Math. Sci. Lett. 9, No. 3, 49-56 (2020)

= N G

Mathematical Sciences Letters
An International Journal

http://dx.doi.org/10.18576/msl/090301

On Joint Density for Concomitants of Generalized Order
Statistics Based on Morgenstern Family

Mohamed Said Mohamed

Department of Mathematics, Faculty of Education, Ain Shams University, Cairo, Egypt.

Received: 14 March 2020, Revised: 3 Aug. 2020, Accepted: 9 Aug. 2020

Published online: 1 Sep. 2020

Abstract: Concomitants of ordered random variables have been studied for one and two variables about different subjects such as
moments, recurrence relation, uncertainty and so on. In this paper, the joint density of the concomitants of generalized order statistics
(GOS’s) for Morgenstern family is proposed, study on moments of such model is considered. Statistical inferences such as maximum
likelihood (ML) estimation, Bayesian estimation under different types of loss function and Bayesian prediction are obtained for the
association parameter of Morgenstern family. Applications of these inferences are presented.
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1 Introduction

The Morgenstern family discussed by Johnson and Kotz
[13] provides a flexible family that can be used in such
contexts, which is specified by the distribution function
(df) and the probability density function (pdf),
respectively, as follows:

Fx y (x,y) = Fx (x)Fy (y)[1 + o1 — Fx (x)) (1 = Fy(y))](l)

Sy () = fx () fr )1+ a(2Fx (x) = 1)(2Fy (y) — 12]2’)
where —1 < o < 1, and fx(x), fy(y), and Fx(y), Fr(y)
are the marginal pdf’s and df’s of X and Y respectively.
The association parameter ¢ is known as the dependence
parameter of the random variables X and Y. If « is zero,
then X and Y are independent. The conditional pdf of Y
given X is given by:

Frix([ %) = fr O[T+ @(2Fx (x) = 1) 2Fy (y) — 1),

3
—1<a<l. 3
The general theory of concomitants of order statistics has
originally studied by David et al. [6]. Let (X;Y;),
i=1,2,---,n, be n pairs of independent random variables
from some bivariate population with df F(x,y). Let X(,..,)

be the r — th order statistics, then the Y value associated
with X(,.,) is called the concomitant of the r —th order
statistics and is denoted by Y.,. Sometimes exact
information are available only on the concomitants
variable since the other variable is only ranked and not
measured exactly, consider for example a group of
patients ranked according to the value of their response to
a treatment and subsequently the values of their blood test
are observed only on those patients whose initial value
exceeds a threshold, in this situation we have information
only on the concomitants variable. The pdf of Y., is
given by:

8[rn] (y) = gY[m] (Y) = /_ifY\X (y | x)f(r:n) (x)dx, 4

where f{,.,)(x) is the pd f of X(,.,y. For 1 <rj <---<r <
n, the joint density for ¥}, .-+, ¥}, .y is given by:

81, ren) (yl )T 7yk) = gY[rl :n],---,Y[rk:,l] (y17 e 7yk)

/:c /j: s lfIlpr( (vilx:)

—o0

X Firy ey (1,2 )dxy -+ doxg,
)
where f<rl"“=rk:”) (xl )" ,Xk) = erlzn,--.7er:n (xl RER ,Xk).

That is, in general, the joint concomitants of order
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statistics  Yj .5+, Y] 18 dependent,  where
Jrt e ey X157+, x) is the the joint density of

ryins "t s Argine.

Kamps [14] has introduced the GOS’s, the joint
density  function of the first r  GOS’s
X(l,n,m,k)7X(2.n,m,k)7 ‘e ,X(m_’m,k), 1 <r <nis given by:

f(l,z,-“ r,nm.k) (-xl )" )-xr) = fX(l,n,mk)?""X(r.n.m,k) (-xla T ;xr)

r r—1

Fx(x:)(

i=1 i

(1= Fy (x;))"™)(1 = Fx (x,))" ",

=

= cr—l(

IA I

x<x <. Xry

(6

with parameters n € N, k > 0, m € R, such that
V=k+n—-r)im+1) >0, ¢,o1 =[]} for all
1 <r<n.

In Bayesian approach, the performance depends on
the prior information about the unknown parameters and
the loss function. The prior information can be expressed
by the experimenter, who has some beliefs about the
unknown parameters and their statistical distributions.
Traditionally, most authors have been used squared error
(SE) loss function which is symmetric although the use of
symmetric loss functions may be inappropriate. One
disadvantage when using SE loss is that it penalizes
overestimation or underestimation. Overestimation of a
parameter can lead to more severe or less severe
consequences than underestimation, or vice versa.
Subsequently, the use of an asymmetrical loss function,
which associates greater importance to overestimation or
underestimation, can be considered for the estimation of
the parameter, many authors study the SE loss in
Bayesian inferences see for example, Calabria and Pulcini
[5], Singh et al. [20] and Jaheen ([11] and [12]).

A very useful asymmetric loss function known as the
linear exponential (LINEX) loss function, was first
introduced by Varian [23] and was widely used by several
authers. This function rises approximately exponentially
on one side of zero and approximately linearly on the
other side.

The general entropy (GE) loss is also asymmetric loss
function which is used in several papers, for example,
Dey et al. [7], Dey and Liu [8] and Soliman ([21] and
[22]).

In many practical problems, one would wish to use
previous data to predict a future observation from the
same population. One way to do this is to construct an
interval which will contain the future observation with a
specified probability. This interval is called a prediction
interval. Bayesian prediction bounds for future
observations have been discussed by several authors,
including AL-Hussaini and Jaheen [3], AL-Hussaini and

Ahmed [2], Ragab and Madi [17] and Abdel-Aty et al.
[1].

In this paper, we consider the Bayesian and
non-Bayesian inferences of the association parameter
for concomitants of GOS’s based on Morgenstern family.
The Bayes estimators are obtained under symmetric SE,
asymmetric LINEX and GE loss functions using a
non-informative prior. Also, we consider this Bayesian
approach to predict the future ordered observations based
on the observed ordered data. The organization of the
article is as follows: In Section 2, joint density for
concomitants of GOS’s based on Morgenstern family is
considered, also, the moments and the moment generating
function of the considered model is studied, and give an
example of this moments for subfamilies of Morgenstern
distributions. In Section 3, we obtain Bayesian and
non-Bayesian estimation, and study the Bayesian
prediction of one sample. Application of this results based
on order statistics as special cases from generalized order
statistics is applied in Section 4. Finally, some
conclusions and comments are given in Section 5.

2 Joint Density for Concomitants of
Generalized Order Statistics

Based on Morgenstern family, the marginal and joint
density of one and two concomitants of GOS’s was
obtained and studied. In this section, we drive the form of
the joint density of the first r concomitants of GOS’s
Yiinma)s Yenmpis s Yirnma)» 1 < r < n for Morgenstern
family.

For the Morgenstern family with pdf given by (2),
from (4), the density function of the concomitant of the
r—th GOS’s Y,y mp» 1 < r <n,is given by:

8[rn,m k] (y) = fY(y) [1 +OcC*(r,n,m,k)(2Fy(y) - 1)]7
)

* 1 _ 1 _ H,(:l}’i
where C*(r,n,m,k) = 1 —2C(r,n,m,k) = 1 271_[{:](%“).

From (5), the joint density of the concomitants ¥[,.,, ,, ;) and
Yisnmp Of the r —th and s —th GOS’s, 1 <r <s <n, has
the form:

-
Sranmn 0192 = [ [ freOn 51 fie 2 12

X f(r,s,n,m,k) (xl ,Xz)dxl dxp

= fr)fr 02)[1 +aCr(2F (y1) — 1)
+aCs(2Fy (y2) — 1)

+0°Crs (2Fy (1) — 1) (2Fy (y2) — )],

8)
where
r R,
C, = C* (rnymok) = 1 = 2C(rmm k) = 1 —2 L=t
—i(rt1)
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Cy = C*(s,n,m k) = 1 —2C(s,n,m k) = 1 — 2— H’ LY
Cys =1—=2C(r,n,m,k) —2C(s,n,m,k)

(IT—1 %) ITj= 1 77)
(M= (% +2) ([T (v + 1)

see Beg and Ahsanullah [4].

+4

Now, to construct the joint density, we can note that
it’s can be as the form of the product of fyx(vi | xi),
Vi = 1,2,---,r, and for any integration it will be a
constants of y’s. So, from (5), (6) and (3), we can say that
the joint density of the first » concomitants of GOS’s
Yt nmk]s Ynmils " s Yrama)» 1 < r < n for Morgenstern
family is given by:

81,2, ryn,m k] y17 "7yr / /

X f(172,~~~,r,mm,k) (xlv tee 7xr)dx1 T

= <ﬁfY()’i)>
i=1

Y CyF ()~ D@F () - 1)

Xy I
/ HfY|x (vilxi)
dx,

1 —‘r(XiC,(ZFy(yl) — 1)
i=1

LTt

+od Y GaF () -1)
k=Tt jk

x (2Fy (y;) — 1) (2Fy (yk) — 1)

oot

X Z Ciliz---ir(ZFY(yil)_ 1)

i1,i0 e iy =101 Fin iy
x (2Fy (yi,) — 1)~ (2Fy (y;,) — 1)

r

+ a'C* H(ZFY (y,') — 1)
i=1

®)

where C; = C*(i,n,m,k), i = 1,2,
C’s are constant functions of y’s.

,r, all the constants

Remark 2.1. Equation (2) can’t be written as a product of
[1+ aAi(2Fy (vi) — 1)),
Vi=1,2,---,r, in other ward:

r

8[1,2,+ ,r,n,m,k| (Y1 P aYr) 7é HfY(yi)[l + aAi(zFY(yi)

where all the constants A’s are constant functions of ¥’s.

L (n+1)

2.1 Moments and moment generating function
of concomitants

Equation (2) can be written as:

81,2, r,n,m k] (ylv tee ,yr) =

ijYl;l(yi) +ai,ci(fY2;2()’i)

r

— fr 00)) H Jria ()

t=1,i#t
Z C'] fY22 y’ le:l(yi))
i,j=1,i#j
X (fra07) = fra ) TT a o)+ +o !
1=Li#j#t
x i Cilizmz',
i14iny i =1,i £ipFFir
8 (fym (yil) —fra (yil)) T (fYZ:Z (i) - friy i)

+a'C ILI(]"YL2 i) = fria i)

i=1

10)

where fy,, (y) = fr(y) is the pd f of Y., the first ordinary
order statistic of a random sample of size one of Y
variate, and fy,,(y) = 2Fy(y) fr (y) is the pdf of Y».», the
second ordinary order statistic of a random sample of size
two of Y variate. Using this result, we derive the product

moments, denoted by u[<]l‘2[2’ rn}>nk] hL,b,---,I, >0, as
follow:
() ol I I
'u 1 z Jr,n,m.k) E[Y[lln m.k]| Y[22n,m,k] o Y[r.n,m,k]]
_/ / )’1 yr ,r,n,m,k](y17"'7y")dy1"'dyf

r

:H‘u{i:l+aZCi(nuéi:2_nu{izl) 'u{rl

t=1,i#t
T lj
Z Cij( “22 ') (Mgl — Bty
i,j=1,i#j
o e
t=1,i#j#t

A A
.. . 1 Bl
Ciyiyeiy (Mol — Hyy) -

.
+ L
iy ir= i o i
.
lir k I; I;
— )+ o C [T — uiy),

i=1

1)

I oo I; oo
where ()’ = JZo i fry i) dyi, Hyp = JZovi fron (vi)dyi.

The joint ~moment  generating  function  of
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Y[l,n,m,k]ay[Z,n,m,k]v Tt 7Y[r,n,m,k]’ 1<r<nis giVCl’l by

M[1,2.,~-~,r,n,m,k](61, e 76’_) —
/ / exp{01y1 +--+ 6.}
X &[1,2,+ rnm k] (y1,-++,y,)dyy - --dy,
r r
= I_IMI:I (61) +a Zci(MQIQ(Gi) _M1:1 (61))
i=l i=1
-
X H My.1(6) + Z Cii(Ma2(6;) — M1.1(6;))
=Lt ij=1,i#]
X (M2:2(9j)—M1:1(9j)) H M1:1(61)+'~-+05r71
1=1,i#j#t
x Z CiliZ'”ir
i1y, i =141 Fig#e iy
x (M2 (6;,) —M1:1(6;)) -+ (M22(6;,) — My:1(6;,))
r
+arC*H(M212(9i)_Ml:l(ei)).
i=1
12)

Differentiating (12) with respect to 8y, 6, - - -, 6,, [; times,
[ times, -- -, [, times, respectively, and putting 6; = 6, =
-+ =0,=0,weget(11).

Remark 2.2. From (11) and (12) one can deduce product
moments and joint moment generating function for the
different models of GOS’s such as, order statistics (with
m =0 and k = 1) and record values (with m = —1 and
k = 1). Furthermore, we can obtain results for
concomitants of GOS’s, order statistics and record values
corresponding to different bivariate distributions of the
Morgenstern family by specifying the respective marginal
distributions from the general results that we obtained.

2.1.1 Weibull Distribution

Here we will give an application of the results that have
been obtained for subfamilies of Morgenstern distributions
such as Weibull distribution. The pd f and cd f for Weibull
distribution are given by, respectively:

a il

F) = 7, (13)
Fy)=1—e i, 0<y<o, a, A>0, (14)

then, from (2) and (11), the joint moments of
Y[],n,m,k]vy[Z,n,m,k]7 Tt 7Y[r7n,m,k]’ 1<r<nis given by

11 b, Lir
12, ,rnmk I_I)L

+ aZC?L’
i=1
< T1 /Vfr(ll +1)
t=1,i#t a
+ota!
X Z C;

iyiy--ir
i1,i0 e iy =10 Fin iy

l; l
x A (2 4+1) {1 —2J} X e
a

+1) [172—%]

I lir ,[i
X A ( 1) (127

+a*C*H)L’ i )[1—21}, (15)

3 Classical Estimation and Bayesian
Estimation and Prediction for Concomitants
of GOS’s

In this section, we study and obtain classical estimation
such as ML estimation and Bayesian estimation using non-
informative prior under SE, LINEX and GE loss functions
for the association parameter «.

3.1 Maximum Likelihood Estimation

Suppose that y = (yi,y2,--,y,) is a concomitants of
GOS’s sample. From (2), the log-likelihood function is
given by:

logL(aly) =
Y log(fy (vi) +log |14+ Y Ci(2Fy (vi) — 1)
i=1 i=1
Z# Cij(2Fy (vi) = 1) (2Fy (y;) — 1)
i j=1,i]
+a’ Y GuF () —1)(2F (y) —1)
ijk=1,i# j+k
X (2Fy (y) — 1)
+ota! Zr: Ciyiy-ir (2Fy (yiy) — 1)

ipyia, i =111 £y F - Fir
x (2Fy (yi) = 1)+ (2Fy (yi;,) — 1)

+a'C R Gi) -1 (16)

i=1
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By differentiating (16) for the association parameter c,
we can obtain the ML estimation &z of a by solving the
following equation:

CORG)-D)12a Y Ci2F () —1)
1 ij=1,i]
% (2Fy () — 1)+

r

™

+(r—1a? Ciriyoiy 2Fr (i) — 1)
i1sin e ir=1,i) Fip iy
X (2Fy (yi,) — 1) --- (2Fy (yi,) — 1)

+rar*1c*f[(2Fy(yi) —1)=0. (17)
i=1

3.2 Bayesian estimation

If we have enough information about the parameter we
should use informative prior, otherwise it is better to
consider non-informative prior. Since the range of o is
definite in R, —1 < o < 1, then we will use a suitable
prior distribution. In this paper we consider the following
non-informative prior which is the uniform distribution as
follow:

1
n(a):i,—lgagl. (18)

Combining the likelihood function, (2), and prior function,
(18), then the posterior density of & given y is given by:

L(aly)r(@)
1 L(aly)z(a)da

T (aly) =

1+aiCi(2Fy(yi) — 1)

Z Cl] 2FY )’z _1)(2Fy(y])_1)+
i,j=1,i#]j

+or > Civiiy (2F (viy) — 1)
iy, ip=1,i1 Flp # iy

x (2Fy (yiy) = 1)+ (2Fy (yi,) — 1)
+ o [eF o) - 1)1 , (19)

i=1
where

2+ SXi 1,z Cij(ZFY(yz') —D2Fy(yj)— 1)+

+5 Z;I i, ip=1,0| #ipF - Fiy l1l2 iy
x(2Fy () = 1) (2Fy (i) — 1) -
D =< rodd

-(2Fy (vi,) = 1),

2+3Z,J 1,75]Cij(2FY( - D2 (y;)— 1)+
+r+lC* _12F (yi)) = 1),r even.

(20)

3.2.1 Bayes estimator of o based on SE loss function

The the posterior p —th moment of « is given by:

1
o= E(a’ly) = [ ax’(aly)da

1 ap—H ap+2 r
“D|p+1 p—l—ZZC (F i) = 1) +
ap+r r

Ciyiyiy (2Fy (yiy) — 1)
p+r i1,in, lV:lvil?éiZ?é”'#ir

x (2Fy (yiy) = 1)+ (2Fy (vi,) = 1)

ap+r+l r 1
7C 2F —1 .
e

According to the value of r and p we can get a closed form
of dgs. At p = 1, the Bayes estimator Opg under SE loss
function is given by:

Gps = Eq(atly)

IZE rlC(ZFY(yt)_1)+"'
+:5C T (2Fy (vi) = 1)], r odd

=15 [ng 1Gi(2Fy (i) — 1) +
r+1 le RO lril,il#iz#---;ﬁir Ci1i2'“ir'

X.(2Fy (yi,) — 1) (2Fy (vi,) — 1)+~ (2Fy (vi,) — 1)]
' @1)

3.2.2 Bayes estimator of o based on LINEX loss function

The Bayes estimator ¢; under LINEX loss function is
given by:

1 1
Opr = — 7 log [/ le*’w *(a|y)da]

I r
/ . D (e_la + o *e ZC,’(ZFY (yvi)—1)
- i=1

+arefwc*f1(sz(y,~) - 1)) da]

i=1

/Il log | — ([50( )+ Bi(A )ici(ZFY(yi)—1)+"'
=1
+ BAIC T —D)] (22)
i=1
where
Bu(A) = /;]1 oe % da
= A" C(n+1,-A)—T(n+1,1)],n=0,1,---,
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I'(a,b) is the incomplete gamma function, A # 0.

3.2.3 Bayes estimator of o based on GE loss function

The Bayes estimator &pg under GE loss function is given
by:

-1

0 = [Ea(a™"]y)]

-1
1 2

{/ a“’n*(a|y)doa]

—1

1 OFVH 7v+2 r

p\ver ™t =~

— 3 LGCR ) —1) +-

-1

'

a—v+r+1 r

1
*mC*H(ZFY(yi)* 1)>1 , (23)

v < 0, and we will get the closed form according to the
value of v and r.

Remark 3.1. It can be shown that, when v = 1, the
Bayesian estimate in (23) coincides with the Bayesian
estimate under the weighted SE loss function. Similarly,
when v = —1, the Bayesian estimate in (23) coincides
with the Bayesian estimate under the SE loss function.

3.3 Bayesian prediction

For one sample prediction, the problem is to predict the
future observation in a sample based on early failures
from the sample. Consider the first » concomitants of
GOS’s Y1 nmpi)> Yonmils *  Yirnma from a random
sample of size n , 1 < r < n. For the remaining (n — r)
components, let Wi, ni = Yjpisnmi, s = 1,...n—r,
denotes the concomitants of the future lifetime of the
s —th component to fail, 1 <s < n—r. If we want to find
the prediction bounds for Wi, ,, 1), from (7) and (8), the
conditional density function of the s — th future
concomitants of GOS’s given that the first » concomitants
of GOS’s is given by:

g(W‘Y|a7y") - 8[rn,m k] (yi’)
= Fr00) |+ g mr o = @O ) = 1)
+02Cr(2Fy () — 1) (2Fy (wy) — 1))] . (24)

The prediction will be the rest of the given observation
Yt 1t nmi)s Yirt2.0m]s - - » Yjnnm,a) 10 case of concomitants
of GOS’s. The predictive density function of Wi, 1

given the first r concomitants of GOS’s can be obtained
by multiplying the conditional density function (24) by
the posterior density function (19), so it can be written as:

1
gwbi) = [ glwlay)w(alyda.  @5)

Hence, the predictive survival function for the s —th future
concomitants of GOS’s is given by:

P[W[s,n,m,k] > é‘yr] :/(g g(ws|yr)dws. (26)

So the lower and upper 1007% prediction bounds
[L(x),U(x)] for Y; is obtained by equating (26) to
(14+1)/2 and (1 — 7)/2, respectively. For the long
computations of the integrations in (25) and (26) we
prefer to leave it and solve it numerically.

4 Numerical Results

In this section, for type-II censored order statistics
samples (with m = 0 and k = 1), we select a Subfamily of
Morgenstern family to apply it in our results, we obtain
some numerical results for the exponential distribution
(from Equation (14) at A = = 1 we obtain
exponential distribution) according to the following steps:

1.Using the inverse transformation  method,
Y = —log(l — U) where U is the uniformly
distributed random variate, we generate a bivariate
sample (X;,Y;), i = 1,2,...,n, from Morgensterns
standard bivariate exponential distribution (i.e., the
marginal is the standard exponential distribution).

2.For Morgenstern family, Pearson’s product-moment
correlation coefficient is p = £, which clearly ranges

from %1 to % For exponential distribution we have
p = . see Schucany et al. [19].

5 Conclusion and Comments

We consider a form of joint density of the first r
concomitants of GOS’s based on Morgenstern family, but
for the constants it can be solved numerically. From the
relation between this joint density and the order statistics
we can get the moments and the moment generating
function of such model. For estimation of
association/correlation parameter « we use the ML
estimation and Bayesian estimation with non-informative
prior under SE, LINEX and GE loss functions, and based
on exponential distribution subfamily we note the
following of the simulation study, see Table (1):

1.We choose the generated data that not contains outlier,
as it effects on the results and make the estimation of
a exceeds its range specially for ML estimation.
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Table 1: Different types of estimation of ¢. The lower, the upper and the width of the 95% prediction intervals at r = 7.

r (07973 Ops OpL 0BG
A=—1[] A=-2 [A=-3] A=1 ] A=2 [ A=3 v=—1 [v=-"2T]v=—4
1 - —0.0788 0.0845 0.2296 0.3442 —0.2328 —0.3574 —0.45106 —0.0788 0.57735 | 0.6687
2 —0.61306 —0.01865 | 0.1418 0.2792 0.3856 —0.1769 —0.3095 —0.4109 —0.01865 | 0.5738 0.6130
3 —2.0589 —0.10456 | 0.0565 0.2028 0.3201 —0.2537 —0.3734 —0.46337 | —0.10456 | 0.5746 0.6665
4 —0.5098 —0.04093 | 0.1172 0.2553 0.3638 —0.1945 —0.3223 —0.4202 —0.04093 | 0.5682 0.6611
5 —0.3949 —0.0304 0.1276 0.2646 0.3718 —0.1852 —0.3146 —0.4141 —0.0304 0.5686 0.6615
6 —0.2295 —0.0209 0.1362 0.2717 0.3775 —0.1758 | —0.30617 —0.4066 —0.0209 0.5673 0.6604
7 —1.3682 —0.0985 0.06009 0.2038 0.3196 —0.2463 —0.3658 —0.4561 —0.0985 0.5699 0.6625
8 —0.8066 —0.07312 | 0.0845 0.2253 0.3375 —0.2228 —0.3455 —0.4391 —0.07312 | 0.5671 0.6602
9 —0.400493 —0.0434 0.1131 0.2502 0.3585 —0.1952 —0.3218 —0.4191 —0.0434 | 0.56508 | 0.6585
10 0.7052 0.1443 0.2793 0.3881 04714 —0.0043 —0.1450 —0.26305 0.1443 0.5578 0.6523
Bayesian prediction
Ly, Uy Width Ly9 Uy9 Width LylU UylU ‘Width — —
7 0.026374 3.72774 3.7013 0.0264935 | 3.73186 3.7053 0.026614 3.73596 3.7093 — —

2.All the estimation of o does not exceed the range
[—1,1], except for some values of ML estimation, and
Qpc E}O, 1].

3.Atr =1 we can’t obtain the ML estimation.

4.For Gipg, we note that v € 2Z~ U{—1}.

5.At v = —1, we find that &g = Ops.

6.For fixed r, Oy decreases as A increases, and Opg
increases and tends to 1 as v decreases.

7.We can estimate p by p = % for the suggested
distribution.

8.The Bayesian prediction provides lower and upper
limits of 95% prediction intervals, it is observed that
the prediction intervals tend be wider when s increase.
This is a natural, since the prediction of the future
order statistic that is far a way from the last observed
value has less accuracy than that of other future order
statistics.
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