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Abstract: The purpose of this article is to establish the ideal of bounded linear operators between arbitrary Banach spaces, for which
the approximation numbers sequence is a member of the space of sequences given by a sequence of modulus functions. In addition, we
developed an operator ideal utilizing certain well-known spaces such as Cesdro sequence space and Orlicz sequence space as particular
examples of our results. Furthermore, we showed that the operators of the finite rank are dense in the operator ideal produced by these
spaces. Moreover, we verified that the operator ideal components formed by them are complete. Our results generalize those in [1] by

Faried and Bakery.
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1 Introduction

Because of its vast applications in the fixed point
hypothesis, the geometry of Banach spaces, the
eigenvalues hypothesis, and the spectral hypothesis, the
hypothesis of operator ideal aims has a unique importance
in the helpful investigation. Diverse scalar grouping
spaces determine major participation of the administrator
aims in the family of normed spaces or Banach spaces in
direct practical evaluation.

In the literature, various operator ideals were defined
by using sequences of different s—numbers of bounded
linear operators. For example, the operator ideals were,
initially, created by Pietsch [2] using #7, where 0 < p < oo
(the space of all p—absolutely summable sequences of
real numbers), and the approximation numbers. Later,
Faried and Bakery [1] formed operator ideals with their
approximation numbers by taking the space {y, and the
space ces((py)), where ¢ is an Orlicz function, and (p,)
is a sequence of positive reals. After that, Bakery ([3] and
[4]) formed an operator ideal, as well as, its
approximation numbers using a Cesdro type spaces
distinct mean including Lacunary sequence. In addition,
using weighted Cesdro sequence space, Maji and
Srivastava [5] constructed a family of s—type ces(p,q)
operators and proved that it creates a quasi-Banach
operator ideal. Moreover, Bakery [6] formed an operator
ideal using Norlund sequence space.

After that, Bakery [7] studied mappings of type
special space of sequences (sss), as well as, Faried and
Bakery [8] investigated small operator ideals formed by
s—numbers on generalized Cesdro and Orlicz sequence
spaces. Furthermore, Bakery and Mohammed ([9], [10],
and [11]) introduced small pre-quasi Banach operator
ideals of type Orlicz-Cesdro mean sequence spaces. Also,
they established some properties of pre-quasi operator
ideal of type generalized Cesdro sequence space defined
by weighted means and of pre-quasi normed generalized
de La Vallée Poussin’s mean sequence space. Later,
Bakery and Abou Elmatty [12] examined some properties
of pre-quasi norm on Orlicz sequence space, as well as,
Bakery and Mohamed [13] studied the nonlinearity of
extended s—type weighted Nakano sequence spaces of
fuzzy functions with some applications. For more details
and discussions about these efforts and more related
results and topics, one can refer to these papers [14], [15],
[16], [17], [18], [19], [20], [21], [22], and [23].

The goal of this paper is to illustrate that the ideal of
bounded linear operators between arbitrary Banach
spaces exists when the approximation numbers sequence
belongs to the space of sequences defined by a sequence
of modulus functions. Furthermore, we created an
operator ideal by using well-known spaces like Cesdro
sequence space and Orlicz sequence space as examples of
our findings. We also demonstrated that, in the operator
ideal formed by these spaces, the operators of finite rank
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are dense. We integrated that the created operator’s ideal
components are complete. Our results are not only
compatible with those of Faried and Bakery [1], but also
generalize them.

The rest of this work is organized as the following.
The aim of section (2) is to investigate the preliminaries
and definitions needed in the sequel results. Section (3) is
devoted to introduce the linear issue, the topological
issue, and the ideal components completeness related to
the new-constructed spaces. In section (4), conclusion
remarks about our work and future related works are
introduced.

2 Definitions and Preliminaries

This section displays a number of notations and concepts
that are used in the following (most of them can be
accessed in [24], [25], [26], [27], [2], and [28]): Suppose
that /0 denotes the space containing every real or complex
sequence. A sequence space is defined as any subspace of
. Let us use the symbols N = {1,2,3,...}, and R to
denote the set of natural numbers, and the set of real
numbers, respectively. In addition, the space containing
every bounded linear operator from a Banach space X to a
Banach space Y could own the symbol of #(X,Y). That
is to say that

PB(X,Y)={T :X = Y; T linear and bounded
X,Y Banach spaces}.

Furthermore, ¢, denotes (0,0, ...,1,0,0,...), in which one
exists at n'”* position for all n € N.

Now, we give some definitions and results about
operator ideals and s—number sequences.

Definition 2.1.[24] A finite rank operator is a bounded
linear operator whose dimension of the range space is
finite. It should be noted that the space of all finite rank
operators is symbolized for F(X,Y).

Definition 2.2.[24] A metric injection is a one-to-one
operator with a closed range and with a norm equals one.

Definition 2.3.[28] A map s : T — (s,(T)) which allocate
to any operator 7 € %(X,Y) a unique non-negative scalar
sequence (s,(7'));r_, is said to be an s—function, as well
as, the number s,(7) is said to be the n'" s—number of
T, provided that the seven required conditions are verified,
for any arbitrary Banach spaces X, Y, X, Y, as follows:

1.Forany T € A(X,Y), we have |T|| =s0(T) > s5,(T) >
2(T) > ...>0.

2For any T,V € AX)Y)  we
Snm(T +V) < 5p(T) +5m(V).

3.Forany T,V € #(X,Y), we have s,(T +V) <s,(T)+
V1.

4.Ideal property: For any V € #(Xp,X), T € B(X,Y)
and U € B(Y,Yp), we have s,(UTV) <||U||s.(T)||V]-

5ForT € #(X,Y) and A € R, we obtain that s,(AT) =
|Alsn(T).

have

6.For any T € %(X,Y), we have s,(T) = 0, where n >
rank(T).

7.5q=n(In) =0 or s4<x(I,) = 1, taking into account that I,
is the unit operator on ¢ (Hilbert space of dimension

n).

Example 2.1.[28] One can list some s—numbers important
examples:

1.Approximation numbers o, (7) = inf{||T —S|| : S €
PB(X,Y) and rank(S) < n}.

2.Gel’fand numbers c,(T) = o,(JyT), taking into
account that Jy is a metric injection from the space Y
into a higher space ¢ (A) for suitable index A.

3.Kolmogorov numbers
dn(T) = infdimygn SuplleISI infyey HTX — yH

4. Tichomirov numbers d;; (T) = d,(JyT).

For more details about these examples, one can refer to
[1], and [28]. We concentrate only on approximation
numbers o, (7) throughout the rest of the paper in
constructing operator ideals and establishing more related
results.

Definition 2.4.[28] The operator ideal is a subclass % of
B = {AX,Y) : X,Y Banach spaces}, such that
{% (X,Y) : XY Banach spaces} fulfil the three required
components conditions as follows:

1.Ix € % , taking into account that K represents the one-
dimensional Banach space.

2.% (X,Y) is a vector space on R.

3.Assuming that V € %A(Xo,X), T € %(X,Y),
U € A(Y.Y,), therefore we have UTV € % (Xo,Yo).

Lemma 2.1.[1] For any Banach space Y, the space
Z(X,Y) is again a Banach space.

Lemma 2.2.[1]If T,V € #(X,Y), then |s,(T) —5,(V)| <
|IT—V| forn=1,2,3,....

Definition 2.5.[1] The special space of sequences (sss) is
defined as a class of linear sequence spaces F' satisfying
the three required conditions as follows:

1.F is a vector space over R, as well as, for all n € N, we
have e, € F.

2.Forn € N, we obtain that: If x = (x,) € °,y = (y,) € F
and |x,| < |yul, then x € F (i.e., F is solid).

3.Provided that (x,);, € F, hence we get
(x[%])fzo = (xo0,%0,X1,X1,X2,X%2,...) € F, taking into
account that [5] stands for the integral part of 5.

Definition 2.6.[1]
Ul = {U:PP (X,Y) : X,Y Banach spaces}, taking into
account that
U (X,Y) :={T € BX,Y) : (0,(T))_ € F} are its
components.

Theorem 2.1.[1] If F is a special space of sequences (sss),
then %" is an operator ideal.

Proof. For the proof of this theorem, one can refer to [1].
Definition 2.7.[25] f : [0,00) — [0,%0) is known as a
modulus function if it satisfies the following:
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1.x = 0if and only if f(x) =0.

2.For any x,y > 0, we have f(x+y) < f(x) + f().
3.f is continuous from right direction of zero.

4.f is increasing.

Definition 2.8.[25] f: [0,0) — [0,0) is said to be a convex
function, if for a scalar A, one can obtain that f(Ax+ (1 —
A)y) S Af(x)+(1=2)f(y), forall x,y > 0.

Definition 2.9.[25] Assume that any function
¢ : [0,00) — [0,00) is satisfying non-decreasing property,
continuity property and convexity property along with
#(0) =0, ¢(x) > 0 when x > 0 and ¢(x) — o when
x — oo, then one can call it an Orlicz function.

Remark 2.1.[25] In the event that the subadditivity of f is
replaced by convexity, it returns to be an Orlicz function
9.

Kolk ([29], and [30]) used a sequence of modulus
functions (f;) to construct the spaces Z((fi)) for
Z € {£,6=,¢,co}. On
() = fx = (x) € 0 T7 g fillu) < oo}, define the
functional p(x) = Y fe(|xkl)-

3 Main Results

In this section, the ideal including bounded linear
operators defined between arbitrary Banach spaces, for
which approximation numbers sequence is determined by
a sequence of modulus functions, is investigated.

3.1 Linear issue

One can start investigating the operator ideals produced
by approximation numbers, and the sequence spaces
characterized by a sequence of modulus functions. In
such spaces, the class of all bounded linear operators
defined between any arbitrary Banach spaces along with
the n'" approximation numbers generated by the bounded
linear operators in those spaces constructs an operator
ideal.

The following notes are very important and will be
used in the sequel results.

Remark 3.1. For a modulus function f, one can obtain that
f(Ax) <2A f(x), where A € Rand A > 1.

We obtain from condition (2) in Definition (2.7) that,
fo0) < 2f(),  f@2) < 2R,
F(2x) <271 f(x) for all n € N.
Since L € R and A > 1 we have 2" < A < 2"+ for some
neN,
then from condition (3) in Definition (2.7), we have
F(Ax) < F(271x) < 2 fx) = 2.2 (x) < 241 ().
Remark 3.2. For a modulus function f, one can get
IAf(x) < f(Ax), where A € Rand A < 1.

In fact, from condition (2) in Definition (2.7),

f(2x) <2f(x), then 5 f(2x) < f(x),

also f(2%x) < 22f(x), then 3% f(2%x) < f(x),

and so on until...

f(2x) <271 f(x), ie. 2,11“ F(2"1x) < f(x) forall n €
N.

Since A € R and A < 1 we have 2"% <A< % for some
neN,

then from condition (3) in Definition (2.7), we have

IAF(x) < 33 f(x) = s f (%) < f(5hrx) < f(Ax).
Remark 3.3. If we take:

1. fx(x) = xP, for all k, then £((fi)) is reduced to ¢7 (0 <
p < ) studied by Pietsch [2].

2. fl ) = (B2 8y, for all k, py > 1. then €((f))
coincides with the space ces((py)) studied by Faried
and Bakery [1].

3fillal) = (B2 forall &, 1< p < oo, then £((fi))
coincides with the space ces(p) studied by Lee [31].

4. fr(x) = ¢r(x) = ¢(x), Orlicz function, for all , then
£((fx)) coincides with the space £ studied by Faried
and Bakery [1].

Theorem 3.1. /((f)) is a special space of sequences
(sss), provided that the sequence (fi(h)) is monotonic
decreasing for all A.

Proof.

1. (@)Suppose that x,y € ¢((fx)), then we obtain that

Yicofillal) < e and Y72 fi(lyi]) < oo
Therefore,

oo

Y Al +yel) <Y fillel + [yel)-
k=0

k=0

Since f; are modulus functions for all k, using
condition (2) from Definition (2.7), we have:

Y fillxe+yel) < Y Al + Y fillyel) < oo
k=0 k=0 =0

Then x+y € £((fx))-
iilet x € ¢((fx)) and A € R, then we have
Yo fi(|xx|) < oo. By using Remark (3.1), we get:

Y fie(lAxe]) < max{1,2|A1} Y fi(|xl) < oo
k=0 k=0

So Ax € 2((fi))-
From (i) and (ii), one can obtain that ¢((f;)) is a
vector space over R.

(b)Let us show that {e,} C £((fi)). We have:

Y fillen()) = ful1) < .
k=0

Hence e, € ¢((f¢)), foralln € N.
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2.Assume that x = (x;) € 22,y = (yx) € £((fx)) and |x;| <
|vk|, for all k. Since f; are increasing for any k, then we
have

Y filal) < Y fillvel) <o
k=0 k=0
Therefore £((f;)) is a solid space.

3.Let (xx) € ¢((fx)), then we have Y5 fi(Jxx|) < eo.
Thus

Y iD= Y fa(lxe) + Y Forrr (Pl
=0 k=0 k=0

Using the given that the sequence (fi (%)) is monotonic
decreasing for all A,
ie. fox(h) < fi(h) and forr1(h) < fi(h), for all h, then

Y Sl ) < Y fillal) + ) fellue) < eo.
k=0 k=0 k=0

And hence (x(3)) € £((fk))-

Hence, by (1), (2) and (3), ¢((fi)) satisfies the three
required conditions of the special space of sequences.
That is to say that £((f;)) is an sss.

We can deduce the following results from Theorem
(3.1). Furthermore, the proof for any following corollary
is direct by using Theorem (2.1), and Theorem (3.1).
Corollary 3.1. %IE(I) Jf; ) is an operator ideal, provided that
we have the sequence (f; (%)) is monotonic decreasing for

all h.

Corollary 3.2. %ﬁp P is an operator ideal, where 0 < p <
app ;

Corollary 3.3. %, es((py)) 1S @0 operator ideal (also under

the condition that liminf,,_,. p, > 1 and limsup,_,., p» <
oo, considered by Faried and Bakery [1], the same result
can be found).

Corollary 3.4. Assuming that 1 < p < o, therefore we
have %" is an operator ideal.

Corollary 3.5. Given ¢ is an Orlicz function, we get that
%:}p ? is an operator ideal.

3.2 Topological issue

We prove here that the finite rank operators ideal in the
class of Banach spaces is dense in 02/;(’{ jf: ¥

Theorem 3.2. If the sequence of modulus functions

(fx(h)) is monotonic decreasing for all & and kfi (1) > d,

d > 0, then all finite rank operators space in the class of

Banach spaces is dense in %?fjf;))(X,Y), ie.
a

X, Y) = %(ffpk))(X7Y)-

Proof. Define p(T) =Y, fu(a,(T)) on %‘(I‘(”]{;))(X,Y).

Firstly, we prove that each finite operator T € F(X,Y)

belongs to the space %’Z‘(” ;; ))(X.Y). Assume that
T € §(X,Y), then 04, (T) = 0, for all n > rank(T). So we

have:

oo (rank(T))—1
Y fulen(T) = Y fulow(T)) <eo
n=0 n=0
Therefore T € %‘Zé’ fpk ) X.Y).
To show that %,;"". (X,Y) C F(X,Y).

((fr)
By taking T € %‘fo’;)) (X,Y), one can obtain (0,(T))5_, €

E((fk))’ ie. Z::Ofn(an(T)) < oo,
Let n > 0, hence there is s € N where
(D

and Qs < 1.

By using that o, (T) is decreasing for all n € N and with
the help of the fact that the sequence of modulus functions
(fx(h)) is monotonic decreasing for all &, we get:

s+52

5> fas(0as(T)) < Z Ju(oa(T))

n=s+1

<Y fulen(T)).

n=s
By using (1), we have:

(@)
Since f>5 is a modulus function and we have ap; < 1, then
by using Remark (3.2), we obtain %fzs(l)azs(T) < #1(11)'
By the condition that kf; (1) > d, d > 0, then §d o (T) <

dn
FYNTIE Hence

3)

Since s = inf{||T — A|| : rank(A) < 2s} and from (3),
then there is A € §2,(X,Y), for which rank(A) < 2s,

4
Then, we have
d(T,A) = p(0(T —A))5o
=Y fulon(T —A))
n=0
3s5—1 o
= Z Ja(on(T —A))+ Z Ju(0n(T —A))
n=0 n=3s
<3sfo(||T —Al|)+ Z, Jrnr2s(Onios(T —A)).
Obviously, one has

O125(T —A) < 0, (T) — ap5(A) = 0, (T). Then

A(7,4) <35/o(([T — A + Y. furas(a(T)).

n=s
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By using Remark (3.1), we get:

A(T,4) < 6sfo(DIIT — Al + Y furas(a(T)).

n=s

Since the sequence of modulus functions (fi(h)) is
monotonic decreasing for all A,
SO fut2s < fu, for n € N. Hence, we obtain:

a(7,4) < 6sfo(DIT - All+ Y. falou(T)

From (2) and (4), we have:

dn
d(T.4) < 6/(1) 1 55+ 57
_gn o dn
Mt )

Therefore for € > 0, there is s € N, where d(T,A) < &
and & = 6n + 4;.“(7] ;. Hence, we obtain
S(X»Y) = %%F))(X Y)

One can infer the sequel corollaries from Theorem
(3.2). Moreover, the proof for any following result is clear
from Theorem (3.2).

Corollary 3.6. §(X,Y) =
Corollary 3.7. §(X,Y) = “” ”

ces

“””(X Y), where 0 < p < oo,
)(X Y), where p; > 1.
Corollary 3.8. 5(X,Y) =

Corollary 3.9. F(X,Y)
Orlicz function.

CZ’;}{’(X Y), where 1 < p < oo.
= %zpp(X,Y), where ¢ is an

3.3 Ideal components completeness

For the sequence space defined by a sequence of modulus
functions, one can establish the completeness of the
components of the ideal % ap Ty (XY).

Theorem 3.3. %”Z{’ ;/7( X ,Y) is complete, provided that Y

is complete.
Proof. Let (7;,);_ be a Cauchy sequence in %,/{ W )) (X,Y).
Then we have:

5)
But
p(Tn - Tm) = Z:,ozofn(an(Tn - Tm)) > fO(aO(Tn - Tm))
Suppose that ||T;, — T;,|| - 0, then there exists § > 0,
such that ||7,,, — T, || > B > 0. Since fj is nondecreasing
function, then fo(||7,, — T, ||) = fo(B) = fo(0) = 0. So
we have p(7,,, — T,,,) - O which is a contradiction with
the given. And hence ||7;, — T, ||;77=20 must hold. Since
Y is complete, hence #(X,Y) is also complete. As we get
1T, — Tn|| = 0 as n,m — oo, ie. (Tp);, is a Cauchy
sequence in (X ,Y), hence we have that it is convergent,

i.e. there exists T € ZA(X,Y) such that ||T, — T||;==0.
From (5), we have:

(6)
It is obvious that o.(T;, = T) = (T, — T + T, — T) <

(T, —T)+ 0(T, — T,y). Since f. are nondecreasing
functions for every r, then we get:

fr(o (T = T)) < fr(ao(Tn —T) + & (Ty — Tn)).-

And by subadditivity of f, for every r, we have:

Fr(o (T, =T)) < fr(ow(Tw —T)) + fr( (T, — Tn)).

So we obtain:

|fr (04 (T —T)) — fr(0(Ty — Tin))| < fir(0t0(T —T))

:fr(HTm _T||)'

By using the continuity of f; at zero for every r and since
T = T |50,
then f,(||Tn TH)—»O And hence

)

From (6), we have:

k
Zf,(ar(Tn —Tn)) <€, foreveryk.

Therefore, from (7), we have:
k
Z fr(a (T, —T)) <€, foreveryk.
r=0
By taking k — oo, we obtain:
Y fila(T—T)) <e
r=0

Then for € > 0, there is ng € N, satisfying p(7, — T) < &€,
for n > ng. Then (T,);_, is a convergent sequence in

%‘(’f’;’»(X Y). We have T — T, € %;‘fg))(x,y) and

T, € 02/‘('{’;))( Y). By linearity of 02/‘(“(””))( Y), then we
obtain T =T — T, + T, € \?/Zf”))(X Y). So
p(T, — T)mO and T = p — lim,T,.
%‘;f fpk ) (X,Y) is complete, which is required.

The following results can be derived as special cases
from Theorem (3.3). In addition, the proof for any of them

is obvious from Theorem (3.3).
Corollary 3.10. %‘;” P(X,Y) is complete, provided that Y
is complete, where 0 < p < oo,
Corollary 3.11. % ap p 20) (X,Y) is complete, provided

CeS
that Y is complete (also under the condition that

liminf, . p, > 1 and limsup,_,., p, < oo, considered by
Faried and Bakery [1], the same result can be found).

Therefore
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Corollary 3.12. %" (X,Y) is complete, provided that ¥
is complete, if 1 < p < oo,

Corollary 3.13. %’;’7 P(X,Y) is complete, provided that Y
is complete, where ¢ is an Orlicz function.

Example 3.1. We have the following examples by taking
the following special cases of f:

Lfi(x) = k+1’ for all k, then £((f;)) = {x = (xz) € 20 :

Yo ,fikl < oo}, It satisfies the condition kf;(1) > d,

d > 0 by taking, for example d= %, then we have
k]‘cﬂl;k > d since kil 2k’ for all k.
2.fr(x) = \/XIZT'I, for all k, then £((f;)) = {x = (xx) € £

Yo j% < oo}, It satisfies the condition kf(1) > d,
d > 0 by taking, for example d= \% then we have

k|1|Pk
T > d since \/7 \fk for all k.

3.fi(lx]) = (Z" O‘xk‘)pk for all k, then £((f;)) coincides
with the space
ces((py) = {x = (w) € ¢ Ty g(Hatym < oo}
studied by Faried and Bakery [1]. It satisfies the
condition kfi(1) > d, d > 0 by taking, for example,
d =1, then we have (;Z;)Px > 1 p > 1 since

ntl
nil > ’ll,foralln
4. fi(jxe]) = (Zk%‘lxk‘)l’, for all k, then £((f)) coincides
with the space

o 2717 X
ces(p) = {x = (xx) € 0 : ¥ ( k;ﬂllk‘)p < oo}
studied by Lee [31]. It satisfies the condition
kfi(1) > d, d > 0 by taking, for example d =1, then
we have (1) > 7, 171 < p < eosince > %,forall

n.

5.fk(x) = ¢x(x) = ¢(x), Orlicz function, for all k, then
£((fi)) is reduced to ¢y studied by Faried and Bakery
[1].

6.fi(x) = xP, for all k, then £((f;)) is reduced to £7, 0 <
p < oo studied by Pietsch [2].

+1

4 Conclusion and future works

Forming an operator ideal whose sequence of
approximation numbers belongs to some sequence spaces
including powers or weights has been studied by many
mathematicians. But in our study, we formed an operator
ideal using a sequence of modulus functions which is a
new problem to solve. Luckily, it appears to be a wider
space that includes some well-known spaces as a special
case of it. In addition, these results facilitate the previous
long methods used to obtain the operator ideal of some
well-known spaces and there is an agreement in the final
results between them. Furthermore, the modulus
functions sequence space, which we formed an operator
ideal with, can be seen as a generalization for many
spaces, as well as, it is not a special case of any other
spaces which we can form an operator ideal with. This

investigation fills some gaps in the literature. By
employing similar techniques in this paper, the authors
may be able to present novel results. The authors can
introduce some new-constructed ideals of bounded linear
operators between arbitrary Banach spaces whose
approximation numbers sequence belongs to the space of
sequences defined by a sequence of generalized modulus
functions. Moreover, they can use Gel’fand numbers,
Kolmogorov numbers, or Tichomirov numbers instead of
approximation numbers to produce new results.
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