ,λ ) with SF SXi(xi), i = 1,2. Let αi3 = αi +α3, by using lemma 2, we get S−1

Xi
(u) = h−1(wi) ; i = 1,

2, where w1 = log[−1/α13 logu] and w2 = log[−1/α23 logv]. The survival copula function associated with BMWD is
obtained as in usual manner by using the joint SF, marginal SFs of BMWD and the copula (3.6).

Fig. 4: Plot of Copula function of BMW (1.5,1.0,1.5,1.0,0.1).

Corollary 7.If (X1,X2) ∼ BMW (α1,α2,α3,β ,λ ) and the closed form of the function h−1 : R+ → R exists, as given in
lemma 2, then the survival copula function is the famous Marshall-Olkin copula, see Nelson [5], which is given by, for
u,v ∈ [0,1]

C̄(u,v) =

u
α1

α1+α3 v if u > v
α1+α3
α2+α3

uv
α2

α2+α3 if u ≤ v
α1+α3
α2+α3 .
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Proof.(a). If β = 0, then the joint SF Of (X1,X2) become

S(X1,X2)(x1,x2) =

{
exp{−α1eλx1}exp{−(α2 +α3)eλx2} if x1 ≤ x2

exp{−(α1 +α3)eλx1}exp{−α2eλx2} if x1 > x2

and h−1(wi) =
wi
λ

, i = 1, 2. The survival copula function for u,v ∈ [0,1] is

C̄(u,v) = S(X1,X2)

(
1/λ log[−1/(α1 +α3) logu],1/λ log[−1/(α2 +α3) logv]

)

C̄(u,v) =

u
α1

α1+α3 v if u > v
α1+α3
α2+α3

uv
α2

α2+α3 if u ≤ v
α1+α3
α2+α3

Similarly we can proof for all the cases, hence completes the proof.

It should be pointed out that the survival copula is also a copula, that is C̄(u,v) is also a proper distribution function on
[0,1]× [0,1]. It may be mentioned that using the copula structures and properties we study several different dependence
properties and dependence measures of BMW distribution. It may be useful for developing inference procedures of the
unknown parameters. This can have some independent interests also.

4 Application of BMW Model

In survival or reliability analysis, a common focus is the evaluation of one risk in the presence of other risk factors. This
is widely recognized in statistical analysis as the competing risks problem. In a competing risks framework, the data
typically comprise the failure time and the corresponding cause of failure. Significant research has been conducted in this
area under both parametric and non-parametric models, as detailed in the monograph by Crowder [37].

There are two primary approaches to addressing competing risks problems: the latent failure time model, initially
introduced by Cox [40], and the cause-specific hazard model proposed by Prentice et al. [44]. For exponential or Weibull
lifetime models, Kundu [41] demonstrated that both approaches yield the same likelihood function, despite differing in
their interpretations.

In this study, we adopt the latent failure time model, assuming there are only two possible causes of failure. However,
this method can be readily extended to accommodate any arbitrary number of causes.

4.1 Competing Risks Model

Let us consider a system with two causes of failure in a lifetime experiment, and the lifetime of the system is T =
min{X1,X2}, where Xi, i= 1,2, denotes the lifetime of the ith cause of failure of system. We further suppose that (X1,X2)∼
BMW (α1,α2,α3,β ,λ ), then the observed random vector is (T,∆) where

∆ =


0 if X1 < X2

1 if X1 > X2

2 if X1 = X2.

Let α = α1 +α2 +α3, we can obtain the following useful facts.

Theorem 10.If (X1,X2)∼ BMW (α1,α2,α3,β ,λ ), then
(i).Xi ∼ MW (αi +α3,β ,λ ), i = 1, 2.

(ii).T = min{X1,X2} ∼ MW (α,β ,λ ), where α = α1 +α2 +α3, with SF and HRF

S(t;α,β ,λ ) = e−αtβ eλ t
and h(t) = αtβ−1(β +λ t)eλ t .

Based on Theorem 10 and the condtional SF given in Part (b) of the Theoerem 2, the joint PDF of (T,∆) is

f (t,δ ) =


fX1(t)P(X2 ≥ t|X1 = t) = α1tβ−1(β +λ t)eλ te−αtβ eλ t

if δ = 0
fX2(t)P(X1 ≥ t|X2 = t) = α2tβ−1(β +λ t)eλ te−αtβ eλ t

if δ = 1
α3tβ−1(β +λ t)eλ te−αtβ eλ t

if δ = 2

(15)
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4.1.1 Maximum Likelihood Estimation

It is assumed that the dependent competing risks data D = {(t1,δ1),(t2,δ2), ...,(tn,δn)} have been observed from BMWD.
Let θ = (α1,α2,α3,β ,λ ). Define I1 = {ti : δ = 0}, I2 = {ti : δ = 1} and I3 = {ti : δ = 2}. Let ni is the number of
observations in the set Ii, i = 1,2,3. The log-likelihood function is

l(θ) =n1 lnα1 +n2 lnα2 +n3 lnα3 +(β −1)
n

∑
i=1

ln ti +
n

∑
i=1

ln(β +λ ti)

+λ

n

∑
i=1

ti − (α1 +α2 +α3)
n

∑
i=1

tβ

i eλ ti . (16)

The MLEs of the unknown parameters can be obtained by maximizing (19) with respect to the unknown parameters. For
fix ϑ = (β ,λ ), the MLEs of α1,α2 and α3 can be obtained as

α̂1(ϑ) =
n1

∑
n
i=1 tβ

i eλ ti
α̂2(ϑ) =

n2

∑
n
i=1 tβ

i eλ ti
α̂3(ϑ) =

n3

∑
n
i=1 tβ

i eλ ti
. (17)

The MLEs of ϑ = (β ,λ ) are obtained by maximizing the profile log-likelihhod function
lp(α̂1(ϑ), α̂3(ϑ), α̂3(ϑ),ϑ) using two dimensional optimization technique, like Nelder-Mead method, see Nelder & Mead
[22] available in R software under optim, i.e.,

ϑ̂ = argmax
ϑ

lp
(
α̂1(ϑ), α̂3(ϑ), α̂3(ϑ),ϑ

)
. (18)

Moreover, using invariance principle of maximum likelihood estimation, the MLEs of the SF and HRF can be constructed
as

Ŝ(t) = exp(−α̂t β̂ eλ̂ t) and h(t) = α̂t β̂−1(β̂ + λ̂ t)eλ̂ t with α̂ = α̂1 + α̂2 + α̂3.

Remarks: Since any ni = 0, i = 1,2,3, then the observed data provides no information about αi and hence the MLE of αi
does not exist, see (17). Thus the condition that all ni > 0, i = 1,2,3, guarantees the existence of MLE α̂i. The maximum
likelihood estimators of α1,α2,α3 are mutually independent.
In most cases, we are more interested in the confidence intervals of the parameters instead of point estimation only. Having
the Fisher information matrix of (α1,α2,α3,β ,λ ) as given following, the confidence intervals can be constructed. The
expected Fisher information matrix I (θ) is a 5×5 matrix, whose (i, j)th element given as

Ii j(θ) =−Eθ

{
∂ 2

∂θi∂θ j
l(θ)

}
, i, j = 1,2,3,4,5

Since all such expectations exist and are finite, but cannot be obtained analytically, we can approximate them by − ∂ 2l(θ)
∂θi∂θ j

evaluated at the MLEs θ̂ , i.e., the observed Fisher information matrix, denoted as I (θ̂). Using the asymptotic properties
of MLEs we find the asymptotic confidence intervals of the MLEs. The derivation of the obsereved Fisher information
matrix is placed in Appendix B. Under mild regularity conditions, the distribution of the MLE θ̂ = (α̂1, α̂2, α̂3, β̂ , λ̂ ) is
asymptotically normal with a mean vector θ and variance-coriance I −1(θ̂), the inverse matrix of I (θ̂) i.e.,

θ̂ ∼ A N (θ ,I −1(θ̂))

For arbitrary γ ∈ (0,1), the (1− γ)100% asymptotic confidence interval (ACI) of θi is given as(
θ̂i − zγ/2

√
var(θ̂i), θ̂i + zγ/2

√
var(θ̂i)

)
, i = 1,2,3,4,5,

where zγ/2 is the γ/2− th quantile of the standard normal distribution.

Sometimes, the previous obtained ACIs may have a negative lower bound which further yields worse performance for
interval estimation of positive parameter. In order to avoid such drawback, one can use logarithmic transformation method
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and delta technique to construct the ACI in consequence. The asymptotic normality distribution of ln θ̂i can be obtained
as

ln θ̂i − lnθi

var(ln θ̂i)
→ N(0,1), i = 1,2,3,4,5,

where var(ln θ̂i) = var(θ̂i)/θ̂ 2
i , i = 1,2,3,4,5. Therefore, a (1− γ)100% alternative ACI of θi can be expressed as

[
exp

(
log(θ̂i)−

zγ/2

θ̂i

√
var(θ̂i)

)
, exp

(
log(θ̂i)+

zγ/2

θ̂i

√
var(θ̂i)

)]
, i = 1,2,3,4,5.

5 Real Data Analysis

In this section, for the illustrative purpose we consider a real data example from medical studies. The diabetic retinopathy
is a complication of diabetes that turns out a major cause of blindness and vision loss among diabetic patients. Here
we consider a data set obtained from the diabetic retinopathy study (DRS). The study was conducted by the National
Eye Institute (NEI) to estimate the effect of laser treatment in delaying the onset of blindness in patients with diabetic
retinopathy. There are 71 patients involved in the study. One eye of each patient was randomly selected for laser treatment
and the other eye was observed without treatment, for more details, see [33] and [34]. Denote X1 as the time (in days)
to blindness of the laser treated eye and X2 as the time (in days) to blindness of the other untreated eye. The minimum
time to blindness Ti = min(X1i,X2i) and the indicator δi (δi = 1 when the treated eye has been failed first, δi = 0 when the
untreated eye has been failed first δi = 2 when both the eyes have become blind) have been for the ith patient. For each
patient the minimum time to blindness (Ti) and the index for specifying whether treated, untreated or both eyes, firstly is
failed (δi), is recorded in Table 4. The original data are transformed by (T −30)/365 and numerical results are computed
in terms of years.

Table 4: Minimum time to blindness in days and its causes for 71 patients with Diabetic retinopathy.

i Ti δ i Ti δ i Ti δ i Ti δ i Ti δ

1 266 1 16 125 2 31 717 2 46 663 0 61 503 1
2 91 2 17 777 2 32 642 1 47 567 2 62 423 2
3 154 2 18 306 1 33 141 2 48 966 0 63 285 2
4 285 0 19 415 1 34 407 1 49 203 0 64 315 2
5 583 1 20 307 2 35 356 1 50 84 1 65 727 2
6 547 2 21 637 2 36 1653 0 51 392 1 66 210 2
7 79 1 22 577 2 37 427 2 52 1140 2 67 409 2
8 622 0 23 178 1 38 699 1 53 901 1 68 584 1
9 707 2 24 517 2 39 36 2 54 1247 0 69 355 1

10 469 2 25 272 0 40 667 1 55 448 2 70 1302 1
11 93 1 26 1137 0 41 588 2 56 904 2 71 227 2
12 1313 2 27 1484 1 42 471 0 57 276 1
13 805 1 28 315 1 43 126 1 58 520 1
14 344 1 29 287 2 44 350 2 59 485 2
15 790 2 30 1252 1 45 350 1 60 248 2

Before going to analyze the dependent competing risks data using the BMW distribution, first we fit the MW
distribution to T for model checking and to find the initial guesses. For this purpose, we consider model selection
criteria, such as the total time test (TTT) plot and the Weibull probability paper (WPP) plot, to assess whether the MW
distribution appropriately fits the given data T. The TTT plot, introduced by Aarset [15], is defined as:
T T Ti = ∑

i
j=1(n− j+ 1)(x( j)− x( j−1)), where x(0) = 0 and x( j) are ordered observations. The TTT plot represents T T Ti

against i/n. To ensure the values lie between 0 and 1, we use the scaled TTT, given by: T T T ∗
i = T T Ti

T T Tn
. If the scaled TTT

graph lies above (or below) the reference line, the data exhibit an increasing (or decreasing) failure rate. If the graph
fluctuates above and below the reference line (or aligns with it), the data indicate a bathtub-shaped (or constant) hazard
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rate. The TTT plots, see Figure 5, for T in the given data set suggest an increasing hazard rate. The WPP plot for the MW
distribution, studied by Lai et al. [2]. The WPP plots, see Figure 5, for T in the data set are approximated by convex
curve. Thus, based on the TTT and WPP plots, the MW distribution can be considered a suitable fit for T.
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Fig. 5: TTT and WPP plots of DRD

The MLEs of the MW distribution parameters for each case are obtained using three-dimensional standard numerical
optimization techniques, such as Nelder-Mead algorithm, see [22], it is available under optim() function in the R software.
To initiate the numerical optimization process, appropriate initial guesses for the unknown parameters are required. These
initial estimates are derived from the WPP plot for the MW distribution with parameters α,β , and λ , , which can be
expressed as the following nonlinear equation: y = log(α)+βu+λ exp(u), where u = log(x). For given n observations
xi; i = 1,2, ...,n, we have yi = log

[
− log

(
1 − i

(n+1)

)]
and ui = log(xi). Note that, u and exp(u) are not statistically

independent. For T ∼ MW (α,β ,λ ), using the regression procedure, the estimated model is given as y = −0.8620+
1.0545u + 0.2207exp(u), where u = log(t) with coefficient of determination, R2 = 0.973 and hence the initial guess
values of (α,β ,λ ) are (0.4223, 1.0545, 0.2208). Using these initial values, the MLEs of parameters α,β ,λ of MW
distribution and the corresponding standard errors (SEs), confidence intervals and the KS distances with the associated
with p-values are given in the Table 5. Based on the KS distance with the p-value, the MW distribution cannot be rejected
for the data T.

Table 5: MLEs, SE, KD distance with p-value

Parameters MLEs SE LL KS distance p-value
α 0.054883 0.016772 -446.5452 0.0557 0.8616
β 0.951410 0.130671
λ 0.007549 0.006314

Now, we analyze the competing risks data (T,δ ) using the BMW distribution. The profile log-likelihood plots for
α1,α2,α3,β ,λ are given Figure ??. These plots ensure that the parameter estimates are unique. To obtain the MLEs of β

and λ , we apply a two-dimensional optimization technique using the optim() function with initial guess values (0.951410,
0.007549). The MLEs of α1,α2,α3,β ,λ , , along with their corresponding standard errors (SEs) and 95% confidence
intervals, are presented in Table 6. For the goodness-of-fit (GoF) test, the KS distance is 0.0556 and the associated p-
value is 0.8619. The model demonstrates a good fit to the data, see the KS distance plot and percentile-percentile (P-P)
plot as given Figure ??.

Now we want to test whether the laser treatment has statistical significant effect on the patient or not, i.e.,

H0 : α1 = α2 versus Ha : α1 ̸= α2.
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Table 6: MLEs, SEs, 95% CIs

Parameter MLEs SE 95% CI
α1 0.013135 0.004574 (0.004170 , 0.022099)
α2 0.002815 0.001414 (0.000044 , 0.005585)
α3 0.038935 0.012164 (0.015094 , 0.062775)
β 0.951410 0.131095 (0.694469 , 1.208351)
λ 0.007549 0.006327 (0.003301 , 0.017263)
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Fig. 6: The profile log-likelihood plots for β and λ .

Under the null hypothesis α1 = α2 = α12 the log-likelihood function is

l(θ0) =(n1 +n2) lnα12 +n3 lnα3 +(β −1)
n

∑
i=1

ln ti +
n

∑
i=1

ln(β +λ ti)

+λ

n

∑
i=1

ti − (2α12 +α3)
n

∑
i=1

tβ

i eλ ti . (19)

where θ0 = (α12,α3,β ,λ ). The MLEs of α12, α3, β and λ are 0.2350, 0.0771, 1.3971 and 0.0147, respectively and
corresponding log-likelihood value is -158.6753. The likelihood ratio test statistics value is -2(532.9035-551.0596) =
36.3122 and the associate p-value becomes 0.00001. The null hypothesis is rejected at 5% level of significance, hence the
laser treatment is significant.

6 Extension and Conclusion

Multivariate Modified Weibull distribution

The multivariate extension presented in this section follows naturally from the Marshall–Olkin construction by allowing
more than two components to be affected by individual as well as common shocks, while retaining modified Weibull
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Fig. 7: KS distance and P-P plots

marginal distributions. This extension is included mainly for completeness and to demonstrate that the proposed bivariate
model can be embedded in a broader multivariate framework. Although the present study focuses on bivariate lifetimes,
the multivariate formulation may be useful for modeling more complex systems involving multiple dependent failure
times.

In the previous sections, we have been discussed about the univariate and bivariate MW distribution. In this section,
we consider its multivariate extension. The extension is quite straight forward and it can done along the same line. First
we consider the Marshall-Olkin [20] type multivaite MW distribution. Let
Ap = {a = (a1,a2, ...,ap) : ai = 0 or 1,but a ̸= (0, ...,0)} be a set of 2p − 1 p-dimensional vectors. Let {Za : a ∈ Ap},
Za ∼ MW (αa,β ,λ ) are independent random variables. Define, Xi = min{Za : a ∈ Ap, ai = 1} ∀ i = 1,2, ..., p, then
X = (X1,X2, ...,Xp) has Marshall-Olkin type multivariate MW distribution with parameters α∗ = {αa : a ∈ Ap},β and λ ,
and it can be written as X = (X1,X2, ...,Xp)∼ MOMMW (p,α∗,β ,λ ), where p denotes the dimension of the distribution,
for any p > 1, it is not absolutely continuous distribution. The p-variate MOMMW distribution has 2p +1 parameters.

Theorem 11.If X ∼ MOMMW (p,α∗,β ,λ ), then

(1)The joint SF of X for xi > 0, i = 1,2, ..., p is given by,

SX(x1,x2, ...,xp) = exp
[
− ∑

a∈Ap

αazβ
a eλ za

]
, (20)

where za = max
1≤i≤p

(xiai) = max(x1a1,x2a2, ...,xpap).

(2)For i = 1,2, ..., p, Xi ∼ MW (αi,β ,λ ), where αi = ∑(a:ai=1)∈An αa.
(3)U = min{X1,X2, ...,Xp} ∼ MW (α,β ,λ ), where α = ∑a∈Ap αa.

Proof.The proof is the usual rountine so we omitted it.

The MOMMW is more generalization p-dimensional multivariate MW distribution. Using the idea of Proschan and
Sullo [10] we introduce the special case of it as follows.

Let us consider a p-component parallel system where there are (p+1) causes of failures. The ith cause affect the ith,
i = 1,2, ..., p component respectively and the (p+1)th cause affect all the components simultaneous. Suppose the failure
time due to the jth cause, U j ∼MW (α j,β ,λ ), j = 0,1,2,3..., p are independent. Let Xi =min(Ui,U0), i= 1,2, ..., p, be the
failure time of the ith component, then X = (X1,X2, ...,Xp) has multivariate MW distribution with parameters αi,β ,λ , i =
0,1,2, ..., p, and from now on, we will denote it by MMW (α0,α1,α2, ....,αp,β ,λ ). For p > 1 the MMW distribution is
singular distribution and it has both absolutely continous and singular parts. The p-variate MMW distribution has p+3
unknown parameters. Let α = (α0 +α1 +α2 + ...+αp) = ∑

p
i=0 αi.
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Theorem 12.If X = (X1,X2, ...,Xp)∼ MMW (α0,α1,α2, ....,αp,β ,λ ), then

(1)Xi ∼ MW (αi +α0,β ,λ ), i = 1,2, ..., p.
(2)V = min{X1,X2, ...,Xp} ∼ MW (α,β ,λ ).
(3)P(Xi = min{X1,X2, ...,Xp}) = P(Xi < min{X j : 1 ≤ j(̸= i)≤ p})

= P(Ui < min{U j : 0 ≤ j(̸= i)≤ p}) = αi
α

, i = 1,2, ..., p.
(4)P(X1 = X2 = ...= Xp) = P(U0 < min{U j : 1 ≤ j ≤ p}) = α0

α
.

(5)If α0 = 0, then X1,X2, ....,Xp are mutually independent.

Proof.The proof is the usual rountine so we avoid it.

Theorem 13.If X = (X1,X2, ...,Xp)∼ MMW (α0,α1,α2, ....,αp,β ,λ ), then

(1)The joint SF of X for xi > 0, i = 1,2, ..., p is given by,

SX(x) = exp
[
−

p

∑
i=1

αix
β

i eλxi −α0zβ eλ z
]
, (21)

where x = (x1,x2, ...,xp) and z = max(x1,x2, ...,xp), or

SX(x) =


exp
[
−∑

p
k(̸=i)=1 αkxβ

k eλxk − (αi +α0)x
β

i eλxi
]

if xi = max(x1,x2, ...,xp)> 0,
i = 1,2, .., p

exp
[
−αxβ eλx

]
if x1 = x2 = ...= xp = x > 0.

(2)The joint PDF of X is

fX(x) =

{
fi(x) if xi = max(x1,x2, ...,xp)> 0, i = 1,2, .., p
f0(x) if x1 = x2 = ...= xp = x > 0,

(22)

where

fi(x) = (1+α0/αi)e−α0xβ

i eλxi
p

∏
k=1

αkxβ−1
k (β +λxk)eλxk e−αkxβ

k eλxk

and

f0(x) =
α0

α
fMW (x;α,β ,λ )

= α0xβ−1(β +λx)eλxe−αxβ eλx
.

Proof.The proof is the usual rountine so we avoid it.

Note that the function fX(x) may be considered to be a joint PDF of the MMW distribution, where the first p components
fi(x), i = 1,2, ..., p are the absolutely continuous part which is the PDF with respect to the p-D Lebesgue measure and
the last (p+ 1)th component f0(x) is the singular part which is a PDF with respect to the 1-D Lebesgue measure on the
positive real line, see, e.g., Bemis et al. [8]. It will be important to develop both the classical and Bayesian statistical
inference of unknown parameters of the model. It has quite effectively application to study the competing risks model
when there are p causes of failures. More work needed along that direction.

We have the following unique decomposition of the joint SF of MMW distribution.

Theorem 14.If X = (X1,X2, ...,Xp)∼ MMW (α0,α1,α2, ....,αp,β ,λ ), then the joint SF of X can be written as mixture of
an absolutely continuous part and a singular part as follows;

SX(x) =
α1 +α2 + · · ·+αp

α
Sac(x)+

α0

α
Ssi(x),

where for z = max{x1,x2, ....xp}

Ssi(x) =

{
exp[−αzβ eλ z]; z > 0
0 otherwise
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and

Sac(x) =
α

α1 +α2 + · · ·+αp
exp
[
−

p

∑
i=1

αix
β

i eλxi

]
− α0

α
exp
[
−αzβ eλ z

]
.

Here Ssi(x) is the singular part due to the common shocks and Sac(x) is the absolutely continuous part due to the
individual shock.

Proof.Trivial proof.

Theorem 15.If X = (X1,X2, ...,Xp)∼ MMW (α0,α1,α2, ....,αp,β ,λ ), then the joint PDF of X can be written as mixture
of an absolutely continuous part and a singular part as follows;

fX(x) =
α1 +α2 + · · ·+αp

α
fac(x)+

α0

α
fsi(x),

where,

fac(x) =
α

α1 +α2 + · · ·+αp
fMW (xi;αi +α0,β ,λ )

p

∏
k(̸=i)=1

fMW (xk;αk,β ,λ ), if xi = max{X1,X2, ...,Xp}

and for x1 = x2 = ...= xp = x

fsi(x) = fMW (x;α,β ,λ ).

Here fac(x) and fsi(x) are the absolutely continuous and singular parts, respectively.

Proof.Trivial proof.
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Appendix A

To obtain the observed Fisher information matrix under the parameters (α1,α2,α3,β ,λ ), we should obtain the second
partial derivatives of log likelihhod function, where

∂ l
∂α1

=
n1

α1
−

n

∑
i=1

tβ

i eλ ti ∂ l
∂α2

=
n2

α2
−

n

∑
i=1

tβ

i eλ ti ∂ l
∂α3

=
n3

α3
−

n

∑
i=1

tβ

i eλ ti

∂ l
∂β

=
n

∑
i=1

ln ti +
n

∑
i=1

(β +λ ti)−1 − (α1 +α2 +α3)
n

∑
i=1

tβ

i ln tieλ ti

∂ l
∂λ

=
n

∑
i=1

ti(β +λ ti)−1 +
n

∑
i=1

ti − (α1 +α2 +α3)
n

∑
i=1

tβ+1
i eλ ti .
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The elements of observed Fisher information matrix H = ((Hi j)), (i, j = 1,2,3,4,5), which are second partial derivatives
log likleihood function evaluated at MLEs, are given as

H11 =
∂ 2l
∂α2

1
=− n1

α̂2
1

H12 = H21 =
∂ 2l

∂α1∂α2
= 0 H13 = H31 =

∂ 2l
∂α1∂α3

= 0

H14 = H41 =
∂ 2l

∂α1∂β
=−

n

∑
i=1

t β̂

i ln tieλ̂ ti H15 = H51 =
∂ 2l

∂α1∂λ
=−

n

∑
i=1

t β̂+1
i eλ̂ ti

H22 =
∂ 2l
∂α2

2
=− n2

α̂2
2

H23 = H32 =
∂ 2l

∂α2∂α3
= 0 H24 = H42 = H14 H25 = H52 = H15

H33 =
∂ 2l
∂α2

3
=− n3

α̂2
3

H34 = H43 = H14 H35 = H53 = H15

H44 =
∂ 2l
∂β 2 =−

n

∑
i=1

(β̂ + λ̂ ti)−2 − α̂

n

∑
i=1

t β̂

i (ln ti)2eλ̂ ti

H45 = H54 =
∂ 2l

∂β∂λ
=−

n

∑
i=1

ti(β̂ + λ̂ ti)−2 − α̂

n

∑
i=1

t β̂+1
i ln tieλ̂ ti

H55 =
∂ 2l
∂λ 2 =−

n

∑
i=1

t2
i (β̂ + λ̂ ti)−2 − α̂

n

∑
i=1

t β̂+2
i eλ̂ ti .
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