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Abstract: In this paper, we delve into the complex interplay of fluid mechanics, endoscopy, and non-uniform geometries within a
physiological setting. We analyze the impact of an inserted endoscope on the flow of a Newtonian fluid through a non-uniform tube,
employing zero Reynolds number and infinitely long wavelength approximations. Utilizing cylindrical coordinates, we formulate the
problem and investigate the interplay between pressure rise, friction forces on the endoscope and outer tube, and flow rate variations.
Our findings reveal that both pressure rise and friction forces acting on the endoscope and small intestine exhibit a direct correlation
with increasing amplitude ratio and radius ratio, particularly at minimum and maximum flow rates. Notably, these forces become
independent of both parameters at specific flow rate values. Furthermore, we explore the influence of the endoscope and amplitude ratio
on peristaltic and augmented pumping mechanisms across various physical parameters. Comparisons with existing studies are drawn
to enrich the understanding of this intricate phenomenon.
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1 Introduction the radius of non-uniform tube at inlet), amplitude ratio
and flow rate on pressure rise and friction forces on the

It has been established that peristalsis is now well known endoscope and non-uniform tube.

to physiologists to be one of the major mechanisms for

fluid transport in many biological systems. Accordingly, it
is important to try to discuss physiological and
pathological problems, when it is possible, from
mathematical point of view. The authors studied
peristaltic motion by assuming physiological fluids
behave like Newtonian fluid are [1], [2], [3], [4], [5], [6],
[71, [8], [9], [16], [10], [12], among others. Since
theoretical results depend wupon solutions of
Navier-Stokes equations, an assumption of either
inertia-free steady flow or flow with small amplitude was
found convenient. These studies considered only the
forced oscillation wave on a channel or a cylinder.

In this paper we are concerned with the axi-symmetric
peristaltic flow of a Newtonian fluid in the gap between a
non-uniform tube and uniform tube (endoscope). Our
calculations are based on the definitions given by [11]
regarding the pressure rise and friction force on the
endoscope and non-uniform tube. The main purpose of
the present study is to understand the effects of the radius
ratio (the ratio between the radius of the endoscope and

From physiological point of view [14] observed that
physiological organs are generally a non-uniform duct.
Hence, peristaltic analysis of a Newtonian fluid in a
uniform tube cannot be applied when explaining the
mechanism of transport fluid in these organs. From
mathematical point of view [16] and [12] solved the
problem in steady flow (wave frame) and uniform
geometry for the ureter, but we solved the problem in
unsteady flow (laboratory frame) and non-uniform
geometry for the small intestine.

Furthermore, the results more general than the results
obtained by [14] for constant viscosity coefficient.
Moreover, [16] assumed that there does not exist an
overall pressure gradient over one wavelength for the
normal ureter. But in our results for small intestine we
have found that the pressure rise is positive, negative and
zero at certain values of time parameter and flow rate.
This agrees with discussion given by [12].

Also, [12] show that the important physical quantities
in peristaltic pumping are sensitive to the shape of the
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wave in presence of the catheter which supports the
hypothesis that were indicated in our paper. The theory of
long wavelength and zero Reynolds number was applied
as [11] and [14] in the case of there is no endoscope and
physically, the presence of endoscope does not change the
theory. Moreover, the present work is generalization of
results obtained in [17] and [18]. If we put s = 0 and use
the transformations given in equation (10) then we get the
same results obtained by [17] and [18] for Newtonian
fluids with constant viscosity. With the above discussion
in mind, we proposed to study effects of endoscope and
Newtonian fluid on peristaltic motion for non-uniform
tube.

The paper is organized as follows. After this
introduction Section 2 reviews the formulation and
analysis of the model. Numerical results and discussion
are discuused in Section 3. Finally, Section 4 is devoted to
conclusion.

2 Formulation and Analysis

Consider the flow of an incompressible Newtonian fluid
through the gap between an axi-symmetric form of a
non-uniform tube and a uniform tube (an endoscope). We
assume an infinite sinusoidal wave train moving with
velocity ¢ along the wall of non-uniform tube and the
uniform tube is rigid.

R =, (M)
_ = L2 =
7> :a(Z)—i-bsmT(Z—ct), 2)
with
a(Z)=ax+sZ, 3)

where a; is the radius of inner tube (the endoscope), a(Z)
is the radius of outer tube at any axial distance Z from
inlet, a is the radius of the outer tube at inlet, s < 1 is
a constant whose magnitude depends on the length of the
outer tube, exit and inlet dimensions, b is amplitude of the
wave, A is the wavelength and 7 is the time. We choose the
cylindrical coordinates system (R,Z), where Z— axis lies
along the centerline of the inner and outer tubes and R is
the distance measured radially. In the moving coordinates
(7,Z) which travel in the Z direction with the same speed as
the wave, the flow in the gap between the inner and outer
tubes is steady but if we choose fixed coordinates (R,Z),
then the flow can be treated as unsteady. The coordinates
frames are related through

=R, “)

ll

7=7—ct;

w=W-cu=U, 5)

where #,w and U,W are the velocity components in the
radial and axial directions in the moving and fixed
coordinates, respectively.

Equations of motion and boundary conditions in the
fixed coordinates are continuity equation

19(RU)

R OR

ow
Tz =0

(6)

Navier—Stokes equations

PO TR ™0z T TR MR TRaR T 02 R
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(3
where p is the density of the fluid, u is the coefficient of
viscosity and P is the pressure. Boundary conditions:

WZO,UZOforﬁzfl =a,

_ — OJR - — 2T —
W=0,U= EforR =7 =ay(Z)+bsin %(Z—ct),
9)
Using the dimensionless of the variables appearing in
equations (1)—(9) that give Reynolds number (Re) and
wave number (§) as follows:

7 R Z Z Au AU
r=—R=—z=-2Z=-t=-,u=—U=—,
a a A A A ac arc
J— 7 2D
w=Zw-Tp G g Pl B 4
c c cAu u A as
7 7 AsZ .
rl:ﬂ:g7r2:r_2:1+i+¢ sin2m (Z—1), (10)
an an [7%)
where ¢ = a—b2 is the amplitude ratio and € is the radius ratio
at inlet.

Equations of motion and boundary conditions in the
dimensionless form are

1 9(RU) oW
R oR oz % (in
oU U _ dU oP 9 1d(RU)
3cYY i VN T 21 Y -
Red™ (G +UGr tWoz) = ot 5 (R ok )
U
2
+82 55, (12)

aw oW aw dP 1 d ,_JdW

Red(H-+ UG tWor) =57t o B ar)

W
+825 7,
07?2
with the dimensionless boundary conditions

13)

W=0,U=0forR=r =g,
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IR AsZ
W=0,U="forR=T,= 1+ 222 4 g sin2m(Z—1),

a
(14)
Using the long wavelength approximation (6 = 0) then
Navier—Stokes equations are reduced to:

opP

— =0 15

55 = 0. (15)

P10 oW

dZ ROR" IR’

Integrating equation (16), and using boundary
conditions (14), we get the velocity profile as:

(16)

B la_P[Rz B (12 —r3)logR+r3logr) —r? logrz]
n 407 log(rl/rz) '
A7)
The rate of volume flow in the stationary and moving
coordinates are given by

. mEh
Q(Z,t):/_ 27RWdR, (18)

Jr

— nz
(Z):/, 2nTwdr. (19)

r

Q|

Substitute from equations (4) and (5) into equation (18)
and make use of equation (19) then the two rates of volume
flow are related through

O=q+nc(B-7). (20)
A

The time-mean flow over a period 7' = %

Z is defined as:

at a fixed position

— 1T A
-5 [ oz @

Substituting from equation (20) in equation (21) using
equations (1) and (2) we obtain:

— . _ ¥
0 =0~ (@rasch+2nkebZ) sin == (Zci)

2
227

1 (Z—ct)+ zch

—meh? sin (22)

On defining the dimensionless time-mean flow and the
rate of volume flow in the stationary coordinates ® and F
as follows:

= 2 ar=-2_ (23)
27ca; 27ca;

Hence, equation (22) becomes

where
r
F= / RWdR. (25)
r
Substituting from equation (17) in equation (25) we get

P 16F
9Z  ri=r5—((r3=r1)?)/(logri/r2)

(26)

The pressure rise A Py (¢) and friction forces on inner
and outer tubes F)E’) (t) and F)EO) () are given, respectively:

1 qp
APl(t):/O (5542, 27)

i 1 dpP
R0 = [ R34z (28)

. 1, dpP
F)(L)(t):/o B (~—)dz. (29)

Substituting from equations (24) and (26) in equations
(27)-(29) yields

1 16
aro = | A R een )

[@+(1+ﬁ)¢ Sin27(Z—1)
a,

+1¢2sm22n(2—t)—¢—2]dz (30)
2 47
W [ —1672

R0 |, e

[@+(1+E)¢ Sin27(Z—1)
a»

+l¢zsin227t(Z—t)—¢—2]dZ (31)
2 4

@ 1 —167’%
F () _/0 [r‘f*rézL ((F%*rg)z/log(rl/rz))]x

[@+(1+E)¢ Sin27(Z—1)

a
AsZ 2
F:@+(1+L)d)sin27r(th)+%sin227r(th)f— ] i
a
’ (24) +3 ¢*sin® 27 (Z—1) — %]dz. (32)
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3 Numerical Results and Discussion

To discuss the results obtained above quantitatively, we
shall compute the dimensionless pressure rise A Py (),
and friction force on inner and outer tubes for different
given values of the dimensionless time mean flow O,
amplitude ratio ¢, and radius ratio €. The average rise in
pressure A P is then evaluated by averaging A P (t) over
one period of the wave. As the integrals in equations (30)
to (32) are not integrable in the closed form, they are
evaluated numerically using a digital computer. Following
[14], we use the values of various parameters as
ay=1.25cm, A =8.01cm,c=2cm/min, s =3ay/A.

250

Fig. 1: The pressure rise versus time for ¢ = 0.2 and € = 0.32 for
versus value of @, black, blue and red line for ® = 0, ® = 0.05,
and ® = 0.1, respectively.

The range of mucus density is 0.95 to 3.2¢/L in the
small intestine as reported in [19] and the range of mucus
viscosity is given as 1 cP to 100c¢P as reported in [20]. It
may be noted that the theory of long wavelength and zero
Reynolds number of the present investigation remains
applicable here as the radius of the small intestine,
a, = 1.25cm, is small compared with the wavelength
A = 8.0lcm. It has also been observed by [13] that
Reynolds number in the small intestine was very small.
Furthermore, since most routine upper gastrointestinal
endoscopes are between 8 and 11mm in diameter as
reported in [15] and the radius of the small intestine is
1.25¢m as reported in [14] then the radius ratio € takes
0.32,0.38 and 0.44.

Equation (30) is plotted in figures (1) to (2), equation
(31) is plotted in figures (3) and (4) and equation (32) is
plotted in figures (5) and (6). Figures (1) and (2) show that
the pressure rise increases with increasing radius ratio and
it is independent of radius ratio at certain values of time
parameter at ¢ = 0.2 and @ = 0.1, but it decreases with
increasing flow rate for ¢ = 0.2 and € = 0.32.

Figures (3) and (4) show the friction force on
endoscope and outer tube for different values of radius
ratio. It is obvious that the friction force on endoscope has

250

Fig. 2: The pressure rise versus time for ¢ = 0.2 and ® = 0.1 for
versus value of €, black, blue and red line for € = 0.32¢ = 0.38,
and € = 0.44, respectively.

5L

Fig. 3: The friction force on the inner tube versus time for ¢ =0.2
and ® = 0.1 for versus value of &, black, blue and red line for
€ =0.32, £ =0.38 and € = 0.44, respectively.

the same direction of the wave velocity at
{0 <1 <0.15,0.55 <t <1,e =0.32,0.38,0.44}, but it
has the opposite direction of the wave velocity at
{0.15< 1< 0.55,¢ =0.32,0.38,0.44}.

On the other hand the friction force on the outer tube
has the direction of the wave velocity at
{0 < ¢t < 020055 < ¢t < 1l,e = 0.32},
{0 <t < 021,055 < ¢ < l,e = 038} and
{0 <7<0.22,055 <t <1,& =044}, but it has the
opposite  direction of the wave velocity at
{0.20 <1 <0.55,e =0.32}, {0.21 <1 < 0.55,& = 0.38}
and {0.22 <t < 0.55, & = 0.44}. The friction force, on
the endoscope and outer tube, increases with increasing
radius ratio in the same direction of the wave velocity.

However, it is independent of radius ratio at certain
values of time parameter and decreases with increasing
radius ratio in the opposite direction of the wave velocity.

Figures (5) and (6) show the friction force on
endoscope and outer tube for different values of flow rate.
It is obvious that the friction force on endoscope has the
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Fig. 4: The friction force on the outer tube versus time for ¢ =0.2
and ® = 0.1 for versus value of €, black, blue and red line for
€ =0.32, e =0.38 and € = 0.44, respectively.

5L

Fig. 5: The friction force on the inner tube versus time for ¢ =0.2
and € = 0.44 for versus value of ®, black, blue and red line for
® =0,0 =0.05 and ® = 0.1, respectively.

same  direction of the wave velocity at
{0 < r < 007,067 < ¢t < 1,06 = 0},
{0 <t < 011,061 < ¢ < 1,06 = 0.05} and
{0 <1 <0.15,055 <t < 1,0 =0.10}, but it has the
opposite  direction of the wave velocity at
{0.07 <t < 0.67,0 =0}, {0.11 <t < 0.61,0 = 0.05}
and {0.15 <7 < 0.55,® = 0.10}. Also, it is clear that the
friction force on outer tube has the same direction of the
wave velocity at {0 <7 <0.10,0.73 <t < 1,0 =0},
{0 <1 < 017,064 <t < 1,0 = 0.05} and
{0 <1<0.22,055<t<1,0 =0.10}, but it has the
opposite  direction of the wave velocity at
{0.10 <1t < 0.73,0 =0}, {0.17 <t < 0.64,0 = 0.05}
and {0.22 <1 < 0.55,0 =0.10}.

The friction force on the endoscope and outer tube
increases with increasing flow rate in the direction of the
wave velocity, but decreases with increasing flow rate in
the opposite direction. Figures (3-6) illustrate that the
friction force on the endoscope is lower than that on the
outer tube across various flow rates and radius ratios.

1ol

Fig. 6: The friction force on the outer tube versus time for ¢ =0.2
and € = 0.44 for versus value of @, black, blue and red line for
® =0,0 =0.05 and ® = 0.1, respectively.

In Figure 6, we present a plot depicting the variation
of the friction force on the outer tube over time. The
specific parameter values chosen for this plot are ¢ = 0.2
and € = 0.44. We have represented the data using three
distinct lines: a black line corresponding to & = 0, a blue
line corresponding to ® = 0.05, and a red line
corresponding to ® = 0.1. Each line represents a different
value of O, providing a comparative analysis of the
friction forces for different conditions.

Fig. 7: Plot of the velocity versus time and Z for ¢ = 0.2, € =
0.32 and ® = 0.05.

By examining the plot, we can observe how the
friction force on the outer tube changes over time for the
given parameter values and © values. The contrasting
patterns and trends exhibited by the black, blue, and red
lines enable us to evaluate the influence of ® on the
friction force at various time intervals.

In comparison to the results obtained by [11], [14] for
Newtonian fluid, a detailed analysis reveals significant
differences in the presence of an endoscope. Specifically,
the pressure rise experienced when an endoscope is
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Fig. 8: Plot of the velocity versus time and Z for ¢ = 0.6, € =
0.32 and ® = 0.05.

Fig. 9: Plot of the velocity versus time and Z for ¢ = 0.6, € =
0.44 and © = 0.

present is found to be negative, indicating the absence of
pumping action. This observation holds true for various
values of flow rate and radius ratio at specific time
parameter values. On the other hand, when the endoscope
is not present, the pressure rise is positive, indicating the
presence of pumping action. This is observed for different
flow rates. Moreover, the effect of friction forces on both
the outer tube and the endoscope is found to be positive at
certain time parameter values for various flow rates and
radius ratios. This positive effect leads to the existence of
backward flow. Contrasting these findings, [11] and [14]
demonstrated that without the endoscope, the friction
force is negative for all time parameter values and
different flow rates. Consequently, the absence of
backward flow is observed in their study [18]—[25].
These comparative results highlight the influence of the
endoscope on pressure rise, pumping action, and the
presence of backward flow in the system [26]—[30].

4 Conclusion

We have investigated the intricate interplay of fluid
mechanics, endoscopy, and non-uniform geometries
within a physiological setting. The analysis has yielded
valuable insights into the impact of an inserted endoscope
on Newtonian fluid flow through a non-uniform tube.
Employing simplified approximations, we elucidated the
interplay between pressure rise, friction forces, and flow
rate variations. Key findings reveal a direct correlation
between pressure rise and friction forces on the
endoscope and the surrounding tube, particularly at
extreme flow rates, with a notable independence at
specific intermediate values. Furthermore, the influence
of the endoscope and wave amplitude on peristaltic and
augmented pumping mechanisms was explored across
various parameters, providing a deeper understanding of
this complex phenomenon. Our findings, compared with
existing studies, contribute to a more comprehensive
picture  of  fluid-endoscope interactions  within
non-uniform physiological geometries.
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